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NOTICE    BY    THE    TRANSLATOR. 


Fbom  the  well  earned  reputation  of  Professor  Weisbach^  as  a 
teacher  and  original  investigator^  from  the  interest  which  attaches 
itself^  especially  at  the  present  moment,  to  aU  that  pertains  to 
Mechanics  or  Engineering,  from  the  able  manner  in  which  he 
has  treated  both  the  theoretical  and  practical  portion  of  his 
subject,  and  from  the  variety  and  abundance  of  examples  which 
illustrate  the  principles  and  formulse,  it  is  presumed  that 
a  translation  of  his  excellent  work  may  not  be  unacceptable  to 
the  English  reader.  '^  The  Mechanics  of  Machinery  and  Engi- 
neering'^ has  met  with  deserved  favour  in  Germany,  and  is  not  un- 
known to  many  of  the  profession  in  our  own  country.  The  aim  and 
objects  of  the  undertaking  are  fully  explained  by  the  author 
in  his  Preface;  and  it  is  hoped  that  the  same  end  may  be 
obtained  here,  by  affording,  through  the  medium  of  a  translation, 
valuable  aid  to  the  acquirement  of  professional  knowledge. 

With  respect  to  the  execution  of  the  present  volume,  the 
translator  will  merely  observe,  that  he  has,  in  most  instances, 
maintained  a  rigid  adherence  to  the  text,  and  in  his  endeavour 
to  give  a  faithful  interpretation  of  the  author's  language,  which 
in  a  work  of  this  nature  is  of  the  first  importance,  he  trusts  that 
no  obscurity  will  be  perceptible. 

The  translation  is  much  indebted  to  the  revisal  of  the  proofs 
by  Professor  Gordon,   who  proposes,  in   an   Appendix,   to  give 
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such  a  risume  of  our  present  knowle^^  of  the  strength  of 
materials  as  will  render  this  part  of  the  subject  more  available  to 
practical  men  than  has  been  accomplished  by  the  manner  of 
treating  it  chosen  by  Professor  Weisbach. 

The  examples  have  been  all  reduced  to  the  English  measure^ 
and  formulse  given  for  that  purpose  when  required.  The  numerical 
calculations  have  been  worked  out  with  care.  Though  they 
have  not^  as  a  verification  of  their  accuracy^  been  subjected 
to  that  triple  control  which  enables  us  to  place  implicit  reliance 
on  the  original^  yet  it  is  believed  that  they  will  in  general 
be  found  correct. 

In  the  passage  of  the  volume  through  the  press^  some  errors 
have  unavoidably  appeared^  a  list  of  which  will  be  found  at 
the  end.  The  work  will  be  complete  in  two  volumes ;  the  second^ 
being  in  the  course  of  printing;  may  be  expected  shortly. 

J.  B. 

London,  October,  1847. 
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In  giving  to  the  public  the  First  Volume  of  my  Elementary 
Treatise  on  Mechanics^  for  Engineers  and  Machinists^  I  feel  some 
degree  of  diffidence.  Although  I  am  conscious  that^  in  composing 
the  book,  I  have  proceeded  with  the  greatest  care  and  circumspec- 
tion; I  am  nevertheless  apprehensive  that  it  cannot  satisfy  all, 
since  the  views,  wishes  and  requirements  of  different  individuals 
differ  so  widely.  One  reader  may  probably  consider  this  or  that 
chapter  too  long  and  too  minutely  treated,  which  another  may 
find  too  short.  Some  will  miss  higher  science  in  the  treatment 
of  certain  subjects,  which  others  would  have  wished  to  see  treated 
in  a  still  more  popular  manner.  But  many  years  of  study,  much 
experience  in  teaching,  and  continued  observation,  have  led  me  to 
the  method,  according  to  which  I  have  composed  the  present 
work,  and  I  consider  it  the  most  appropriate  for  the  intended 
purpose. 

My  chief  aim  in  writing  this  work  was  the  attainment  of  the 
greatest  simplicity  in  enunciation  and  proof;  and  with  this  to 
give  the  demonstration  of  all  problems,  important  in  their 
practical  application,  by  the  lower  mathematics  only.  If  we  con- 
sider the  great  variety  of  knowledge  which  the  Engineer  and 
Machinist  have  to  acquire,  who  wish  to  do  credit  to  their  pro- 
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fession^  we^  their  instructors,  should  make  it  our  duty  to  render 
well-grounded  study  of  science  easy  by  simplicity  of  explanation, 
by  the  use  of  only  the  best  known  and  easiest  auxiliary  sciences, 
and  by  eschewing  every  thing  that  is  unnecessary. 

I  have  therefore  avoided,  in  the  present  work,  the  use  of  the 
differential  and  integral  calculus;  for  although  there  exists  now 
more  frequent  opportunities,  than  formerly,  for  learning  these 
methods,  it  is  still  unquestionable,  that  without  constant  practice, 
the  readiness  of  using  them  is  very  soon  lost ;  and  that  there  are, 
consequently,  many  excellent  practical  men  who  have  entirely 
forgotten  how  to  apply  them.  Some  popular  authors  give  the 
results  of  the  more  difficult  problems  without  proofs.  I  cannot 
approve  of  this,  and  have  preferred  to  give  the  proofs  of  practically 
important  problems  in  an  elementary  way,  although  this  may 
sometimes  appear  rather  long  and  tedious.  There  are,  therefore, 
but  few  formulsB  in  the  work  unaccompanied  by  their  derivation. 
A  general  acquaintance  with  some  doctrines  of  natural  philo- 
sophy, but  especially  an  intimate  knowledge  of  pure  elementary 
mathematics  are  of  course  necessary  for  the  understanding  of  the 
present  work. 

I  have  taken  especial  pains  to  preserve  the  right  medium 
between  generalizing  and  individualizing;  for,  although  I  am 
fully  aware  of  the  advantages  of  generalization,  I  must  still  adhere 
to  the  opinion,  that  in  an  elementary  work,  too  much  generalizing 
is  to  be  avoided.  Simple  cases  are,  in  practice,  of  more  frequent 
occurrence  than  complicated.  It  is  also  undeniable,  that  in  treating 
a  general  case,  the  knowledge  which  might  be  gained  by  the 
treatment  of  a  specific  case,  is  frequently  lost,  and  that  it  is 
not  unfrequently  easier  to  deduce  the  compound  from  the  simple, 
than  to  expiscate  the  special  from  the  general. 

The  ''  Mechanics  of  Engineering  and  Machinery*'  must  not  be 
mistaken  for  a  work  on  the  construction  of  machines,  but  it  is 
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to  be  considered  merely  as  an  introduction  to  or  preparatory 
science  to  this.  This  Treatise  of  Mechanics  is  to  stand  in  the 
same  relation  to  the  construction  of  machines^  as  descriptive 
geometry  stands  to  the  drawing  of  machines.  After  mechanics 
and  descriptive  geometry  have  been  learned^  the  instructions  on 
the  construction  and  the  drawing  of  machines  may  with  advantage 
be  united  in  one  course. 

The  propriety  of  dividing  the  Mechanics  of  Engineering  into  a 
theoretical  and  practical  part^  may  perhaps  be  doubted.  If  it 
be  borne  in  mind^  that  this  work  is  to  furnish  instructions 
on  all  mechanical  relations,  in  architecture  and  the  science  of 
machines,  the  utility,  or  rather  necessity  of  this  division  must 
be  apparent.  In  order  to  form  a  complete  opinion  of  a 
building  or  machine,  the  most  various  doctrines  of  mechanics 
(f.  e.  the  doctrines  of  friction,  strength  of  materials,  inertia, 
impact,  efflux,  &c.),  must  be  taken  into  consideration;  the 
material  for  the  study  of  the  mechanics  of  a  building,  or 
machine  must,  therefore,  be  collected  from  all  parts  of  mechanics. 
Now,  as  it  is  much  more  useful  practically  to  be  able  to  study 
the  doctrines  relative  to  every  individual  machine  in  connexion, 
than  to  have  to  collect  them  from  all  departments  of  mecha- 
nical science,  the  utility  of  the  adopted  division  seems  to  be 
beyond  all  doubt. 

Having  practical  application  always  in  view,  I  have  endeavoured 
to  illustrate  each  doctrine,  as  much  as  possible,  with  appropriate 
examples,  taken  from  practice ;  and  I  can  truly  assert,  that  this 
book  excels  most  works  of  a  similar  nature,  by  the  great  number 
and  appropriate  choice  of  worked  out  examples.  The  large 
number  of  carefiilly  executed  figures  wiU,  no  doubt,  likewise 
assist  the  attainment  of  the  above-mentioned  object;  and  I 
cannot  omit  here  to  express  how    greatly   satisfied  I  feel   with 
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the  manner  in  which  the  publishers  have  performed  their  part 
in  the  getting  up  of  the  book. 

Finally^  it  is  necessary  to  point  out  to  the  reader  of  the  work, 
that  he  will  find  much  that  is  new  and  peculiar  to  the  author. 
Passing  over  smaller  matters,  which  occur  in  almost  every  chapter, 
I  will  mention  only  the  following  more  comprehensive  subjects. 
A  general  and  easy  method  of  determining  the  centre  of  gravity 
of  even  surfaces  and  even-sided  polyeders,  will  be  found  in  the 
paragraphs  107,  112,  and  113;  an  approximate  formula  for  the 
catenary  in  the  paragraphs  147  and  148;  supplements  to  the 
theory  of  the  Mction  of  axes  in  the  paragraphs  167,  168,  169, 
172,  and  173.  The  doctrine  of  impact  especially  has  received 
essential  additions  by  the  paragraphs  262  and  263,  since  the 
impact  of  imperfectly  elastic  bodies  has  been  hitherto  insufficiently 
treated ;  and  the  case,  where  a  perfectly  elastic  body  comes  in 
contact  with  a  partially  elastic  body,  has  been  passed  over  entirely. 
The  largest  number  of  additions,  and  some  entirely  new  laws 
will  be  found  in  the  Hydraulics,  the  author  having  made  this 
branch  of  the  sciences  his  particular  study  during  a  number  of 
years.  The  laws  of  the  incomplete  contraction  of  the  fluid  vein, 
discovered  by  the  author,  appear  here  for  the  first  time  in  a  course 
of  mechanics.  The  chief  results  of  the  author^s  experiments  on  the 
flow  of  water  through  slides,  cocks,  clacks  and  valves,  are  likewise 
given,  as  well  as  his  principal  observations  made  during  his  latest 
experiments  on  the  flow  of  water  through  prolonged  oblique  tubes, 
and  through  angular,  curved,  and  long  straight  tubes,  though 
he  has  not  yet  been  able  to  publish  the  third  number  of  his 
"  Untersuchungen  im  Gebiete  der  Mechanik  und  Hydraulik,'* 
which  is  to  contain  the  results  of  these  experiments.  The 
chapters  on  flowing  water  and  the  gauging  and  impulse 
of  water  have  likewise  received  additional  matter  from  the 
author. 
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But  now^  after  completion  of  the  first  volume^  I  cannot  refrain 
from  wishing  that  several  subjects  had  been  treated  in  a  different 
manner^  although  I  have  not  been  able  to  discover  any  essential 
errors  or  imperfections  in  it.  Should  the  reader  here  and  there 
find  omissions^  I  must  refer  him  to  the  second  volume^  which 
will  contain  supplements^  most  of  which  have  been  intentionally 
reserved  for  that  volume^  as  has  been  mentioned  in  several  passages 
of  that  now  published. 

It  will  give  me  great  satisfaction  and  pleasure,  if  the  purpose 
which  I  had  in  view  in  writing  this  work  has  been  attained  in 
some  measure.  I  wished  to  supply  the  practical  man  with  useful 
advice,  the  instructor  in  mechanics  with  a  guide  for  teaching,  and 
the  young  engineer  and  machinist  with  a  welcome  auxiliary  for  the 
acquirement  of  the  science  of  mechanics. 

Julius  Weisbach. 

Freiberg,  March,  1846. 


COMPARATIVE   TABLES. 


XVil 


I 


«e  M  o» 
o  »o 
o>eo  ^  "^ 


CO  t» 

^  00 

S3 


00 


-s 


a» 


M 


to 


00  o 
o  ^ 

00  (O 


*0  1-4  ^ 

*^  Or*«o 

MOO 

•     •     • 


a  o  8 


■s  ^g 

fl'C  o 

•3  ^  ^ 

or      I 


i 


•fiJ-* 


r«      to 
r^Ol  eo 

oo  o 
-*  r»  -^ 

r*eo  »^ 

CO  ^  tti 
Ok  0^  o> 


I-? 


n 


fHM      -< 


i 


00  IM 

o  00 
•o  ■* 

s;:: 


OOO  04 

o»coo 
_^  eo  o  ^» 

•^  00  e5  c* 

o»  o 


1 


I 


8a 


18 


r<.oo 

OkCQ 

«o«o  "^ 
eo5 


OD 
O 


eo 

O 
lA 


I 


Oki-i 

€4  e« 


g 


'8 


n 


H 


«  lA 
eoo» 

<0  00 


(O 


O 
lA 


•^        »-• 


5? 


^«o 


lA 


00  ^ 

o  o 

CI  ^ 

•^  o  »-• 
KNi  lA 

•  • 

01  -N 


o 


I 


i 


1^ 


a 


So>o 
i-i  o 
^<e  *A 
fH  00  eo 
1^  ^4  o 

«ico^ 


2 
Soo 

00  ^ 

eoo 
•co 


S 


CO 

o» 


s 

«0 


SaA 
CO 
CO  lA 
00  00 

•^*«  eo 


SiA  04 
o  01 
00  r««^ 

O  kA  Ok 

<o  01 


s 


eo«-t  r-4 


I 


COV^M 

O  00  CO 

o-^oi 

^»A  ^  _^ 
O^ 


f 

I 


I 


cr 

CO 


2! 

a 

flO 


I 


CO 


CO  (<« 

Ok  ^ 

o  <o 

00  KNi 

00  '^ 

•  • 

OOk 


3 

•A 
CO 
CO 
Ok 


Ok 

<e 

Ok 
Ok 


lA 
KNi  O 
©  3 
C4  O 
lA  lA 
tA  00 
O  Ok 


«0  tx* 

Q  tA  01 
CO  00  CO 
"<(•  lA  O 

«0  CO  «0 

KNi  ^t  O 

•      •     • 


<e*^ao 
CO  00  o« 
^  00  >A  r« 
^  00  "^  00  _- 

CO  "^ 


<8o^, 

gOM 


s 

lA 

s 

C9 


^eo 

cS  *A 

is 

1^ 


r«oi 

d  ■* 
oco 
r«  Ok 


s 


oo<eo« 

lA  tA 

<e  lA  00 


81A  «A  '^ 
^  <e  lA  00 
^^  ^  ^^  o  «-< 

£J   ^   *A  _d   <4k 


I 


2SS 

CO  •-•  •-< 


PRINCIPLES 


OF 


THE  MECHANICS 


OP 


MACHINERY    AND    ENGINEERING. 


SECTION   I. 

PIIORONOMY;  OR,  THE  PURE  MATHEMATICAL  SCIENCE  OF  MOTION. 


CHAPTER  I. 

SIMPLE     MOTION. 


§  1.  Rest  and  Motion.— lEvery  body  takes  up  a  certain  position 
in  space ;  a  body  is  at  rest  when  it  does  not  change  its  position ; 
and  is  in  motion^  on  the  other  hand^  when  it  successively  passes 
from  one  position  into  others.  The  rest  and  motion  of  a  body 
arc  either  absolute  or  relative^  according  as  we  refer  its  position 
to  a  space  which  itself  is  at  rest  or  in  motion^  or  considered  to 
be  in  either  state. 

Upon  the  earth  there  is  no  rest,  for  all  bodies  upon  the  earth 
share  in  its  motion  about  the  sun,  and  about  its  own  axis ;  but  if 
we  suppose  the  earth  to  be  at  rest,  then  all  those  ten'cstrial  bodies 
are  at  rest  which,  with  reference  to  the  earth,  do  not  change  their 
position. 

§  2.  Kinds  of  Motion. — The  continual  succession  of  positions 
which  a  body  in  its  motion  gradually  takes  up,  forms  a  space 
which  is  called  the  trajectory,  or  path  of  the  moving  body.  The 
path  of  a  moving  point  is  a  line ;  that  of  a  geometrical  body,  is 
another  body ;  but  by  this  latter  is  generally  understood  that  line 
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which  a  certain  point  of  the  body^  viz :  the  centre^  describes  in  its 
motion. 

When  the  path  is  a  straight  line^  the  motion  is  rectilinear; 
when  a  curved  line^  the  motion  is  curvilinear. 

With  reference  to  time^  motion  is  uniform  or  variable. 

§  8.  A  motion  is  uniform^  when  equal  spaces  are  described 
by  it  in  equal  and  arbitrarily  small  times;  and  variable^  when 
this  equality  does  not  take  place.  When  the  spaces^  described 
in  equal  times,  increase  continuously  with  the  time,  a  variable 
motion  is  called — accelerated;  and  when  the  spaces  decrease — 
retarded. 

Periodic  differs  firom  uniform  motion  in  this,  that  equal  spaces 
are  described  within  certain  intervals  only,  which  are  called  periods. 

The  apparent  diurnal  revolution  of  the  fixed  stars,  and  the 
progressive  motion  of  the  hands  of  a  watch  are  instances  of 
uniform  motion.  Falling  and  upwardly  projected  bodies,  the 
sinking  of  the  surface  of  water  by  its  flow  from  vessels  are 
instances  of  variable  motion.  The  oscillations  of  a  pendulum, 
the  play  of  the  piston  of  a  steam  engine,  &c.,  are  illustrations  of 
periodic  motion.  .f,^,u  ofuh^^X'^' 

§  4.  Uniform  Motion. — ^Velocity  is  the^^  strength  or  magnitude 
of  a  motion.  The  greater  the  space  is  which  a  body  describes 
in  a  given  time,  the  stronger  is  its  motion,  and  the  greater  is  its 
velocity.  In  uniform  motion,  the  velocity  is  invariable ;  and  in  a 
variable  one,  it  changes  at  every  instant.  The  measure  of  the 
velocity  at  any  determinate  point  of  time,  is  the  path  which  a 
body  actually  describes,  or  would  describe  in  a  unit  of  time  or 
second,  if  from  that  moment  the  motion  were  to  become  uniform, 
and  the  velocity  to  remain  invariable.  In  general  this  measure 
is  called  simply — ^velocity. 

§  5.  When  a  body  describes  the  path  ^  at  each  particle  of  time, 
and  a  second  consists  of  very  many  (n)  such  particles ;  the  path 
during  one  second  is  the  velocity,  or  rather  the  measure  of  the 
velocity  :  c  =  ».  a. 

After  a  time,  t  (seconds)  n  .  t  particles  have  elapsed,  but  in  each 
a  space  9  has  been  described;  the  whole  space,  therefore,  which 
corresponds  to  the  time  t  is  : 

«  =  n .  ^  a  =  n ,  ©■ ,  /,  i,  e. 
I,  «  =  ct. 

so  that  in  uniform  motion,   the  space  [s)  is  a  product  of  the 
velocity  (c)  and  the  time  (/). 
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Inversely 

II.  c  =  -  and  III.  t=  -  . 
t  c 

Exan^k  1.  A  locomotiTe,  going  with  a  velocity  of  30  feet,  passes  over  in  2  hours 
=  120  min.  =  7200  seconds,  a  space  («)  30  x  7200  =  216000  feet.— 2.  If  a  time,  3i 
minntes  =s  210  seconds  be  reqoiied  to  ndse  np  a  ton  weight  from  a  shaft  1200  feet 

deep,  its  mean  veloctty  (v)  most  be  taken=  ^^=12  «  54  =  5,714 . . .  feet.— 3.  A 

.     ,.„ur210      7 

horse,  moving  with  a  velocity  of  6  fee^fequires  to  perfonn  one  mile,  or  24,000  feet, 

a  time  Jl^«  4000  seconds. 
6 

§  6.  If  two  different  uniform  motions  be  compared  with  each 
other,  the  following  is  arrived  at : 

The   spaces   are  s  =  ct  and  «|  =  c^t^,  therefore  their  ratio  is 

—  = .     If  /,  =  /,  then  —  =  —  ,  or  if  c,  =  c,  then  —  = -, 

lastly  it  8^  =  8,  —  =  -i- . 

The  spaces  described  in  different  uniform  motions  in  equal 
times  are  to  each  other  as  the  velocities;  the  spaces  described 
with  equal  velocities  are  as  the  times ;  and  lastly,  the  velocities 
corresponding  to  equal  spaces  are  inversely  proportional  to  the 
times. 

§  7.  Uniformly  variable  Motion. — Amotion  is  uniformly  variable 
when  its  velocity  either  increases  or  diminishes  by  a  certain  amount 
in  equal  and  arbitrarily  small  times.  It  is  either  uniformly  acce- 
lerated or  uniformly  retarded,  according  as  in  the  first  a  gradual 
increase,  or  in  the  second  a  gradual  diminution  of  velocity  takes 
place. 

In  vacuo,  the  motion  of  a  falling  body  is  uniformly  accelerated ; 
were  the  air  to  exert  no  influence  upon  it,  the  motion  of  a  body 
vertically  projected  would  be  uniformly  retarded. 

§  8.  The  strength  or  magnitude  of  the  change  in  the  velocity 
of  a  body  is  called  acceleration ;  it  is  either  positive  or  negative, 
according  as  there  is  increase  or  diminution  of  the  velocity.  The 
greater  this  increase  or  diminution  within  a  given  time,  the  greater 
is  the  acceleration.  In  uniformly  variable  motion,  the  acceleration 
is  invariable,  and  may  be  measured  by  the  increase  or  diminution 
of  velocity  which  takes  place  in  a  second  of  time.  In  every  other  "'^ 
motion,  the  measure  of  the  acceleration  is  the  increase  or  diminu- 
tion which  a  body  would  acquire  if,  from  the  moment  in  which 
the  acceleration  begins,  it  lose  its  variability  and  the  motion  pass 
into  a  uniformly  variable  one. 

1* 
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The  measure  is  very  commonly  called  the  velocity, 

§  9.  If  the  velocity  of  a  uniformly  accelerated  motion  increase 
(c)  in  infinitely  small  particles  of  time,  and  a  second  of  time  is 
made  up  of  such  particles,  the  increment  of  velocity,  or  the  accele- 
ration, in  one  second  is :  p  =  n  k, 
and  the  increment  after  /  seconds  =  n  t,  k  =  n  k.  t  ^=  pt. 

If  the  initial  velocity  (the  moment  from  which  the  time  is 
counted)  =  c,  the  terminal  velocity,  i.  e.  the  velocity  acquired  after 
the  time  (/)  is ;  v  =  c  +  pt. 

For  motion,  commencing  without  velocity,  c  =  o,  therefore 
V  =  pt,  and  for  uniformly  retarded  motion,  having  a  negative 
acceleration  {p),  v  =  c  —  pt. 

Example  1 .  The  accceleration  of  a  body  falling  freely  in  vacuo  =  32 .  2  feet ; 
it  acquires,  therefore,  after  3  seconds,  a  velocity  v  =  pt  =  32 .2  x  3  =  96.6  feet. 
— 2.  A  sphere  rolling  down  an  inclined  plane,  with  an  initial  velocity  c  =  25  feet, 
acquires  in  its  course,  at  each  second,  5  feet  additional  velocity;  its  velocity, 
therefore,  after  2i  seconds :  «  =  25  +  5  x  2.5  =  25  +  12.5  =  37.5  feet,  &c. ; 
proceeding  from  the  last  point  uniformly,  it  will  pass  over  37.5  feet  in  every  second. 
— 3.  A  locomotive  going  with  a  30  feet  velocity  is  so  retarded,  that  in  each  second  it 
loses  3.5  feet  of  velocity ;  its  acceleration  is  —  3.5 ;  its  velocity,  therefore,  after 
6  seconds  is  9  =  30  —  3.5  x  6  =  30  —  21  =  9  feet. 

§  10.  Uniformly  accelerated  Motion. — The  velocity  of  every  motion 
may  be  regarded  as  invariable  within  a  small  particle  of  time  r. 
We  may,  therefore,  put  the  space  described  in  such  time  a  =  v  ,r^ 
and  we  obtain  the  whole  space  in  the  finite  time  t,  by  the  measure- 
ment of  these  small  spaces.  Now  for  all  these  small  spaces,  the 
time  T  is  one  and  the  same ;  this  sum,  therefore,  may  be  put  equal 
to  the  product  of  these  particles  of  time,  and  the  sum  of  the 
velocities  corresponding  to  equal  intervals. 

In  uniformly  accelerated  motion,  the  sum  {o  -f  v)  of  the  velo- 
cities, in  the  first  and  last  moment,  is  as  great  as  the  sum 
Pt  +  (t?  — p  r)  of  the  velocities  in  the  second  and  last  but  one ; 
also,  equal  to  the  sum  2^r  -f-  (r  —  2^r)  of  the  velocities  in  the 
third  and  last  but  two ;  and  this  sum  is  equal  to  the  terminal 
velocity  v.     Here,  therefore,  the  sum  of  all  the  velocities  is  equal 

to  the  product  (^  •  q  )  ^^  ^^   terminal  velocity  v>  -««id  half  the 

numbei*  of  all  the  pai*ticles  of  time.    .The  space  described  is  the 

product  (v  .  Q  • '')  of  the  terminal  velocity  v,  and  hsJf^  -the-nttmber 

and  magnitude  of  the  particles.     Now  the  magnitude  (r)  of  such  a 
particle,  multiplied  by  the  number,  gives  the  time  t ;  the  space. 
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.  therefore^  described  in  the  time  t  with  a  uniform  accelerated  motion 
vt 

The  space^  therefore^  described  in  uniformly  accelerated  motion 
is  as  in  uniform  motion  when  its  velocity  is  half  as  great  as  the 
terminal  velocity  of  the  former.  .      . 

Ejcany^le  1.  If  a  body  in  10  seconds  has  acquired  a  Telocity  t?  by  uniform  accele- 
rated  motion  of  26  feet,  this  space  described  in  equal  times  is  «  =  — —  =  130  feet. 

— 2.  A  carriage  which  in  its  motion  goes  over  25  feet  in  2|  seconds,  proceeds  at  the  end 

with  a  velocity  v  =  ?-li5=55_Li= 22.22, 
^  2.25       9 

§  11.  The  two  fundamental  formulaj  of  uniformly  accelerated 
motion : 

I.  V  =p  t  and  11.  s  =  — , 

which  express  that  the  velocity  is  a  prodjict,  of  the  acceleration 
and  the  time;  and  the  space^  half  the^  velocity  and  the  time; 
include  two  other  principal  formulae  which  are  obtained^  if  from 
both  equations  v  be  eliminated  once,  and  /  twice.  It  follows, 
namely  : 

III.  «=^andIV.  jy  =  ^. 
2  2p 

From  this,  the  space  described  is  a  product  of  half  the  accelera- 
tion, and  the  square  of  the  time ;  and  the  quotient  of  the  square  of 
the  vqlocity  by  twice  the  acceleration. 

These  four  formulse  give,  by  inversion,  after  one  or  other  of 
the  magnitudes  contained  have  been  separated,  eight  other 
formulse. 

Example  1.  A  body  moving  with  an  acceleration  of  15.625  feet,  describes  in  li 
second  a  space  15-^25  x  (1.5)'  ^  ^^^25  x  _L  =  17.578  feet.— 2.  A  body  trans- 

ported  with  an  acceleration  p  =  4.5  into  a  velocity  0  =  16.5  feet,  has  described  a 

space  »  =  ^^r^l  =  30.25  feet. 
*  2  . 4,5 

§  12.  J3y  a  comparison  of  two  uniformly  accelerated  motions,  wc 
arrive  at  the  following  : 

The  velocities  are  v=pt  and  v^  =p^i^,  the  spaces  on  the  other 

hand  are  *  =  ^  ^^^  *i  =    ^^  '  ^'^"^  ^^^^^  ^^  follows  : 


a^Pj   and  -=  ^-~  =---  ==  '^Vi, 
Vi       p^t^  *       ,9,       p^t{^       v^f^       v^y 
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If  we  put  L  =  L  we  have  —  = — =^ ;   the    spaces   described 

\      ^^      ^}, 
are  to  each  other  as  the  terminal  velocities ;  or^  as  the  accelera- 
tions. 

If  further,  we  take p,  =j9.  it  gives  — =  — and  — =---s=  — ^i 

so  that,  in  like  accelerations,  and  also  in  one  and  the  same 
uniformly  accelerated  motion,  the  terminal  velocities  are  propor- 
tional to  the  times  and  the  spaces  described  to  the  squares  of  the 
times,  as  also  to  the  squares  of  the  terminal  velocities. 

Further,  if  Vj  =  r^ves  —  =  j->   *"^  —  =  7-^  ^  equal  velocities, 

the  accelerations  are  inversely,  and  the  spaces  directly  proportional 
to  the  times. 

Lastly,  8^=8  gives  —  =  -3"  ^^  t  *    with    equal    spaces,    the 


accelerations  are  inversely  as  the  squares  of  the  times,  and  directly 
as  the  squares  of  the  terminal  velocities. 

§  13.  For  a  imiformly  accelerated  motion  commencing  with  a 
velocity  (c)  we  have  §  9 : 

I.  v  =  c  +  pt, 
and  as  the  space  e  t  belongs  to  the  invariable  velocity  (c),  and  the 

p  fi 
space-^  to  the  acceleration/? : 

II.   8=Ct+^' 

If  we  eliminate  p  from  both  equations,  we  have : 

mc  +  t;  . 
•  «  =  — 2~  tf 

and  substituting  the  value  of  /, 

Example  I.  A  bo^  propelled  with  an  initial  velocity  e  =  3  feet,  and  with  an 

72 
acceleration  /»  =  5  feet,  describes  in  7  seconds,  a  space  «»3.7  +  5.  -~—  =  21  -»- 

122.5  s  143.5  feet. — 2.  Another  body  which  in  3  minutes  s  180  seconds,  changea 
its    velocity   from    2§   feet   into    7§    feet,    performs    in   this   time    a   distance 

2AjrJj^    180  =  900  feet. 
2 

§  14.  For  a  uniformly  retarded  motion  with  an  initial  velocity  c, 
these  formulae  are  applicable : 

I.      r  =  c  — p  t, 
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II.  t^Ct—^~, 

III.  «=^^./, 

they  are  derived  from  the  former  §^  when  p  is  made  negative. 
Whilst  in  uniformly  accelerated  motion,  the  velocity  increases 
without  limit;  in  a  uniformly  retarded  one,  the  velocity  at  a  certain 
point  of  time  becomes  nuU,  and  afterwards  negative,  t.  e.  it 
goes  on  in  an  inverse  direction. 

If  in  the  first  formula  we  put  v  =  o,pt  =^  c,  the  time  at 

which  the  velocity  becomes  null  is,  /  =  - ;  if  we  substitute   this 

value  of  /  in  the  second  equation,  we  have  the  space  which  the 

body  has  described  at  the  point  of  time  =  j^. 

^p 

If  the  time  be  greater  than  — ,  the  space  is  less  than  ^ ;  if  it  be 

= — ,  the  space  becomes  null,  and  the  body  returns  to  the  point  from 
y 

2c 
which  it  set  out.     If  the  time  be  greater  than  — ,  then  a  becomes 

negative,  and  the  body  is  on  the  opposite  side  of  its  initial  point. 

Example.  A  body  which  rolls  up  an  inclined  plane  with  an  initial  velocity  of  40  ft., 

40 
by  which  it  suffers  a  retardation  of  8  feet  per  second,  ascends  only  — -  =  5  seconds 

o 

and  — --  ss  100  feet  in  height,  then  rolls  back  and  returns  after  10  seconds  with  a 

velocity  of  40  feet,  to  its  initial  point ;  and  after  12  seconds,  azrives  at  a  distance 
40  X  12  —  4  X  (12)s  =s  96  feet  below  this  point  if  the  plane  extend  itself 
badLwards. 

§  15.  Free  descent  of  Bodies — ^The  free  or  vertical  descent  of 
bodies  in  vacuo,  offers  the  most  important  example  of  uni- 
formly accelerated  motion.  The  acceleration  oi  this  motion 
brought  about  by  gravity  is  designated  by  the  letter  g,  and  has 
the  mean  value  of: 

9,81  metres 

30,20  Paris  feet. 

32,2)1  English  feet. 

31,03  Vienna  feet. 

31.25  Prussian  feet. 
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If  either  of  these  values  of  g  be  substituted  in  the  formula  : 
v  =  gt,    s=^  g  ^and«  =  |-.,  v  =  V2g8, 

all  questions^  with  reference  to  the  free  descent  of  bodies/  may  be 
answered.     For  the  English  measure : 

V  =  82.2.^  =  B.O^V'  «j  «  =  16.1  .<•  =  .0155  »» 
and  /  =  0.081  v  =  2.488?  v'  s. 

Exanqfk  1.    A  body  acquires  in  its  free  descent  of  4  seconds  a  velocity  v  = 

32 . 2  >c  4  =  128.8  feet,  and  describes  in  this  time  a  space  b  =  45.025  x  4^  = 

^.  /  V  y    =  V  //>  250  feet — 2.  A  body  falling  from  a  height «  =  9  feet,  has  a  velocity  v  =  8.02  >/  9  = 

24.06  feet.— 3.  A  body  projected  vertically  with  a  velocity  of  10  feet,  ascends  to  a 

^  ^ ,  ,-j-     height  *  =  e^OW.  10«  =  1.6  feet,  and  requires  for  it  a  time  t  =  0.031.10  =  0.3,  or 

about  one-third  of  a  second. 

§  16.  The  following  Table  will  show  the  relations  of  the  motion 
to  the  time  in  the  free  descent  of  bodies. 


Time  in 
tecondi. 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Velocity. 

0 

^9 

^ 

% 

4^ 

5^ 

6? 

7ff 

8j^ 

?!/ 

lOy 

Space. 

0 

'i 

*2 

''2 

ie|- 

25| 

< 

< 

64^ 

8lf 

loof 

Difference. 

0 

'f 

^2 

^2 

'i 

4 

»i 

13f 

1^2 

"i 

< 

The  last  horizontal  column  of  this  table  gives  the  spaces  which 
the  freely  falling  body  describes  in  the  single  seconds.  We  see 
that  these  spaces  are  to  each  other  as  the  odd  numbers  1^  8^  6, 
7,  Sec.,  whilst  the  times  and  velocities  are  as  the  natural  numbers 
1^  2,  8,  4,  Sec,  and  the  spaces  fallen  through  as  their  squares 
1,  4,  9,  16,  &c.  For  example,  the  velocity  after  six  seconds,  is 
6g  =  193,2  feet,  that  is  the  body  would  if  it  proceeded  from  this 
time  uniformly  upon  an  horizontal  plane,  offering  no  impediment, 
pass  over  in  each  second  a  space  6  g  =  193,2  feet.  This  space  it 
describes  in  the  course  of  the  following  and  seventh  second,  but 
not  in  reality,  for  according  to  the  last  column  it  amounts  to 
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J3.f=13  X  16,1  =209,8  feet,  in  the  eighth  second  it  is 
15 .  f  =  15 .  16,1  =  UVSeet,  &c. 

Renuark,  Many  writers  designate  the  space  of  16  feet,  which  a  body  freely  descend- 
ing  will  describe  in  one  second,  by  g,  and  tenn  it^properly  the  acceleration  of  gravity. 
They  have  then  for  the  free  descent  of  bodies,  the  following  formulsB : 

V  =  2gi  =  2'v/^«, 

iff 

2^  g  ' 

This  cnstom,  which  is  met  with  in  Germany  only,  is  disappearing  by  degrees,  and  in 
consequence  of  its  being  frequently  misunderstood  and  the  many  mistakes  which 
arise  therefrom,  this  is  much  to  desired. 

§  17.  K  the  free  descent  of  a  body  go  on  with  a  certain  initial 
velocity  (c)  the  formulae  are  of  the  following  kind : 

V  =  c+gt  =  c+82,2  t,   also    v  =  ^/c?+2g8=  i/c^-f  64,4.«, 

If  on  the  other  hand  the  body  be  projected  vertically  to  a  height 
with  the  velocity  c,  then : 

v  =  c—gt  =  c—82,2t,  also  t?  =  V (?—2 g  8  =  v'c*— 64,4*, 

*  =  c/  — ^  I  =  c/  — 16,1  /^  also  8  =    '2^  =  0,0155  {c^^i^). 

If  we  consider  a  given  velocity  c  as  the  terminal  velocity  acquired 
by  a  free  descent,  then  the   corresponding  space  fallen   through 

—  =  0,0155  .  &  is  called  the  height  of  the  velocity.  By  the  intro- 
duction of  this  quantity,  some  of  the  foregoing  formulse  may  be 
expressed  more  simply.     If  the  height  of  velocity  (rp  )  of  the  ini- 

tial  velocity  c  be  put  =  A,  and  that  of  the  terminal  velocity  ^ 

=  Ap  we  have  the  following  for  falling  bodies  : 

Ai  =  A4-*,  *  =  Ai  —  A, 

and  for  ascending :  Aj  =  A  —  «,  *  =  A  —  A^. 

The  space  of  fall  or  ascent  is,  therefore,  equal  to  the  difference 
of  the  heights  of  velocity. 

Example.  The  velocities  arc  5  and  11  feet,  the  height  of  velocity  =  0,0155  (5)^ 
=  0,3875  feet,  and  0,0155  .  11^  =  l,87&feet;  the  space  which  is  described  during 
the  passage  from  one  velocity  to  the  other .-  «  =1,8755  —  0,3875  =  1,4880  feet. 


.,< 
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§  18.  From  the  formula  8  =  h  —  A^  it  also  follows  that  a  body 
vertically  projected  has  at  each  point  that  velocity  which  it  would 
have^  but  in  an  inverse  direction^  were  it  to  have  fallen  from  the 
height  still  remaining  to  that  point,  and  which  it  then  actually 
possesses  in  its  following  descent. 

jEroD^rf?.  A  body  is  thrown  ap  with  a  15  feet  vdodty,  tnd  strikes  in  its  rise 
■gainst  an  elastic  impediment,  which  for  the  moment  throws  it  bade  with  the  same 
velocity  with  which  it  struck.  How  great  then  is  this  vdocityy  and  the  time  of 
ascending  and  descending?  To  the  vdodty  (e  =  15 ft.)  corresponds  the  height  of 
ascent  h  =  3,49  ft. ;  the  height  of  yelodty  at  the  moment  of  impact  is  h^  =^9  — 
2,00  t=  1,49,  and  consequently  this  velocity  =  8.03  i/l,6  =  9,636  ft.  The  time  to 
attain  the  whole  height  (3,49  ft.)  is  /  =  0,03^.9  =  0,03^.15  =  0,'4WI",  for  the  ^y, 
height  1,49  ft.  i^  =:  0,080 .  10  =  O^dSO'' ;  there  remains  then  fw  the  time  required 
to  rise  to  the  height  of  2  ft.,  or  the  time  from  the  commencement  to  impact :  /  —  /,' '  ^ 

—  67460  —  0,320  =  0,160'^  and  the  whole  time  of  rising  and  falling  =  2 .  160"=     C 
*.   „  —     *'/  cjoi  0  320  1'/ £ 

0,320-fl;;^     This  is  also  but  the  -—^^th  =  3rd  pert  of  the  time,  which  would 
*  /  _  0,960 

be  necessary  for  rising  and  Sidling  if  the  body  were  to  rise  and  fall  unimpeded.    Thb 

fall  finds  its  application  in  the  forg^g  of  hot  iron,  because  in  the  gradual  cooling  of 

that  metal  it  is  desirable  that  the  blows  of  the  hammer  follow  as  quickly  as  possible 

in  a  short  time.    When  the  hammer  is  thrown  back  by  an  elastic  arrangement,  it 

win  give  in  the  same  time,  in  the  proportions  above  laid  down,  thrice  the  number  of 

blows  to  what  it  would  give  were  its  rise  unimpeded. 

Remark  1.  The  transformation  of  the  velocity  into  height  of  velocity,  and  the 
reverse,  is  very  often  required  in  practical  mechanics,  and  espedally  in  hydraulics. 
A  table  where  this  is  set  down  is  of  great  use  to  the  practical  man. 

Remark  2.  The  fbregmng  formulse  are  only  strictly  correct  for  a  free  descent  in 
vacuo ;  they  may  be  used  with  t<derable  accuracy  for  a  fall  in  air,  if  the  falling  bodies 
have  a  weight  great  in  proportion  to  their  volume,  and  if  the  velocities  do  not  come 
out  very  great.  For  the  rest,  they  are  also  used  under  other  circumstances  and 
relations  in  many  other  descents,  as  will  hereafter  be  shown. 

§  19.  Variable  motions  in  particular. — For  variable  motions 
especially^  in  which  the  perodic  are  also  included^  the  formulse 

1.  r  =  or,  and      ^^    z*^^ 

hold  good : — the  increment  of  velocity  (k)  acquired  in  a  very  small 
time  r  (element  of  time)^  is  a  product  of  the  acceleration  p  and  this 
time ;  and  the  space  o  described  in  the  element  of  time  r  is  a  pro- 
duct of  the  velocity  (v)  and  the  time  r.     By  inversion  : 

3.  jp  =  —  and         *";  £ 

A  ^  it 

r 

Acceleration  is  the  quotient  of  the  increment  of  velocity  by  the 
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element  of  the  time  r  in  which  it  is  acquired.  Velocity  is  the  ratio 
of  the  element  of  space  to  that  of  the  time. 
.  The  two  last  formnlse  may  be  used  for  the  measurement  of  the 
acceleration  and  velocity.  Ex.  From  the  motion  given  by  the 
formula  s  =  afi  when  a  is  the  space  described  f^r  the  first 
second,  it  follows :  if  /  increase  by  r  and  s  hy  a,  »  +  a  =±  a 
{t  -f  t)K  Now  (^  +  r)*  =  ^  -f  2  /r  -f  1^,  or  because  t  is  small 
=  fi  +  2  t  T,  it  therefore  follows  8  +  ^  =  a^  +  2  at  t,  or  v  =s 

2  at  t;  lastly,  v  =  —  =  2  at.  By  the  same  hypotheses,  we  learn 
from  the  last  formula  t;  +  «c  =  2fl(/  +  T)=:2ii/  +  2ar,  so 
that  K  =  2  ar  and  the  acceleration  j»  =  JL  =  2  a.      We  have,  v  /*^ 

therefore,  in  this  way  found  from  the  formulse  for  the  spaces,  c;  ,^      ..  / 
formulse  for  the  velocity  and  acceleration.  >    ^ 

§  20.  The  velocity  c  =  -1  ^^^^  ^^  *^^  velocity  t?  =  —   of  ^^'      '  ^ ' 

•  T 

an  element  of  time^  and  is  given  when  the  space^  which  in  a  certain 
time  or  period  of  a  periodic  motion  is  described,  is  divided  by  the  time 
itself.  This  is  called  the  mean  velocity,  and  may  be  also  regarded  as 
that  velocity  which  a  body  must  have  in  order  to  describe  uniformly 
in  a  given  time  (/)  a  given  space  {s),  which  in  reality  is  described 
variably.      So,  for  example,  in  uniformly  variable   motion,  the 

velocity  is  equal  to  half  the  sum  i—-^ — )  of  the  initial  and  ter- 
minal velocities;  for,  according  to  §  18,  the  space  is  equal  to  this 
sum  I — ^ — j  multiplied  by  the  time  (/). 

While  a  handle  turns  uniformly  in  a  circle,  the  load  attached  to 
it,  the  piston  of  an  air  or  water-pump  for  instance,  moves  variably 
up  and  down ;  the  velocity  of  this  at  its  lowest  and  highest  point 
is  at  a  minimum,  viz.,  null ;  at  half  the  height  a  maximum,  viz., 
equal  to  the  velocity  of  the  handle.  In  half  a  revolution,  the  mean 
velocity  equals  the  whole  height  of  ascent,  t.  e.,  the  diameter  of  the 
circle  which  the  handle  describes,  divided  by  the  time  of  half  a 
revolution.    The  diameter  =  2  r  and  the  time  =  t,  then  the  mean 

Velocity  of  the  load  =  — .  The  handle  in  this  time  describes 
the   semicircle  irr;  its  velocity  therefore  =  —,  and  consequently 
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t       2 

the  mean  velocity  of  the  load  =  — 


3.141 


=  0,6366  times  as 


FIG.  1. 


great  as  the  invariable  velocity  of  the  handle. 

§  21.  Graphical  representation. — ^The  laws  of  motion  found 
above  may  be  expressed  by  geometrical  figures,  or  as  it  is  said, 
graphically  represented.  Graphical  representations,  especially 
facilitate  the  conception,  sustain  the  thoughts,  prevent  mistakes, 
and  serve  not  unfrequently  for  the  discovery  of  a  quantity,  and  on 
that  account  are  of  great  use  in  mechanics. 

In  uniform  motion  the  space  (s)  is  the  product  {ct)  of  the  velocity 
and  the  time,  and  in  geometry  the  area  of  a  rectangular  figure  is  the 
product  of  the  height  and  base.  We  can,  therefore,  represent  the 
space  (*)  uniformly  described  by  a  rectangle  ABCD,  Pig.  1, 

whose  base  A  B  is  the  time  (/)  and  whose, 
height  {A  D  =  EC)  is  the  velocity  (c), 
provided  that  the  time  be  expressed  in  the 
same  unit  of  length  as  the  velocity,  and 
that  the  second  of  time  and  the  foot  be 
.9  represented  by  one  and  the  same  line. 

§  22.  Whilst    in    uniform    motion,  the 

velocity  {M  N)  at  any  other  time  {A  M)  of  the  motion  is  one  and 

the  same,  it  differs  at  every  instant  in  a  variable  one ;  this  motion, 

therefore,  can  only  be  represented  by  a  quadrilateral  figure  A  B  CD, 

FIG.  2.  Fig.  2,  which  has  A  B  the  time    for 

base,  and  for  the  other  limits,  three 
lines  A  By  BCy  CD,  of  which  the  first 
two  are  equal  to  the  initial  and  terminal 
velocities,  and  the  last  is  determined 
by  the  extremity  {N)  of.  the  different 
velocities  at  the  intervals  (M).  The 
line  CD  is  either  straight  or  curved,  according  to  the  different 
kinds  of  variable  motion  from  the  commencement,  ascending  or 

descending,  or  lastly  concave  or  convex 
towards  the  base.  But  in  every  case  the 
area  of  this  figure  must  be  put  equal  to 
the  variably  described  space  (s);  for  each 
area  of  space  ABCD,  Pig.  3,  may  be  con- 
sidered as  decomposable  into  many  small 
-|  I'cctangular  strips,  like  M  O  P  N,  of 
which  each  is  a  product  of  a  part  {M  ()) 
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of  the  base,  and  its  corresponding  height  (M  N  or  O  P),  and  the 
spaces  described  in  a  certain  time  composed  of  particles  of  which 
each  is  a  product  of  that  particle  and  its  corresponding 
velocity. 

§  23.  In  uniformly  variable  motion,  the  increase  or  diminution 
(t> — c)  of  the  velocity  {=pt,  §  13)  is  proportional  to  the  time. 
If  in  the  Figures  4  and  5,  the  line  DE  he  drawn  parallel  to  the 


FIG.   4. 


ri6  5. 


base  A  B,  and  B  E  and  JlSf  O  =  to  the  initial  velocity  ^  Z>  be  cut 
off  from  the  lines  ikf  iVand  JBC,  there  remain  the  lines  C  E  and 
N  O  for  the  increase  or  diminution  of  the  velocity,  for  which  from 
the  above  we  have  the  proportion 

NO:CE  =  DO:DE. 

Such  a  proportion  requires  that  N  as  well  as  each  point  of  the 
line  CD  He  in  the  straight  line  connecting  C  and  D,  and 
also  that  the  line  CD  limiting  the  different  velocities  {MN)  be  a 
right  hue. 

In  consequence  of  this,  the  uniformly  accelerated  and  uniformly 
retarded  space  described  may  be  represented  by  the  area  of  a 
trapezium  A  B  CD,  which  has  for  the  height  A  B  the  time  (/), 
and  for  the  parallel  bases  the  initial  and  terminal  velocities  A  D 

and  B  C,    The  formula  of  §  13,  «  =  — 5 — •'  is  in  perfect   ac- 

cordance  with  this.  In  uniformly  accelerated  motion,  the  fourth 
side  D  C  ascends  from  its  initial  point,  and  in  uniformly  retarded 
motion  descends.  In  a  uniformly  accelerated  motion  beginning 
with  a  velocity  null,  the  trapezium  becomes  a  triangle  whose  area 
isiBCxAB  =  ^ct. 

§  24.  The  mean  velocity  of  a  variable  motion  is  the  quotient  of  the 
^pace  divided  by  the  time ;  multiplied  therefore  by  the  time,  it  gives 
as  a  product  the  trajectory,  and  consequently  may  be  also  consi- 
dered as  the  height  AF=^BE  of  the  parallelogram  ABEF 
Fig.  6,  which  has  the  time  (/)  for  the  base  A  B,  and  an  area  equal 
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FIG.  6. 


to  the  four-sided  figure  A  B  CND 
which  measures  the  trajectory  or  space 
passed  through.  The  mean  velocity 
is^  therefore,  likewise  obtained  by  trans- 
forming the  four-sided  figure  ABCND 
into  a  parallelogram  ABEF  of  the 
same  length.  Its  determination  is  of 
*  importance,  particularly  in  periodic  mo- 

tions, which  occur  in  nearly  all   machines,     llie  law  for  these 
motions  is  represented  by  a  curved  line  CDEFGHK,  Pig.  7. 

FIO.  7. 


— B 
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If  the  line  L  M  running  parallel  with  A  B  cuts  off  the  same  space 
as  the  curved  line,  and  is  as  it  were  the  axis  round  which 
CD EF.. ..  coils  itself,  then  the  distance  AL=^ BM  between 
the  two  parallel  lines  A  B  and  LMis  the  mean  velocity  of  the 
periodic  motion,  whilst  AC,  OE,  BK,  &c.,  is  the  nuuvimum,  and 
ND,  P  F,  &c.,  the  minimum  velocity  of  a  period  AO,  OQ, 
QB,  &c. 

§  25.  The  acceleration  also,  or  the  increase  of  velocity  during  a 
second  of  time  may  be  easily  shown  in  the  figure.  In  the  case  of 
uniformly  variable  motion  it  remains  unchangeable ;  it  is  hence  the 
difference  P  Q,  Figs.   8  and  9,  between  two  velocities  O  P  and 


FIO.   8. 


FIO.  9. 


MN,  the  one  of  which  appertains  to  a  longer  time  by  one 
second  {M  O)  than  the  other.  If  the  motion  is  not  uniformly 
variable,  and  the  line  of  velocity  CD  therefore  a  curve,  then  for 
each  second  of  time  (M)  the  acceleration  varies,  and  is  consequently 
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not  the  real  difference  P  Q  between  the  two  velocities  O  P  and 
MN=  O Q,  Figs.  10  and  11 ;  but  it  is  the  increase  RQ  o{ the 
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no.  11. 
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velocity  MN,  which  would  occur  if  commencing  at  the  moment 
M  the  motion  became  uniformly  accelerated,  and  the  curved  line 
of  velocity  N  C  passed  into  the  straight  line  NE.  Now  the 
tangent  or  line  of  contact  NE,  is  that  straight  line  in  the  direction 
of  which  a  curve  DJV  proceeds,  when  from  a  certain  point  (N)  it 
ceases  to  change  its  direction;  hence  the  new  line  of  velocity 
coincides  with  the  tangent,  and  the  perpendicular  line  O  R  which 
cuts  it,  is  accordingly  the  velocity  which  would  take  place  after  the 
lapse  of  a  second,  supposing  the  motion  to  have  become  uniformly 
accelerated  from  the  commencement  of  that  period,  and  lastly,  the 
difference  R  Q  between  this  velocity  and  the  primary  velocity 
{MN)  is  the  acceleration  for  that  moment  which  is  determined  by 
the  point  M  in  the  time  line  A  B. 


CHAPTER  II. 


COMPOUND    MOTION. 


§  26.  Compound  Motion. — One  and  the  same  body  may  at  the 
same  time  have  two  or  more  motions;  every  (relative)  motion 
consists  of  the  motion  within  a  certain  space,  and  of  the  motion  of 
this  space  within  or  in  relation  to  a  second  space.  Each  point 
upon  the  surface  of  the  earth  has  thus  two  motions,  for  it  revolves 
daily  once  round  the  axis  of  the  earth,  and  simultaneously  with 
the  earth  once  yearly  round  the  sun.  A  person  walking  on  board  a 
ship  has  two  motions  in  relation  to  the  shore,  his  own  motion  and 
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that  of  the  water ;  water  flowing  from  a  hole  in  the  bottom  or  side 
of  a  vessel^  whilst  the  latter  is  moving  along  in  a  carriage^  has  two 
motions^  the  motion  from  the  vessel  and  the  motion  with  the 
vessel,  &c. 

Hence  we  distinguish  simple  and  compound  motion.  Those 
rectilinear  motions  are  called  simple^  of  which  other  rectilinear  or 
curvilinear  motions,  consequently  called  compound,  are  made  up 
or  may  be  imagined  to  be  made  up. 

The  combination  of  several  simple  motions  to  form  one  single 
motion,  and  the  resolution  of  a  compound  motion  into  several 
siniple  motions  will  be  treated  of  in  the  sequel. 

§  27.  When  simple  motions  occur  in  the  direction  of  one  and 
the  same  straight  line,  their  sum  or  difference  gives  the  resulting 
compound  motion,  the  former,  when  the  motions  take  place  in  the 
same  direction ;  the  latter,  when  their  directions  are  opposite.  The 
truth  of  this  axiom  becomes  directly  obvious,  when  the  contempo- 
rary spaces  of  the  simple  motions  are  united  into  one.  The 
contemporary  spaces  c,  t  and  c^  /  correspond  with  the  uniform 
motions  and  their  velocities  c^  and  c^ ;  if  these  motions  go  on 
in  the  same  direction,  then  after  /  seconds  the  space  becomes 
8  =Ci  /  H-  Cj  /  =  (Cj  +  c^  t,  and  consequently  the  resulting  velocity 
with  which  the  compound  motion  proceeds  is  the  sum  of  the 
velocities  of  the  simple  mptigns.  When  the  directions  of  ^SS&i 
motions  are  opposite,,  then  s  =  c^t  —  Cj  /  =  (Cj — Cj)  t,  here,  there- 
fore, the  resulting  velocity  is  equal  to  the  difference  of  the  simple 
velocities. 

Exofiqilel.  To  a  person  moving  with  a  velocity  of  four  feet  upon  the  deck  of  a 
ship,  in  the  same  direction  with  the  motion  of  the  ship  itself,  which  has  a  velocity 
of  six  feet,  the  ohjects  on  the  shore  appear  to  pass  by  with  a  velocity  of  4  +  6  =  10 
feet. — 2.  The  water  which  flows  from  the  lateral  opening  of  a  vessel  with  a  velocity 
of  25  feet,  whilst  the  vessel  containing  it  is  moved  in  an  opposite  direction  with  a 
velocity  of  10  feet,  has,  in  relation  to  the  other  objects  at  rest,  only  a  velocity  of 
25  —  10  =  15  feet. 

§  28.  The  same  relations  obtain  with  variable  motions.  If  one 
and  the  same  body  have,  in  addition  to  the  primary  velocities,  c,  and 
c^  the  constant  accelerations  p^  and  p^,  then  the  corresponding 

spaces  are  Cj  ^ij  c^i^Pi  nfP^o^  ^  ^^^  velocities  and  the  accele- 
rations are  in  the  same  direction,  the  whole  space  corresponding  to 
these  simple  motions,  will  be  : 

8  =  {c^+C^)t-\-{Pl'\-p^)Y' 
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If  Cj  +  Cq  =  c  and  Pi^-p^i  =/i,  we  then  obtain  8  =  ct+p  ^, 

and  it  follows^  consequently^  that  not  only  the  velocity  of  the 
resulting  or  compound  motion  is  made  up  of  the  sum  of  the  simple 
velocities^  but  that  also  the  sum  of  the  accelerations  of  the  simple 
motions  gives  the  resulting  acceleration. 

Example.  A  magnet  falls  more  quickly  to  the  earth  than  another  body,  when  a 
mass  of  iron  is  immediately  below  it.  The  acceleration  which  the  magnet  expe- 
riences, in  consequence  of  this  iron,  may  be  considered  inyariable  when  the  height 
from  which  it  falls  is  small  and  the  mass  of  iron  very  considerable,  m. :  an  extensive 
layer  of  magnetic  iron  ore.  If  this  acceleration  were  5  feet,  then  the  magnet  would  '^4^  x 
iUl  with  an  increased  velocity  of  31J6  +  5  =  dO;M  feet  in  the  first  second,  therefore 
it  would  &11 18^  feet  instead  of  15^  feet.  3  g^ 

§  29.  Parallelogram  of  the  velocities. — If  a  body  has  at  the 
same  time  two  motionjs  differing  from  each  other  in  direction^  it 
will  assume  a  medium  direction  between  them;  and  if  these 
motions  are  of  different  kinds^  the  one,  viz.  uniform,  and  the  other 
uniformly  increasing,  then  the  direction  will  vary  in  every  part  of 
the  motion,  and  the  motion  itself  become  curvilinear. 

The  place  O,  Pig.  12,  which  a  body  moving  simultaneously 
in  the  directions  A  X  and  A  Y  will  occupy  after  a  certain  time 
(/),  is  found  when  the  fourth  comer  of  the  parallelogram  A  M 
O  N,  determined  by  the  contemporaneous  trajectories  AM=  of 

and  -4  JV  =  y,  as  well  as  by  the  angle 
XA  Yy  or  the  distance  by  which  the 
directions  of  motion  deviate  from  each 
other,  is  known.  The  correctness  of 
this  mode  of  procedure  becomes  evi- 
dent when  the  trajectories  x  and  y  are 
supposed  described  one  after  the 
other,  and  not  at  the  same  time.  In 
~M  ~     compliance  with  the  one  motion,  the 

body  describes  the  trajectory  AM  =  x;  and  in  compliance  with  the 
other,  the  trajectory  proceeding  from  M  in  the  direction  of  A  Y, 
therefore  in  a  line  MZ  parallel  to  A  Y,  or  the  trajectory  AN=y. 
I{ MO  =  AN,  then  O  is  the  position  of  the  body  corresponding 
to  both  motions  x  and  y  simultaneously,  which  in  accordance  with 
the  construction  is  the  fourth  comer  of  the  paraQelogram  AM  ON, 
We  may  likewise  imagine  that  the  space  -4  ilf =a?  is  passed  over 
in  a  line  A  X,  which  with  all  its  points  proceeds  at  the  same  time 
in  the  direction  A  Y",  and  therefore  carries  with  it  JIf  in  a  parallel 
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direction  Ui  AY^  and  causes  this  point  to  perform  the  trajectory 
MO  =  AN=y. 

§  80.  If  both  the  motions  in  the  directions  A  X  and  A  Y  take 
place  uniformly  and  with  the  velocities  C|  and  c^  then  the  spaces 
will  become  after  a  certain  time  (/):«  =  c^ /  and  y  =  c^t;  their 

r^ct^Uv  rdatiopship  ~  =  -^is>  therefore^  the  same  at  all  time^  a  peculia- 

rity  which  is  only  proper  to  the  straight  line  A  0,  Fig.  18.    Hence 
,j^  13^  it  follows  that  the  compound  motion 

proceeds  in  a  straight  line.    If^  with 
the  velocities  AB=s^Ci  and  AC=^e^ 
>     c^^'''-^,      I  the   parallelogram  A  BCD  is  con- 

structed, its  fourth  comer  gives  the 
position  D,  in  which  the  body  will  be 
placed  after  the  lapse  of  one  second. 
But  as  the  resulting  motion  is  recti- 
linear, it  follows  that  it  must  always 
occur  in  the  direction  of  the  diagonal 
of  that  parallelogram  which  is  constructed  by  the  velocities.     If  the 
trajectory  A  O  which  is  actually  passed  through  in  the  time  /  be= 
s,  then,  on  account  of  the  similarity  of  the  triangles  AMO  and 

8       AD 
ABD,  we  have :  -  =  -j^,  and  it  consequently  follows  that  this 

trajectory *  = -^-=- = -1—^ =zAD.L     In  accordance  with 

the  last  equation,  the  trajectory  in  the  diagonal  is  proportional  to 
the  time  (/),  the  motion  itself  consequently  uniform,  and  the 
diagonal  A  D  its  velocity. 

TTie  diagonal,  therefore,  of  a  parallelogram  formed  by  two  vela- 
cities,  and  the  angle  which  they  make  with  each  other,  gives  the 
direction  and  magnitude  of  the  actually  resulting  motion^  This 
parallelogram  is  called  the  parallelogram  o/ velocities,  the  simple 
velocities  are  called  the  components,  and  the  compound  velocity 
the  resultant. 

§  81.  By  the  use  of  trigonometrical  formulie,  the  direction  and 
magnitude  of  the  mean  velocity  may  be  ascertained  by  calculation. 
The  resolution  of  one  of  the  equal  triangles,  vis.  ABD,  of  which 
the  parallelogram  of  velocities  ^£  DC  (Fig.  14)  is  composed, 
gives  the  mean  velocity  AD=c  by  means  of  the  components 
AB:=Ci  and  A  C^c^,  and  the  angle  B  AC^a  formed  by  their 
directions  by  the  formula:  c=  Vc^-\'C^'\-2c^  c^cos.  a,  and  the 


.i^  ^ 
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angle  £^i>=^,  included  by  the  mean 
velocity^  and  the  velocity  c^  is  expressed 

by  the  formula  m.  ^=-2 — L.^  q^  tang. 
A=  — % : .    If  the  velocities  c,  and 

<?!  +  Cj  COS.  a  * 

c^  are  equals  and  their  parallelogram  con-   / 
sequently  a  rhombus^  then  we  obtain  in 
a  more  simple  form>  in  consequence  of 
the  diagonals  being  at  right  angles  to  each  other :    ^^^  r<n^^  c-^v^^-'  .  . 

r=2C|Co«.  i  a  and  ^=ia.  ^ 

Lastly^  if  the  velocities  enclose  a  right  angle,  then  likewise  we  ^ 
obtain  more  simply : 

■^^  *'  '''z'^^  ^=  v'ci'-f  Cj*  and  tang.  ^=— . 

EsMUHpie  1.  The  water  flowing  from  a  Teasel  or  a  machine  has  a  Telocity  e^  =  25  ft., 
whilst  the  Teasel  is  mored  with  a  Telodty  <?,  =  19  feet  in  a  direction  forming  an 
angle  a*  =  130®  with  the  direction  of  the  flowing  water.  What  is  the  direction  and 
magnitude  of  the  resultant,  or  as  it  is  also  called,  the  absolute  Telocity  ? 

The  required  resulting  Telodty  is  c  =  ^25^  +  19*  +  2.25.19  co9.  ISO*  « 
v^625  +  361—50.19  cob.  50^  =  ^986—950  cw,  50*  =  V986—  610,7  =  ^375,3  = 
19,37  feet. 

MoreoTer,  mm.  0  =  19  «n.  130>  ^  ^  gg^g  «m.  50*  =  0,7513,  and  consequentfy 

19,37 
the  angle  by  which  the  resultant  differs  from  the  Telodty  Ci  ^  »  48*,42'  and 
the  angle  whieh  it  makes  with  the  direction  of  motion  of  the  Tcssd :  a— ^  s 
81S18'. 

2.  If  the  former  Tdodties  were  acting  at  right  angles  to  each  other,  then  cot.  a  » 

eo9.  9c«*  s  0,  thence  the  mean  Tdodty  e  =  V^986  =  31,40  feet;  for  its  direction 

19 
we  should  haTC  Umg.  ^  s  _l  =  0.76,  and  consequently  its  deviation  from  the 

first  Tdodty :  ^  =  37^14'. 

§  82.  Any  given  velocity  may  be  supposed  to  consist  of  two 
components^  and  can  consequently  be  resolved  into  them^  in  accor- 
dance with  certain  conditions.  If,  for  instance,  the  angles  DAB 
=:^  and  Di^  C:^y\>,  Fig.  l^are  given,  and  enclose  the  velocities 
required  together  with  the  mean  velocity  AD:^c,  then  draw 
through  the  terminal  point  D  other  lines  which  represent  the 
degrees  corresponding  to  c,  parallel  to  the  directions  AX  and 
^  Y'.  the  points  of  section  will  then  cut  off  the  required  velocities 
^  JB=Ci  and  AC^^c^* 

Trigonometry  expresses   these  velocities  by  the  formuke  Ci  = 

2* 
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c  sin.  yp 


e  sin.  0 


.     ,      .    ,-,/?«=-; — -/'\  \..     In  the  usual  practical  cases,  the 

two  velocities  are  at  right  angles  to  each  other^  and  then  ^+^= 
90^,  sin.  (^  + 1//)  =  1,  and  it  follows : 

Ci=ccos.  ^and  C2=csin.  ^. 
Therefore^  with  one  component  (^j)  and  its  angle  of  direction 
(0)^  the  direction  and  magnitude  of  the  other  component  may  be 
estimated.  Lastly^  from  the  velocities  c,  C|  and  Cg  alone  their 
angles  of  direction  may  be  determined^  as  the  three  angles  of  a 
triangle  may  be  computed  by  the  three  sides. 

Exatnple.  Suppose  velocity  c  =  10  feet  is  to  be  resolved  into  two  components 
which  deviate  fiom  its  direction  by  the  angle  ^  »  65<»  and  <^  =  70*.  These  velo- 
cities  will  be  * 

10«».7^         9397  ^  ,3^,^  ^^  ^^  ^^  ^  ^^^;f  "=  4^  =  12,81  ft. 


*!  = 


nn.  135»        sm.  45» 


nn.  135»        0,7071 


§  33.  Composition  and  resolution  of  velocities. — ^By  repeated 
application  of  the  parallelogram  of  velocities^  any  number  of 
velocities  may  be  reduced  to  one.  By  constructing  the  parallelo- 
gram ABDCy   Fig.  I64  the  mean  velocity  AD  to  Cj  and  c^  is 

obtained ;  by  constructing  the  paral- 
lelogram ADFE,  we  get  the  mean 
velocity  AFto  AD  and  A  E=c^; 
and  in  like  maimer  by  constructing 
the  parallelogram  A  FHG,  the  mean 
velocity  A  H=c  to  AF  and  A  6= 
=c^  is  obtained,  and  thus  the  mean 
of  Cp  c^  C3  and  c^. 

liie  simplest  method  of  obtaining 
the  mean  velocity  in  question,  is  by 
the  construction  of  a  polygon  ABD 
FH,  the  sides  of  which  AB,BD,  DF,  and  FH,  are  drawn 
parallel  and  equal  to  the  given  velocities  c,,  Cg,  c^  and  c^ ;  the  last 
side  AH  in  then  always  the  resultant  velocity. 

In  the  case  also,  in  which  the  velocities  are  not  in  the  same 
plane,  the  mean  velocity  may  be  ascertained  by  repeated  application 
of  the  parallelogram  of  velocities.  The  mean  velocity  A  F=^e 
(Pig.  16)  of  three  velocities  AB^^c^  A  0=0^  and  A  E=c^  which 
are  not  in  the  same  plane,  is  the  diagonal  of  a  parallelepipedon 
BCGHy  the  sides  of  which  are  equal  to  these  velocities.  The 
parallelepipedon  of  velocities  is,  therefore,  also  a  tena  in  general 
use. 


• 
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WG.  16.  §  84.  Composition  of  the  accelera- 

tions. —  Two  uniformly  accelerated 
motions  beginning  with  nnll  velocity, 
produce,  when  combined,  a  uni- 
formly accelerated  motion  in  a  straight 

/ y^ ^        /         line.     If  the   acceleratiouB   of  these 

'J/     ,--''  \      /         motions  proceeding  in  the  directions 

AX  and  AY  (Pig.  17)  are/?,  andp^ 
Tt  "b  then  at  the  close  of  the  time  /,  the 

rtQ,  17,  spaces   will  be  -43f  =4?=^-^  and 

A  N=:y=:^^r—,  and  their  relation  - 
Z  y 

=^-^=~i8  in  no  way  dependant 

upon  the  time ;  and  consequently  the 
trajectory  AO  oi  the  compoimd  mo- 
tion is  rectilinear.  If  ^J3  is  made 
=j»i  and  B  D=A  C=^p^  we  obtain 
a  parallelogram  ABDC,  which  is  similar  to  the  parallelogram 

AMONy  and  from  which    ^  ^=  ^  ■n=  =«.  ^;therefore,-40 

'  AD     AB       Pi       2 

1 
=^  AD.fi,  From  this  equation,  it  appears  that  the  trajectory  AO 

of  the  compound  motion  is  proportional  to  the  square  of  the  time ; 
the  motion  itself,  therefore,  uniformly  accelerated,  and  its  accele- 
ration is  the  diagonal  AD  ot  the  parallelogram  constructed  by  the 
simple  accelerations /7j  andj^j* 

In  the  same  manner,  therefore,  as  velocities  can  be  composed 
or  resolved  by  the  parallelogram  of  velocities,  and  according  to 
precisely  the  same  rules,  accelerations  may  be  united  into  one  or 
broken  up  into  several  others  by  a  parallelpgram,  which  is  called 
the  parallelogram  of  accelerations. 

§  35.  Combination  of  velocity  and  acceleration. — ^By  the  combi- 
nation of  a  uniform  with  a  ui^formly  accelerated  motion,  an 
entirely  variable  motion  is  produced  when  the  directions  of  the 
motions  do  not  coincide.  In  a  certain  time  /,  with  the  velocity  c 
in  the  direction  A  y,  (Fig,  18),  the  trajectory  A  N=zy=zc  t  will  be 
described,  and  in  the  same  time  with  an  unchangeable  acceleration 
and  a  direction  AX  at  right  angles  to  the  former,  the  trajectory 


In  accordance  with  this,  the  trajectoriea  {x)  in  the  direction 
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£^  will  be  described,  and  the  body   arrivea   at    the 

terminal  point  O  of  the  paral- 
lelogram composed  of  y=c  t 

and*=^.    With  the    aid 

of  these  formulie,  the  position 
of  the  body  can  be  determined 
for  any  given  time,  bitt  it  is 
not  always  in  one  and  the 
same  straight  line,  for  if  from 
the  first  equation  we  take  /= 

— ,  and  place  this  value  in  the  second,  we  obtain  the  equation  x= 

PV' 

of  the  second  motion  do  not  correspond  with  those  in  the  first,  but 
with  the  squares  (^  of  those  in  the  first ;  and  consequently  the 
trajectory  of  the  body  is  not  rectilinear,  but  is  a  certain  curved 
line,  known  in  geometry  by  the  name  of  parabola. 

Rtmark.  Let  A  BC,Vi%.  19,beacone 
""■  '^'  wHh  (1  drcuUr  base  ABBF,  let  DEF 

be  *  section  of  it  puKllel  to  tbe  tide  B  C 
and  at  right  aoglei  to  the  Mdioii  ABC, 
and  let  O  P  N  Q  be  t,  lecond  section 
parallel  to  the  bi«e,  and  consequently 
alM  drcolar.  Then  Ut  £  F  be  the  hue 
of  MCtioD  between  the  base  and  tbe 
second  tection,  and  0  JV  that  between 
botb  sectioni ;  imagine  then  in  ^e  tri- 
angular Mction  ABC,  the  panllel  dia. 
meters  ^  fi  and  P  Q,  and  in  tbe  section 
DBF,  the  aiis  D  G.  Then  for  tbe  half 
chord  of  tbe  drcle  if  A'  =  Jtf  O,  tbe 
equation  applies  «iV'  =  P  )f  x  Jtf  Qj 
but  Jf  (J  =  fl  C  and  for  P  Jf  we  have 
the  proportion  P  M: MD  =  A  Ot  DG; 
DMxAG 


hence  itfbUows  MN^  =  BGx 


DO 


But  in  like  n 


:rC£»  =  BG 


I  A  6;  if  o 


L   is  divided  by  tbe  other. 


e  obtain  tberefbre  ■- 


tbe  portions  cut  off  from  the  axis  (aiteitisj 


DM    JtfJV' 

bear,  tbeiefore,  tbe  same  proportion  to  etch  other  at  the  squares  of  the  cwTespond- 
ing  peipendicnlm  (ordinataj.     This  law  agrees  completely  with  tbe  law  for  motion 
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found  above ;  this  motiaii,  therefore,  takes  place  in  a  curved  line  DN  E^  which 
can  be  shown  to  be  a  section  of  the  cone  (Conic  Section). 

§  86.  Parabolic  motion. — In  order  thoroughly  to  comprehend 
motion  produced  by  the  combination  of  velocity  and  acceleration^ 
we  must  be  able  also  to  indicate  the  direction^  velocity  and  the 
tpace  passed  tkrongh  during  any  length  of  time  (/).  The  velocity 
parallel  to  ^  Fis  invariable  and  =c^  that  which  is  parallel  to  ^  X 
is  variable  and  =pt,  if  with  these  velocities^  OQ=^c  and  OP=i 
p t,  the  parallelogram  OPRQih  constructed,  Fig.  20,  we  obtain 

in  its  diagonal  O  R  the  mean, 
'*<*•  20.  or  that  velocity  with  which 

the  body  at   0  follows  the 
parabolic  curve  AOU.  This 

velocity  itself  is  »=  i/c^-f/fe*. 

In  like  manner,  O  it  is  the 

tangent  or  direction  in  which 

the  body  at  O  proceeds  for  a 

single  instant,  and  we  obtain 

for  the  angle  P  OR=^XTO 

=^  which  it  makes  with  the 

second  direction  (axis)  AX, 

00 
the  formula   tang.   ^=^-^ 


In  order,  lastly,  to  find  the  space  TOi8sed,Jthrough,  or  the  curve 
A  0=s  we  can  apply  the  equation  o—pr  (§  19) ;  according  to 
which  we  can  calculate  minute  portions  of  it,  which  may  be 
considered  as  its  elements.  The  higher  branches  of  geometry 
supply  us  with  a  complicated  formula  for  calculating  the  parabolic 
curve. 

§  87.  As  yet  we  have  assumed  that  the  primary  directions 
of  motion  formed  a  right  angle  with  each  other,  and  we  must  now 
study  more  closely  that  case  in  which  the  direction  of  the  accelera- 
tion makes  a  certain  angle  with  that  of  the  velocity.  If  the  body 
(Fig.  21)  has  in  the  direction  A  Y^  the  velocity  c,  and  in  the 
direction  A  X^,  which  makes  with  the  first  the  angle  X^AY^=a 
the  velocity /7,  then  A  is  no  longer  the  vertex,  and  A  X,  no  longer 
the  axis,  but  only  the  direction  of  the  axis  of  the  parabola.  The 
vertex  Cis  much  more  dependant  upon  the  co-ordinates  AB=a 
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A. 


k 


.   /t 


•    T 


I    S: 


/it'' 


FIG.  21.  and  BO=b,  tht  latter 

of  which  coincides  with 
the  axis^  and  the  former 
is  at  right  angles  to  jt^ 
beginning  at  the  com- 
mencing point  of  the 
motion  A.  The  velocity 
AD=c  is  made  up  of 
the  components  AF=c 
sin,  a  and  A  E=cco8,  a. 
The  former  of  these  re- 
mains always  the  same^ 
but  the  latter  must  be 
made  equal  to  the  variable  velocity  p  t,  supposing  that  the  body 
has  required  the  time  /  to  move  from  the  vertex  C  to  the  real 
commencing  point  ^.     We  have,  therefore,  c  cos.  a=pt,  conse- 

quently  /= =-,  and 


1.  -4B=a=c-«».a. /= 


(?sin,acos,a     <?sinSta 


and 


P  ^P    ' 

2.  fiC=i=^=^f^. 

If  by  these  distances  we  have  found  the  vertex  of  the  parabola 
C>  then,  beginning  from  thence  we  can  find  for  any  required 
time  the  position   O  of  the  body.     Moreover  we  have :  making 

(DMz=.x  and  M  O^y  the  general  formula  x  =  ^-4-?— a,    also 


=  c  sin.  a  a/ 


2x 
P 


V 


/x. 


^c 


V. 


C    J*^-^  K 


5i> 


'/  < 


Remarks.  The  theory  of  parabolic  motion  produced  by  an  invariable  velocity  and  a 
constant  acceleration,  which  we  have  just  been  considering,  finds  its  application  in 
the  doctrine  of  Prqjeeiiles.     The  bodies  projected  either  upwards  or  downwards 
would  describe  a  parabolic  curve  as  the  result  of  their  primary  velocity  (c)  and  the 
.-       ^  ^  acceleration  of  gravity  (^=32.2  feet),  if  the  resistance  of  the  air  could  be  prevented, 

~  ^  c  ' '  '**  ^  or  the  motion  could  take  place  in  a  vacuum.  If  the  projectile  velocity  is  not  great, 
and  the  body  is  very  heavy  as  compared  with  its  volume,  t-hen  the  deviation  from  the 
parabola  is  smaU  enough  to  be  altogether  neglected.  The  most  perfect  instance  of 
the  parabolic  course  is  witnessed  in  columns  of  water  flowing  from  vessels  or  from 
jets,  &c.  Bodies  shot  off,  viz.,  bullets,  describe  curves  which  deviate  considerably 
from  the  parabola  in  consequence  of  the  great  resistance  of  the  air. 

§  38.  A  body  projected  at  an  angle  of  elevation    YAD=a 
(Fig.  22),  rises  to  a  certain  point  B  C,  which  is  called  the  height 
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of  profectiony  and  it  attains  the  horizontal  plane,  from  which  it 


FIG.  22. 


JCf 


/#'/•', 


/i'  - 


departed  at  A,  at  a  distance  AD,  which  is  called  the  range  of 
projection.  It  follows  according  to  §  917,  from  the  velocity  c,  the 
acceleration^,  and  the  angle  of  elevation,  that  when  p  is  replaced 
by  g  and  cfi  by  9(y-£a^,  therefore  cos.  a  by  m.  a : 

the  height  of  projection  is  BC:=b= — 5 ,  and, 

the  half  of  the  range  of  projection  AB^a= — ^ — . 

On  the  contrary,  the  height  corresponding  to  any  horizontal  distance 
AN^AB  —  NB^  a—y  becomes  NO  =  BM  =  CB—CM:= 
jL  -     '     ffy*        (^8in.a*  ay*        ,    .      9  y* 

2(rcos.a^        2g  2{rcos.ar  iihcos.a^ 

when  h  represents  the  height  of  velocity  ^. 

It  is  evident  from  the  formula  for  the  range  of  projection,  that 
this  will  be  greatest  when  m.  2  a=I,  therefore  2  a=90^,  t.  e.  a= 
46^.    A  body  ascending,  therefore,  at  an  angle  of  elevation  of 
45^  attains  the  greatest  range  of  projection. 

Example  1.  A  jet  of  water  ascending  at  an  angle  of  elevation  of  66<*  with  a  yelodty 
of  20  feet,  which  has  therefore  a  height  of  Yelodty  h  »  0,016 .  20>  »  6,4  feet,  attains 
the  height  &  »  A  cm.  c^  »  6,4  (m.  66o)'  »  5,34  feet,  and  has  a  range  of  iin]gection 
a  e  2.6,4  m.  1320  »  2.6,4  9m. 48»  »  9,51feet    The  time  which  each  partide of 

water  requires  to  perform  the  whole  parabolic  carve  ^  C  D  is  »  —    ' 


2.20.«m.66« 


9 


Q,  25         =  1  •17  seconds.    The  height,  corresponding  to  the  horizontal  distance 

...  R--  <i 


J 


'i- 


0 


ri^^c^-i  i^  y-^  L  t-^ 


,<~t^ 


f   r    <\  X^^ 


I  <^ 


*-<-—«. 


•  it--:   '    <- i 
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9  51  1  755* 

^iSr-3feet,i8,a8y^ ^ 3  -  1,755,  iVO  =  5,34  -  4-6,r(cSr 66»F  "  ^'^^ 

—  0,73  »  4,61  feet. 

2.  The  jet  of  water  flowing  from  a  horizontal  tube  has  at  a  height  of  1}  feet  a 
range  (half  a  range  of  projection)  of  5|  feet,  what  is  the  velocity  of  the  water  ? 

From  the  formula  *  "  J^  ^  4^t  it  follows  A  -  j^,  if  *  in  this  case  =  1,76 

5,25* 
and  y  -1  5^5,  then  h  ^  .    .  y,  «  3,937  feet,  and  the   Telocity  corresponding  to 

this  hdght  is  c  »  15,68  feet 

Remark.  Concerning  the  construction,  the  position  of  the  tangents  and  other  pro- 
perties of  the  parabola,  more  minute  informaUon  may  be  obtained  in  the  **  Engineer." 

§  89.  Curved  motions  in  general, — By  the  oombination  of  several 
velocities  and  several  invariable  accelerations^  a  parabolic  motion 
is  likewise  produced,  for  not  only  the  velocities  but  the  accelera- 
tions also  may  be  united  into  a  single  one ;  the  result  is,  therefore, 
the  same  as  if  there  were  only  one  velocity  and  one  acceleration, 
i.  e.  only  one  uniform  and  one  uniformly  accelerated  motion. 

If  the  accelerations  are  variable,  they  can  just  as  well  be  united 
into  a  mean  as  if  they  were  constant,  for  it  is  admissible  to 
consider  them  invariable  within  the  limits  of  an  infinitely  small 
space  of  time  (r) ;  and  the  corresponding  motions,  therefore,  during 
that  space  of  time,  as  uniformly  accelerated.  Of  course  the  result- 
ing acceleration  is  variable,  as  are  its  components  themselves.  If 
this  resulting  acceleration  be  combined  with  the  given  velocity,  it 
is  possible  to  deduce  a  small  parabolic  curve  accc»dling  to  which 
the  motion  is  effected  during  the  small  portion  of  time.  If  again 
the  velocity  and  mean  acceleration  is  determined  in  the  same 
manner  for  the  next  small  portion  of  time,  we  are  enabled  to  obtain 
a  new  curve  belonging  to  another  parabola ;  and  if  this  be  farther 
repeated,  we  at  last  obtain  the  whole  course. 

§  40.  Any  minute  portion  of  any  curve  may  be  considered  as  the 
arc  of  a  circle.  The  circle  to  which  this  arc  belongs  is  called  the 
circle  ofcmvaiure,  the  radius  pertaining  to  it  is  the  radius  of 
curvature.  The  course  of  a  moving  body  may  in  the  same  manner 
be  composed  of  the  arcs  of  circles,  and  thus  a  formula  for  its 
radius  established. 

Let  AM  (Pig.  28)  be  a  very  small  trajectory  described  with  a 

uniformly  accelerated  motion  ^  =  ^   in  the  direction  A  X,   and 

let  ^  iV  be  a  very  small  uniformly  described  trajectory  y  =  cr, 
and  O  the  fourth  terminating  point  of  the  parallelogram  constructed 
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no.  23.  from  X  and  y^  t.  e.  the  point 

which  a  body  proceeding  from 
A  would  occupy  at  the  end  of 
the  short  time  (r).  Let  A  C 
be  drawn  at  right  angles  to 
A  Y,  and  let  us  observe  from 
what  point  C  in  this  line,  a 
small  arc  of  a  circle  through 
A  and  O  can  be  drawn.  On 
account  of  the  smallness  of 
the  arc  ^  O,  we  may  assume  that  not  only  CA,  but  also  COP 
is  at  right  angles  to  AY;  that,  therefore,  in  the  small  triangle 
iV OP  the  angle  jVP  O  is  a  right  angle.  The  solution  of  this 
triangle  gives  us   OP=ON  sm.   ONP^AM  sin.  XAY= 

^"s-  «»•  a  and  the  tangent  AP=A  N-i-NP^^c  r +^-q-  cos.  a  = 

(c+^  COS.  a)  r,  may  be  made  =  Ct,  because ^co*.  a,  on  account 

of  the  infinitely  small  factor  r,  is  inappreciable  with  respect  to  c. 
But  now  according  to  ^he  property  of  the  circle  A  P^=PO  x  {PO-^- 


2  cdjt 


or,  ^as 


P  O    vanishes    when    compared    with  2  CO, 


AP^^PO  X  2  CO;  we  have,  therefore,  the  desired  radius  of 
curvature, 


CA=zCO 


AP^ 


(?r' 


r  = 


2P0'"  p  1^  sin.  a^p  sin.  a 
By  the  aid  of  the  same  formula,  the  radii  of  curvature  of  all  the 
elements  of  curves  may  be  found,  when  the  respective  velocities 
(c)  and  the  acceleration  {p)  are  inserted,  and  also  the  angle  a  which 
the  acceleration  makes  with  the  velocity,  or  with  the  direction  of 
motion  indicated  by  the  line  of  contact. 
Erampie.  For  the  parabolic  path  cansed  by  the  acceleration  of  graTity,  we  have 

r a0,031  — : ,  and  in  the  vertex  of  these  currea,  where  a '-90<>,  therefore  tm.  a 

tm.  a 

al,  it  reanlts  that  r-0,031  <^.    With  a  velocity  of  20  feet,  it  would  therefore  be 

found  that  r » 12,4  feet ;  the  further,  however,  the  body  is  removed  from  the  vertex, 

to  much  the  smallev  a  becomes,  and  so  much  the  greater,  therefore,  the  radius  of 

curvature. 

§  41.  Proceeding  from  a  point  A  (Fig.  24),  where  the  accelera- 
tion is  effected  at  right  angles  to  the  direction  of  motion  A  Y, 
if,  therefore,  a =90^,  we  obtain  the  radius  of  curvature  CA=r= 

— ,  and  the  velocity  at  the  following  point  O  is  composed  of  e  and 
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J9«r« 


otp  T,  hence  v  =  \^  {^-i-jj^r^^c  +  ^W-">   because  r  is  infinitely 


.8 


small  compared  with  c.     If  we  make  t;=c+  ^  r.r,  we  may  then 


i3 


/^ 


consider-^—  as  the  acceleration^  and"^^.  r  as  the  corresponding 

increase  of  velocity.     But  as  r  is  infinitely  small^  the  acceleration 

^-^  becomes  also  infinitely  small^  and  in  one  second  of  time  we 

have   an   infinitely  small  increase  of  velocity^    and  may   there- 
fore  consider    the    motion    uniform^     and    consequently    make 

If  with  the  direction  of  motion^  the  direction  of  acceleration  also 
changes^  and  if  these  remain  constantly  at  right  angles  to  each 
other,  then  we  shall  always  have  v=c;  the  velocity  of  motion, 
therefore,  remains  invariably  the  same  as  it  was  at  the  commence- 
ment, namely  =c.  An  acceleration  suck  as  this,  which  is  always 
at  right  angles  to  the  motion,  or  causes  the  body  to  deviate  at 
right  angles  from  the  motional  direction,  is  called  normal  accelera- 
tion, and  we  hence  know  that  it  alone  never  causes  a  change  of 
velocity,  but  only  a  deviation  from  the  straight  direction.  Accord- 
ed 
inff  to  the  formula  above  r  =  —  we  must  make  the  normal  accele- 

P 

(? 
ration  p=  — =  the  square  of  the  velocity  divided  by  the  respective 

radius  of  curvature. 

In  the  circle  AOD  (Pig.  24)  the 

radius  of  curvature  (r)  is  the  radius 

of  the  circle  CA=CO  itself ;   hence 

when  motion  occurs  in  it,  the  accele- 

c^      .        . 
ration  0= — is  invariable.     An  inva- 
r 

riable   acceleration,  therefore,   which 

constantly  causes  the  body  to  deviate 

at  right    angles  from  its    motional 

direction,  obliges  it  to  revolve  in  a 

ch'cle. 

Exan^le.  A  body  which  rotates  in  a  circle  of  5  feet  diameter,  in  such  a  manner, 
that  for    each    revolution  it  requires  5  seconds  of  time,    has   a    velocity  c  » 

2  IT  r        2  ir  .  5  ^2  .  ir =6,283  feet,  and  a  normal  acceleration  p^  J^^^ 
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7,896  feet ;  viz.,  in  CYcry  second  it  will  deviate  from  a  straight  line  by  i/9s§  x  7,896 
^3,948  feet. 


FIG.  25. 


§  42.  In  the  riimuUct- 
neoua  motions  of  two 
bodies^  a  constant  change 
is  taking  place  in  their 
relative  position^  distance^ 
&;c.^  but  with  the  aid  of 
the  foregoing  formulae  it 
may  be  found  for  any 
given  moment  of  time. 

In  Fig.  25^  let  A  be  the  point  of  application  of  the  one  body, 
B  that  of  the  other ;  the  first  advances  in  the  direction  A  X  ia 
a  certain  time  {t)  to  M,  the  second  in  the  direction  JBF  in  the 
same  time  to  N;  we  then  have  in  this  Une  the  relative  position 
and  distance  of  the  bodies  A  and  B  at  the  end  of  this  time.  If 
we  draw  AO  parallel  with  MN,  and  also  make  AO  =  MN,  then 
will  the  line  AO  hkewise  give  the  oppose  position  of  the  bodies 
A  and  J3. 

If  further  we  draw  ON,  we  obtain  a  parallelogram  in  which 
OiV  is  also=^ilf.  If  finally  we  make  BQ  parallel  and  equal  to 
NO,  and  draw  OQ,  we  have  then  another  parallelogram  BNOQ, 
in  which  one  side  BN  is  the  absolute  path  (y)  of  the  second  body, 
and  the  other  side  BQ  the  path  {x)  of  the  first  body,  described 
in  the  opposite  direction.  The  fourth  comer  O  is  the  relative 
position  of  the  second  body,  in  so  far  as  it  is  referred  to  the 
position  of  the  first  body,  which  is  considered  as  invariable. 
The  relative  position  0  of  a  body  {B)  in  motion  is  also  found 
if  we  add  to  the  body,  besides  its  own  proper  motion  {BN),  that 
AM  of  the  body  {A)  to  which  we  refer  its  position  BQ,  but  in  an 
inverse  direction,  and  then  resolve  these  motions  by  the  parallelo- 
gram BNOQ  in  the  usual  manner. 

§  43.  K  the  motions  of  the  bodies  A  and  B  are  uniform,  we 
may  substitute  for  A  M  and  B  N  the  velocities  c  and  C|,  t.  e,  the 
r  spaces  described  in  one  second.  We  obtain,  therefore,  the  relative 
velocity  of  the  one  body,  when  we  add  to  the  same  in  an  opposite 
direction,  besides  its  own  absolute  velocity,  that  of  the  body  to 
which  the  first  velocity  is  referred.  The  same  rot^iott,  takes  place 
with  the  accelerations.  "^"^  ^*'^*'- 
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jGranyyfe.  A  locomotive  train  sets  out 
upon  the  line  A  Xy  Fig.  26,  from  A  with 
a  velocity  of  35  feet;  another  simul- 
taneously from  B  upon  the  line  B  Y, 
which  makes  with  the  former  the  angle 
B  D  Jr»56«  with  a  velocity  of  20  feet. 
If  now  the  initial  distances  A  Cs30,000 
feet  and  C fi»24,000  leet ;  how  great  is 
the  distance  ^  O  of  the  two  trains  at  the 
end  of  a  quarter  of  an  hour  ?  From  the 
absolute  velocity  B  E^  e^ »  20  feet  of  the 
second  train,  the  inverse  ^vtLodtyBF'^^  e = 
35  feet  of  the  first,  and  the  indnded  angle 
EBF^a^  1800—5 D  e«  180»— 56«  = 
124%  the  relative  velocity  of  the  second 

-    v^  35»  4-  20«  —  2.35.20.  co$.  56»  « 
-•1225  +  400  —  1400  cos.  56*  »    V  1625  —  782,9    -    V8424    =»   29,02  feet 
For  the  angle  G  B  F^f,  which  this  makes  with  the  first  direction  of  motion : 
c  MM.  56®     20  0  8290 

'**•  ^  --^29W"'''""t^0r"*^'**^^*®''*^^^^*'^*^'*^^"^**'*^*'^^ 
fore  in  15'^  the  relative  space  described  is  B  0»  29,02.900 « 261 18  feet,  the  distance 

A  5=  V  (30000)2  +  (24000)"=38419  feet.    The  angle  BAC  »  A  B  F,  whose 

24000 
tangent «^^^  «  0,8  «  38*»,  40',  thenefore  the  angle  ^  £  O  »  38®,  40'  +  0  » 

38®,  40'  +  34%  50^^  73«,  30',  and  the  distance  of  the  two  trains  after  15' : 
^0  «  VAm-k^BC^'^2AB.B0cw.AB0 


train  \B  O  ^  Vc*  +  Ci*  +  2cci  cot.  a 


»   ^^  38419>  +  261 18<  —  2 .  38419 .  26118  cos.  73«,  30' 


«  ^1588190000=39850  feet. 
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SECTION  11. 


MECHANICS,  OR  THE  PHYSICAL  SCIENCE  OF  MOTION  IN  GENERAL. 


CHAPTER  I. 

FITNIIAMENTAL  PRINCIPLES  OP  MECHANICS. 

§  44.  Meohanics. — Meehanies  is  ibe  sdence  which  treats  of  the 
laws  of  die  motion  of  material  bodies.  It  is  an  application  of  pho« 
ronomics  to  the  bodies  of  the  external  worlds  in  so  far  as  the  latter 
is  concerned  with  the  motion  only  of  geometiical  bodies. 

Mechanics  is  a  part  of  natural  philosophy^  or  of  die  doetiine 
of  laws  aceording  to  which  changes  take  place  in  the  material 
worlds  m.  that  part  which  considers  die  changes  in  bodies  result- 
ing from:  measureable  motions. 

§r  46^  Force. — ^Force  is  the.  cause  of  motion  or  diange  of  motion 
in.  material  bodies.  Bvery  change  of  motion^  viz.^  every  change  in 
the  velocity  of  a  body  must  be  regarded  as  the  effect  of  a  force. 
For  this  reason  we  measure  the  force-  called  gravity  by  a.  body 
falling  freely^  because  the  some  inoessandy  changes  its  velocity. 
On  the  odier  hond^  rest^  or  the  invariability  of  die  state  of  motion 
of  ft  body,  must  not  be  attributed:  to  die  absence  of  forces^  for 
opposite  forces  destroy  each  other  and  produce  no  effect.  The 
gravity  widi  which  a  body  falls  to  the  ground  still  actr  though 
the  body  rest  upon  a  table ;  but  this  action  is  counteracted  by  the 
solidity  of  die  table  or  of  the  support. 

§  46.  A  body  is  in  equilibrium,  or  the  foreei  acting  upon 
a  body  are  in  equilibrium,  when  there  is  no  residuary  effect,  no 
motion  produced  or  changed,  or  when  each  neutralizes  the  other. 
In  a  body  suspended  by  a  thread,  the  strength  of  the  thread  is  in 
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equilibrium  with  gravity.  In  forces^  equilibrium  is  destroyed^  and 
motion  arises  if  one  of  the  forces  be  removed^  or  in  any  way  coun- 
teracted; for  instance,  a  steel  spring,  bent  by  a  weight,  enters 
into  motion  when  the  weight  is  taken  away,  because  the  force  of 
the  spring,  called  elasticity,  then  comes  into  action. 

Statics  is  that  part  of  mechanics  which  treats  of  the  equilibrium 
of  forces.  Dynamics,  on  the  other  hand«  treats  of  forces  in  so 
far  as  they  produce  motion. 

§  47.  Divirian  o/farcea, — ^According  to  their  effects,  forces  are 
either  movinff  farces  or  resistances;  that  is,  as  motion  is  brought 
about  or  impeded.  Gravity,  the  elasticity  of  a  steel  spring,  &c., 
belong  to  motive  forces.  Friction,  the  solidity  of  bodies,  &c.,  are 
resisting  forces  or  resistances,  because  by  them  motion  is  either 
diminished  or  destroyed,  and  can  by  no  means  be  brought  about. 
Moving  forces  are  divided  into  accelerating  and  retarding ;  the  first 
produces  a  positive,  the  second  a  negative  acceleration ;  by  the 
one  an  accelerating,  by  the  other  a  retarding  motion  is  produced. 
Resistances  are  retarding  forces,  but  a  retarding  force  is  not  always 
a  resistance.  Gravity,  for  example,  acts  upon  a  body  projected 
vertically  upwards  to  retard  it ;  but  gravity  on  this  account  is  no 
resisting  force ;  for  by  the  consequent  falling  down  of  the  body, 
it  then  again  becomes  a  motive  one. 

There  is  a  distinction  between  constant  and  variable  forces. 
While  constant  forces  always  act  in  the  same  way,  and  therefore 
produce  like  effects  in  like  particles  of  time,  t.  e,  equal  increments 
or  decrements  of  velocity,  the  effects  of  variable  forces  are  different 
at  different  times;  while  the  former  bring  about  a  uniformly 
variable  motion,  to  the  latter  corresponds  a  variably  accelerated  or 
a  variably  retarded  one. 

§  48.  Pressure. — Pressure  and  traction  are  the  first  effects  of 
forces  upon  material  bodies.  By  means  of  them,  bodies  are  com* 
pressed  and  extended,  and  especially  changed  in  their  form.  The 
pressure  in  traction  brought  about  by  gravity,  acting  vertically 
downwards,  which  the  support  of  a  heavy  body,  or  the  string  to 
which  a  body  is  attached  has  to  sustain,  is  called  the  weight  of  the 
body. 

Pressure  and  traction,  and  weight  also,  are  magnitudes  of  a  par- 
ticular kind,  which  can  only  virtually  be  compared  with  each  other, 
as  the  action  of  forces  serves  for  their  measurement.  The  simplest, 
and  on  that  account  the  most  general,  means  of  measuring  forces 
is  by  weights. 
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§  49.  BquaUiy  of  Forces. — ^Two  weights,  or  two  pressures, 
or  tractions,  and  also  the  forces  which  correspond  to  these  last, 
are  equal,  when  one  may  be  replaced  by  the  other,  without 
producing  different  effects.  If,  for  example,  a  steel  spring  be 
bent  by  a  weight  G,  as  by  another  6|,  then  are  these  weights, 
and  therefore  the  gravities  in  both  bodies,  equal.  If  a  loaded 
balance  be  made  to  yibrate  as  much  by  a  weight  G  as  by  another 
61,  substituted  for  G,  these  two  weights  6, 6^  are  equal ;  in  this 
case,  the  arms  of  the  balance  may  be  equal  or  unequal,  and  the 
remaining  load  great  or  small. 

A  pressure  or  weight  (force)  is  2,  8,  4,  &c.,  times  as  great  as 
another  pressure,  be.,  if  it  produces  the  same  effect  as  2,  8,  4 ...  n 
pressures  together  of  the  second  kind.  If  a  balance,  otherwise 
loaded  at  will,  is  brought  into  the  same  vibration  by  a  weight  (6) 
as  by  the  addition  of  2, 8, 4,  equal  weights  (Gj),  the  weight  (6)  is 
2,  8,  4,  &c.,  times  as  great  as  the  weight  (G|). 

§  50.  Matter 4 — ^Matter  is  that  by  means  of  which  bodies  belong- 
ing to  the  external  world,  which  in  contradistinction  to  geometrical 
bodies  we  term  material  or  physical,  act  upon  our  senses.  Mass 
is  the  quantity  of  matter  composing  a  body. 

Bodies  of  equal  volume  or  equal  geometrical  contents,  have  gene- 
rally different  weights  when  th^  consist  of  different  kinds  of  matter. 
We  cannot,  therefore,  infer  the  weight  of  a  body  from  its  volume 
until  we  first  know  the  weight  of  a  unit  of  volume,  for  instance,  a 
cubic  foot  or  cubic  centimetre  of  the  matter  of  the  body. 

§  51.  Unit  of  Weight. — ^The  measurement  of  weights  and  forces 
consists  in  a  comparison  of  them  with  some  given  invariable  weight, 
taken  as  unity.  The  choice  of  this  unit  of  weight  or  force  is  per- 
fectly arbitrary ;  it  is  nevertheless  advantageous  in  practice,  that 
the  weight  of  a  volume  of  some  universally  diffused  body,  equiva- 
lent to  that  of  the  unit,  should  be  chosen. 

The  units  of  weight  or  pressure  are  different  in  different  coun- 
tries; with  us  the  unit  of  pressure  from  which  all  the  rest  are  jz,/  /^ 
derived  is  the  weight  of  22,186  f^cubic  inches  of  distilled  water,  . 
(at  a  temp.  62^  Fahr.  taken  in  air,  and  the  height  of  barometer  at 
80  inches).  This  weight  is  equal  to  5760  grains,  and  which  again  is 
equal  to  one  pound  troy,  and  7000  such  grains  constitute  the 
pound  avoirdupois.  The  gramme  is  the  weight  of  a  cubic  centi- 
metre of  pure  water  in  a  state  of  maximum  density  (at  a  tempe- 
rature of  4^  C).  The  Prussian  pound  is  also  a  unit  referred  to  a 
weight  of  water.    A  Prussian  cubic  foot  of  distilled  water  in  vacuo, 
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and  at  a  temperature  15^  B.  weighs  66  Prussian  pounds.  Now  a 
Prussian  foot  =139,13  Paris  lines  =0,3137946  metres =1,029722 
English  feet :  hence  it  follows  that  a  Prussian  pound =467,711 
grammes=  1,031114  pounds  English. 

§  52.  Inertia, — ^Inertia  is  that  property  of  matter,  in  conse- 
quence of  which  it  can  of  itself  alone  neither  acquire  nor  change 
motion.  Every  material  body  remains  at  rest  so  long  as  no  force 
acts  upon  it,  and  every  material  body  once  set  into  motion  maintains 
a  uniform  rectilinear  motion,  so  long  as  it  is  not  subjected  to  the 
action  of  a  force.  Hence  when  a  change  takes  place  in  the  condition  of 
motion  of  a  body,  when  it  changes  its  direction  of  motion,  or  when 
it  acquires  a  greater  or  less  velocity,  this  is  not  to  be  attributed  to 
the  body  as  a  certain  quantum  of  matter,  but  to  the  agency  of 
some  foreign  cause  or  force.  In  as  much  as  a  development  of  force 
takes  place  at  every  change  in  the  motion  of  a  matenal  body,  in  so 
far  inertia  may  be  ranked  amongst  forces. 

If  we  could  entirdy  remove  the  forces  acting  upon  a  mass  in 
motion,  it  would  move  on  uniformly  without  ceasing,  but  we  find 
no  where  such  a  uniform  motion,  because  it  is  not  possible  for  us 
to  withdraw  a  mass  from  the  action  of  every  force.  When  a  body 
moves  upon  an  horizontal  table,  gravity,  which  is  then  counteracted 
by  the  table,  exerts  upon  the  body  no  immediate  action,  except 
that  from  the  pressure  of  the  body  against  the  table  there  arises 
a  resistance,  which  we  shall  consider  more  closely  in  the  sequel 
under  the  name  of  friction,  which  incessantly  abstracts  velocity^ 
from  the  moving  body,  imparts  to  it  a  retarded  motion,  and  brings 
it  finally  to  rest. 

The  air  likewise  opposes  resistance  to  a  moving  body,  and 
from  this  resistance,  if  the  friction  of  the  body  were  entirely  put 
aside,  a  gradual  diminution  of  velocity  would  ensue.  But  we  find 
that  the  loss  of  velocity  becomes  the  less,  and  that  the  motion  also 
approximates  more  and  more  to  a  uniform  one,  the  more  we 
diminish  the  number  and  strength  of  these  resistances ;  and  hence 
we  may  conclude,  that  by  the  removal  of  all  moving  forces  and 
resistances,  an  entirely  uniform  motion  must  take  place. 

§  53.  Measure  of  Forces, — The  force  (P)  which  accelerates  an 
inert  mass  {M)  is  proportional  to  the  acceleration  (/?),  and  to  the 
mass  itself  (Af ) :  it  increases  in  equal  masses^s  the  increment  of 
velocity  in  infinitely  small  times,  and  increasQiDy  equal  increments 
of  velocity  in  the  same  ratio  as  the  masses  become  greater.  The 
mtuple  acceleration  of  one  and  the  same  mass,  or  of  equal  masses 
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:requires  an  mtiiple  foroe^  and  an  ntupk  mass  for  the  same  accele- 
ration, an  ntuple  force. 

As  we  have  not  yet  chosen  a  measure  of  the  mass,  we  may, 
therefore,  at  once  put  P=jMjp,  *.  e.  the  force  equal  to  the  product 
of  the  mass  and  the  acceleration,  and  at  the  same  time,  in  place 
of  the  power,  its  effect,  i.  e.  the  pressure  produced  by  it. 

The  correctness  of  this  general  law  of  motion  may  be  readily 
proved  by  direct  experiment :  for  example,  by  letting  equal  and 
differently  moveable  masses  be  impelled  upon  an  horizontal  table  by 
means  of  bent  springs ;  and  it  is  obvious  from  this  too,  that  all  the 
consequences  deduced,  and  all  the  laws  developed  from  them  for 
compound  motions  fully  correspond  with  observation  and  the  phe- 
nomena of  nature. 

§  54.  Mass. — ^All  bodies  fall  at  one  and  the  same  place  of  the 
earth,  and  in  vacuo  equally  fast,  viz.  with  an  invariable  acceleration 
g  =  9,81  metres  =  32,2  feet  (§15);  if,  therefore,  the  mass  of 
B  body  ^=  M,  and  the  weight  measuring  its  gravity  =  6,  we 
have  from  the  last  formula  G=Mff,  t.  e, 

the  weight  of  a  body  is  a  product  of  its  mass  and  the  acceleration 

G 

of  gravity,  and  inversely :  M=^ — ,  $.  e. 

the  mass  of  a  body  is  its  weight  divided  by  the  acceleration  of 
gravity,  or  the  mass  is  that  weight  which  a  body  would  other- 
wise have  if  the  acceleration  of  gravity  were  =  to  unity,  as  a 
metre,  a  foot,  &c.  At  a  point  upon,  or  in  the  vicinity  of  the  earth, 
0r  of  any  other  heavenly  body,  where  bodies  do  not  fall  with  9,81 
metres  =  32^2  feet,  but  with  a  velocity  (after  the  first  second) 
of  one  metre  =  3^  ft.,  the  mass  or  rather  its  measure,  is  from 
hence  immediately  given  by  the  weight  of  the  body. 

According  as  we  express  the  acceleration  of  gravity  in  metres  or 
in  feet,  we  have,  therefore,  the  mass 

3f=jr§r-=  0,1019  G,  or 

•7,Ol 

The  mass  of  a  20  lb.  heavy  body,  3f=  0,031  x  20=0,62  lb.,  and 
inversely  the  weight  of  a  mass  of  20  lb.  G=32,2  x  20=644  lbs. 

§  55.  In  so  far  as  we  assume  the  acceleration  {g)  of  gravity  as 
invariable,  it  follows  that  the  mass  of  a  body  is  exactly  proportional 
to  its  weight,  and  that  also  for  the  masses  M  and  M^,  with  the 
weights  O  and  G, :  :^  —  ^ 
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We  hence  obtain  the  weight  as  a  measure  of  the  mass  of  a  body; 
the  greater  the  mass  which  a  body  measures^  the  greater  is  its 
weight. 

The  acceleration  o!  gravity  is  in  feet  somewhat  Tariable,  it 
becomes  greater  the  nearer  we  approach  the  poles  oi  the  earth, 
and  diminishes'  the  more  we  advance  towards  the  earth's  equator ; 
it  is  greatest  at  the  poles,  and  least  at  the  equator.  It  also 
diminishes  the  more  a  body  is  above  or  bdow  the  level  of  the  sea; 
and  attains  its  greatest  vidue  at  the  level  of  the  sea.  But  since  a 
mass,  so  long  as  nothing  is  added  to  or  taken  from  it,  is  invariable, 
so  that  at  all  points  of  the  earth,  as  well  as  those  beyond  it,  at  the 
moon,  for  instance,  it  is  still  the  same;  it  hence  follows  that  the 
weights  also  of  bodies  are  variable  and  dependant  upon  the  place 
of  the  bodies,  and  must  be  altogether  proportional  to  the  accele- 
ration of  gravity,  corresponding  with  the  place,  or  ^=-^» 

""1     ffi 

One  and  the  same  steel  spring  is  differently  bent  by  one  and  the 

same  weight  at  different  places  of  the  earth;  it  is  least  at  the 
equator,  on  high  mountains,  and  in  deep  mines ;  greatest  in  the 
vicinity  of  the  poles,  and  at  the  level  of  the  sea. 

§  56.  Density  is  the  intensity  with  which  space  is  filled  by  matter. 
A  body  is  so  much  the  denser  the  more  matter  there  is  in  its  space. 
The  natural  measure  of  density  is  that  quantity  of  matter  (that 
mass)  which  fills  a  unit  of  volume,  becauiie  m»tte)^  can  only  be 
measured  by  weighty  so  that  the  weight  of  a  unit  ^  vdum^  a 
cubic  mi&tre,  or  cvibic  foot  of  some  matter,  serves  as  a  measure  of 
its  density. 

For  example :  the  density  of  a  cubic  foot  of  water  =  62,88  lb., 
and  that  of  cast  iron  =  452,18  lb.,  because  a  cubic  foot  of  water 
weighs  62,38  lb.  =  998,08  oz.  avd.,  and  a  cubic  fooi/i^i  cast  iron 
weighs  462,18  lb. 

From  the  volume  F  of  a  body  and  its  density  y,  its  weight 
G  =s  Fy.  The  volume  multipUed  by  the  density  gives  the  weight 
of  a  body. 

The  density  of  bodies  is  either  uniform  or  variable,  according  as 
equal  volumes  of  the  same  body  are  of  equal  or  of  unequal  weight. 
The  density  of  metals,  for  instance,  is  uniform,  or  they  are  homoge- 
neous, because  equal  and  very  small  parts  of  them  are  of  the  same 
weight :  on  the  other  hand  granite  is  a  body  of  variable  density, 
because  made  up  of  parts  of  different  deities. 

B»ample.^l.  If  the  density  of  lead  be  UMtM,,  3,2  caUc  ibet  of  lead  weigh 
»  708  X  3,2  «  2265,5.2  lbs.— 2.  If  the  density  of  bar  iion  »  485,8  lbs. ;  a  mass  of  it  of 
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O       205  V^'^'^ 

205  lbs.  has  «  Toliime  Fa—  =—  =  0,4023  cubic  ft.  ""^>f06^  x  \l2»^m^  /  ^  //^  4 

cdbic  inches^— 3.  10,4  cabic  feet  of  deal,  perfectly  eatunited  with  water,  weigb 

577  lbs. ;  the  density  of  this  wood  is  therefore  i  y  =  -=•  as  ^rr-j-  ess  55^  lbs. 

V         lU,4  • 

§  57.  Specific  6rav»/y.-— Specific  gravity  or  specific  weight  is 
tlie  relation  of  the  density  (rf  a  body  to  that  of  the  density  of  sOme 
other^  generally  water^  taken  for  nnity.  Now  the  density  is  equal 
to  the  weight  of  a  unit  of  volume :  hence  the  specific  gravity  is  also 
the  relation  of  the  weight  of  one  body  to  that  of  another,  viz. 
water,  under  the  same  volume. 

In  order  not  to  confound  the  specific  weight  with  that  which 
belongs  to  a  body  of  a  certain  magnitude,  the  last  is  usually  called 
the  absolute  weight. 

If  y  be  the  density  of  matter  (of  water)  to  which  we  refer  the 
density  of  other  matter,  and  y^  the  density  of  any  one  kind  of 
matter,  whose  specific  gravity  we  will  draignate  by  e,  then  the 
formula 

c = —  and  yi^  «  •  y» 

holds  good,  and  the  density  of  a  substance  is  equal  to  its  specifie 
gravity  into  the  density  of  water. 

The  absolute  weight  6  of  a  mass  of  volume  Fand  specific  gravity 
c  is :  G=  Fyi=  Fey. 

Sxaa^Uj-^l.  The  density  of  pure  ^ver  is  653|368  lbs.  and  that  of  water  bs62,38  lbs., 

CDnseqaently  the  spedfic  grayxty  of  the  former  =»    ^^^    s=  10,474 ;  i  e.  each  mass 

of  sillier  is  lOi  times  as  besTy  as  a  mass  of  water  fiUing  the  same  space.— 2.  The 
spedfic  gravity  of  q[iiick8ilYer  «  13,598 ;  its  density,  therefore,  is  s  13,598  x  62,38 
=  848,4  lbs. ;  a  mass  of  35  cobic  inches,  therefore,  weighs : 

(7  =  848,4.  r«2^2|5==  17,18  lbs, 

Remari,  In  these  calcidstions  the  use  of  the  French  measure  and  weight  has  this 
advantage,  that  in  order  to  effect  the  multiplication  of  e  and  y,  it  is  merely  requisite 
to  advance  the  dedmsl  point  \  becanse  a  caUc  cent  of  water  weighs  one  gramme, 
and  aeabic  metre  a  million,  or  one  Idlogramme.  The  density  of  qmcksilyer,  according 
to  the  French  measure  and  weights  13,598 x  1000 a  13598  kilog.;  ie.  a  cnluo 
metre  of  qaidcsilTer  weighs  13598  kilogrammes. 

§  58.  The  following  table  contains  the  specific  gravities  of 
certain  bodies  constantly  coming  into  application  in  mechanics. 

Mean  specific  gravity  of  dry  lanrel  wood        .  .  =  0fi&9 

„  saturated  with  water  •  •  =  1,110 
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Mean  specific  gravity  of  dry  pine  wood 

.  =  0,458 

„            saturated  with  water 

=  0,839* 

Quicksilver     ..... 

=  18,56 

Lead               •             «            r            . 

=  11,83 

Copper^  cast  and  compact 

=    8,75 

„      forged.             •            • 

=    8,97 

Brass 

• 

a 

=    8,55 

Iron^  cast^  white 

i 

• 

=    7,50 

w      f>    grey 

• 

• 

=    7,10 

„      ,j    medium 

>             t 

>                              a 

=    7,06 

,,    bar  iron- 

a 

a 

=    7,60 

Zinc^  fused     . 

>                                 • 

• 

=    7,05 

„    rolled 

a 

1 

=    7,54 

Oranite 

• 

• 

2,50  to  3,05 

Oneiss 

■ 

t 

2,39  to  2,71 

Limestone 

■ 

• 

2,40  to  2,86 

Sandstone 

• 

> 

1,90  to  2.70 

Brick     . 

a 

a 

1,40  to  2,22 

Masonry,  with  lime  mortar  of  quarry  stone :  fresh      .     .  =;  2,46 

dr 

y        .     .  =  2,40 

J,            „           „        of  sandstone:  fresh     .     .  =  2,12 

dr 

y        .     .  =  2,05 

„             „           „               of  brick:  free 

ih  =  1,55  to  1,70 

dry  =  1,47  to  1,59 

Earth,  loamy,  hard  stamped,  fresh 

.  =  2,06 

dry 

.  =  1,93 

Garden  earth,  fresh 

.  =  2,05 

dry 

.  =  1,63 

Dry,  poor  earth 

• 

• 

• 

.  =  1,34 

§  59.  State  of  aggregation. — ^Bodies  appear  to  us,  according  to 
the  different  cohesion  of  their  parts,  under  three  principal  condi- 
tions, which  we  term  states  of  aggregation.  They  are  either  solid 
or  fluid,  and  in  the  latter  case,  either  Uquid  or  gaseous.  SoUd 
bodies  are  those  whose  parts  adhere  so  strongly  together  that  a 
certain  force  is  required  to  change  the  form  of  these  bodies  or  to 
effect  their  division.  Fluid  bodies,  on  the  other  hand,  are  those 
whose  parts  may  be  displaced  about  each  other  by  the  smallest 


*  See  <<  On  the  Absorption  of  Water  by  Wood."— PoiEi^/ecAfweto  MUtheihmgen, 
Part  IV,  1844. 
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force.  Elastic  fluid  bodies^  wbose  representaat  k  atmospheric  air, 
are  distingoislied  from  tlie  liquid  represented  by  water,  in  as 
much  as  there  is  inherent  in  them  an  endeavour  to  dilate  them- 
selves more  and  more,  which  ia  not  the  case  with  water,  &c. 

While  solid  bodies  have  a  proper  form  and  determinate  volume, 
liquid  or  aqueous  bodies  possess  only  a  determinate  volume  without 
any  proper  form,  and  the  elastic  extensible  fluid  bodies  have 
neither  one  nor  the  other. 

§  60.  Dwisum  of  Forces. — ^Forces  are  difiierent  according  to 
their  nature ;  we  will  here  mention  the  principal : 

1.  Gravity,  by  means  of  which  all  bodies  tend  to  approach 
towards  the  centre  of  the  earth. 

2.  The  force  of  inertia,  which  manifests  itself  when  changes 
in  the  velocity  of  inert  masses  occur. 

8»  The  muscular  force  of  animated  beings ;  the  force  exerted  by 
the  muscles  of  men  and  animals. 

4.  Elasticity  or  spring-force,  which  bodies  exhibit  in  a  change  of 
their  form  or  volume. 

5.  The  force  of  heat  or  caloric,  in  consequence  of  which  bodies 
expand  or  contract  by  a  change  of  temperature. 

6.  The  magnetic  force,  or  the  attraction  and  repulsion  of 
magnets. 

7.  The  cohesive  force,  the  force  by  which  the  parts  of  a  body 
are  kept  together,  and  resist  separation. 

8.  Adhesion,  the  force  with  which  bodies  brought  into  close 
contact  attract  each  other. 

The  resistances  of  friction,  rigidity,  solidity,  &c.,  arise  mainly 
from  the  force  of  adhesion. 

§  61.  In  reference  to  forces  we  have  to  distinguish : 

1.  Its  point  of  application,  that  point  of  a  body  on  which  the  force 
immediately  acts. 

2.  Its  direction,  the  straight  line  in  which  a  force  moves 
forward  its  point  of  application,  or  strives  to  move  it  forward, 
or  to  impede  its  motion.  The  direction  of  a  force,  like  every 
direction  of  motion,  has  two  senses,  it  can  take  place  from  left 
to  right,  or  from  right  to  left,  from  above  to  below,  and  from 
below  to  above.  The  one  is  termed  positive,  the  other  negative. 
As  we  write  from  left  to  right,  and  from  above  to  below,  it  would 
be  most  convenient  were  we  to  call  these  motions  positive,  and 
those  in  the  opposite  direction,  negative. 

3.  The   absolute  magnitude,  or   intensity  of  a  force,^  which. 
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from  the  above,  ia  measured  by  weights^  aa  pounds,  Idlo- 
gramnpieSj  &e« 

§  62.  Action  and  re-acfton.— The  first  effect  which  a  force 
produces  in  a  body,  is  a  change  of  form  or  volume  combined  with 
extension  or  contraction,  which  begins  at  the  point  of  application,  and 
from  thence  diffuses  itself  fiirthar  and  further.  By  this  inward 
change  of  the  body,  its  inher^it  elasticity  is  called  into  action,  puts 
itself  into  equilibrium  with  the  force,  and,  therefore,  is  equal  and 
opposed  to  the  force.  Action  and  re-action  are  equal  and  opposed 
to  each  other.  This  law  not  only  prevails  in  reference  to  forces, 
produced  by  contact,  but  also  in  the  so  called  forces  oi  attraction 
and  repulsion,  amongst  which  the  magnetic  and  gravity  itseK  may 
be  ranked.  The  stronger  a  magnet  attracts  a  bar  of  iron,  the 
stronger  is  the  magnet  itself  attracted  by  the  iron.  The  force 
with  which  the  moon  is  attracted  towards  die  earth  (gravitation)  is 
equal  to  that  with  which  the  moon  reacts  upon  the  earth.  The 
force  with  which  a  weight  presses  upon  its  support  is  given  back 
in  an  opposite  direction ;  the  force  with  which  a  workman  draws 
or  pushes  at  a  machine,  &;c.,  reacts  upon  the  workman  and  strives 
to  move  him  in  the  opposite  direction*  When  a  body  impinges 
against  anotherj  the  pressures  are  reciprocally  equal  on  each  of  the 
bodies* 

§  68.  DMrian  of  Mechanics. — ^The  whole  subject  of  mechanics 
may  be  included  under  two  principal  divisions,  according  to  the 
state  of  aggregation  of  bodies. 

1.  The  mechanics  qf  solid  bodies,  which  is  also  well  named, 
geomechanics. 

2.  The  mecAoittc^  of /itisef  6orffe9,  hydromechanics 
the  last  is  subdivided  into : 

1.  Into  the  mechanics  of  water  and  liquid  bodies  especially,, 
hydromechanics  or  hydraulics. 

2.  Into  the  mechmics  of  air,  and  other  aeriform  bodies,  espe- 
cially, aeromechanics,  the  mechanics  of  elastic  fluids* 

If  we  now  have  regard  to  the  division  of  mechanics  into  statics 
and  dynamics,  we  have  the  following  parts : 

1,  Statics  of  soUd  bodies,  or  geostatics. 

2.  Dynamics  of  solid  bodies,  or  geodynamics. 
8.  Statics  of  fluids,  or  hydrostatics. 

4i.  Dynamics  offltrids,  or  hydrodynamics. 

5.  Statics  qfaer\/brm  bodies,  or  aerostatics. 

6.  Dynamics  of  aertform,  aerodynamics,  or  pneumatics. 
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CHAPTER  II. 

9HB   MXCHANI08  OF  A  MATXBIAL  POINT. 

§  64.  A  material  point  is  a  material  body  whose  dimensions 
are  indefinitely  small  in  comparison  with  the  space  occupied 
by  it.  In  order  to  simplify  the  representation^  we  will  in  the 
following  consider  only  the  motion  and  equilibrium  of  a  material 
point.  A  finite  body  is  a  continuous  union  of  infinitely  many 
material  points.  If  the  single  points  or  elements  are  all  perfectly 
equal,  u  e.  move  equally  quick,  in  parallel  straight  lines,  we  may 
then  apply  the  theory  of  the  motion  of  a  material  point  to  that  of 
the  whole  body,  because  in  this  case,  we  may  assume  that  equal 
parts  of  the  mass  of  the  body  are  impelled  by  equal  parts  of  the 
force. 

§  66.  Single  constant  force, — If  {p)  be  the  acceleration  with 

which  a  mass  (M)  is  impelled  by  a  force,  we  have  firom  §  58,  the 

force: 

p 
P^Mp,  and  inrersely,  the  acceleration,  P=  -js* 

If  further  we  put  the  mass  JIf  =  — y  where  G  is  the  weight  of  the 
body,  and  ff  the  accetofTOOB-^  grayi^  we  have  the  force : 

I.  P=:^0,  and  the  acceleration : 
ff 

2     .P   =    Qff' 

We  find,  therefore,  the  force  (P)  which  impels  a  body  with  a 
certain  acceleration  (p)  when  we  multiply  the  weight  of  the  body 

(G)  by  the  ratio  f  ^  j  of  its  acceleration,  to  that  of  gravity. 

Inversely,  the  acceleration  {p),  with  which  a  body  is  moved 
forward  by  a  force  (P)  is  given,  when  the  acceleration  {g)  of  gravity 

is  multiplied  by  the  ratio  (j^j  of  the  force  and  weight   of  the 

body. 

Sxampie.  Let  us  rappose  a  body  lying  on  an  horizontal  and  perfloctly  smooth  table, 
which  presents  no  impediment  to  the  body  in  its  conne,  but  counteracts  the  eflfect  of 
gra^  upon  it    If  this  body  be  pressed  upon  by  a  force  acting  horizontally,  the 
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body  will  give  way  to  this  inflaenoe,  and  move  forward  in  the  directioii  of  this 

force.    If  the  weight  of  this  body  be  (?  =  50  lbs.,  and  if  P  =  10  lbs.  presses  uninter. 

ruptedly  upon  it,  it  will  enter  into  a  uniformly  acceljerated  motion  with  the  accelera* 

P  10 

tion  p  =  -TT  '9  —  TR  X  32,%.=  6,44  feet.     On  the  other  hand,  if  the  aocderatioa 

€r  50 

with  which  a  421b.  heavy  body  becomes  accelerated  by  a  foiroe  (P)  =  9  feet,  then 

will  this  force  P  =  £- .  fit  =  -A-  x  42  =  0,031  x378  =  ll,71bs, 

g  32,25 

§  66.  If  the  force  which  acts  upon  a  body  is  constant,  there 
arises  a  uniformly  variable  motion,  and  indeed  a  uniformly  accele- 
rated one,  if  the  direction  of  the  force  corresponds  with  the  initial 
direction  of  the  motion ;  and  on  the  other  hand  a  uniformly  retarded 
one,  if  the  direction  of  the  force  is  opposite  to  that  of  the  initial 
direction  of  motion.     If  we  substitute  in  the  formulae  (§  13  and 

P      P 

§  14)  for  p,  the  value  "i7=~p^>  we  obtain  the  following : 

I.  For  uniformly  accelerated  motions  : 

F  P 

1.  V  =  c  ^-T^gt,  or  t;=c+82,2-p7/. 

2.  *  =  c^  +  — ^,  or*=c/  +  16,l-^/«. 

II.  For  uniformly  retarded  motions  : 

P  P 

1.  v  =  c—  ^^/  =  c— 82,2-^  /. 

2.  *=c/— ^^=c/— 16,1^^. 

With  the  help  of  these  formulse  all  those  questions  may  be 
answered  which  can  be  proposed  relative  to  the  rectilinear  motions 
of  bodies  by  a  constant  force. 

Exanqtle, — 1.  A  2000  lbs.  heayy  carriage  goes  with  a  4  feet  velocity  upon  an 
horizontal  line,  offering  no  impediments  to  it,  and  pushed  forward  by  an  invariable 
force  of  25  lbs.  during  15  seconds,  with  what  velocity  will  it  proceed  after  the  action 

ofthisforce?  Thisvelocityv  =  c  +  32,2 -^  t,  but  c  =  4,  P  =»  25 lbs.,  G  =  2000, 

25 
and  <  «  15 ;  hence  it  follows,  v  ^  4  +  32,2  .  — -->r .  15  =  10,03  feet  — 2.  Under 

mUUU 

similar  circumstances,  a  5500  lbs.  heavy  carriage,  which,  setting  out  with  a  uniform 

velocity,  has  traversed  950  feet  in  3  minutes,  is  so  impelled  forward  by  a  force  acting 

continuously  for  30  seconds,  that  it  afterwards  passes  over  1650  feet  in  3  minutes ; 

950 
what  is  this  force?    Here  the  initial  velocity  c  =:  -^-^  =  5,277  feet,  and  the  ter- 

3.60 

mmal  velocity  v  =  -^^  =  9,166  feet ;  therefore  ~  ^  =  »  —  c  =  3.889,  and 
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the  force  P  =  5:2??^  =  0,031  x  3,889  x  ^  =  0,12066  x  5|?  =22,10  lba.-5. 

A  sledge,  weighing  1500  lbs.,  sliding  forward  with  a  15  ft.  velocity,  loses,  through  fric- 
tion, upon  its  horizontal  support,  its  whole  motion  in  25  seconds ;  how  great  is  this  fric- 
tion ?  Here  the  motiQn  is  uniformly  retarded,  and  the  terminal  Telocity  9  =  0;  heno^ 

c  =  32,2  ^,  and  P  =  0.031  ^  =  0,031  x  ^^^  ^^  =  0,031  x  900  =  27,91bs.  the 

friction  demanded.— 4.  Another  sledge,  of  1200  lbs.  and  12  foet  initial  velocity, 

has  to  overcome  by  its  motion  a  friction  of  45 lbs.;  what  velocity  has  it  after 

8  seconds,  and  how  great  is  the  distance  described?     The  terminal  velocity  is 

45  x  8 
»  =  12  —  32,2  X  -J255-  =  12  —  9,868  =  2,152  feet,  and  the  distance  described 

§.  67.  Mechanical  effect — ^The  work  done,  or  mechanical 
effect^  is  that  effect  of  a  force  which  it  produces  in  the  over- 
coming a  resistance  :  as  that  of  inertia,  friction,  gravity, 
&c.  Work  is  performed  when  loads  are  lifted,  a  great  velocity  im- 
parted to  masses,  bodies  changed  in  their  form  or  divided,  &c.  The 
work  done,  or  the  mechanical  effect  produced  depends  not  only  on 
the  force,  but  also  on  the  distance  through  which  it  is  madp  to  act 
or  to  overcome  the  resistance;  it  increases,  of  course,  simulta- 
neously vdth  the  force  and  the  distance.  If  we  lift  a  body 
slowly  enough  to  allow  of  our  neglecting  its  inertia,  the  labour 
expended  is  then  proportional  to  its  weight;  for  1.  the  effect  is 
the  same  whether  m  (3)  times  the  weight  (m  6)  is  lifted  to  a  certain 
height,  or  whether  m  (3)  bodies  of  the  single  weight  (6)  are  lifted 
to  the  same  height ;  it  is,  namely,  m  times  as  great  as  the  effort 
necessary  for  the  lifting  of  a  single  weight  to  that  height ;  and,  again, 
2.  the  work  is  the  same,  whether  one  and  the  same  weight  be 
raised  to  n  (5)  times  the  height  (n  h),  or  n  (5)  times  through  the 
height,  and  it  is  of  course  n  (5)  times  as  great  as  if  the  same 
weight  were  raised  to  a  single  height  (h).  The  work  again  done 
by  a  slowly  falling  weight  is  proportional  to  the  magnitude  of 
this  weight  and  the  height  from  which  it  has  descended. 
This  proportionality  also  holds  in  every  other  kind  of  work 
done.  In  order  to  make  a  saw-cut  of  a  given  depth  of  double 
the  length,  there  are  twice  as  many  particles  to  separate  as  from 
a  cut  of  a  single  length ;  the  work,  therefore,  is  twice  as  great. 
The  double  length  requires  double  the  distance  to  be  described  by 
the  force,  consequently  the  work  is  proportional  to  the  distance. 
Similarly  will  the  work  of  a  mill-set  increase  with  the  quantity 
of  grains  of  a  certain  kind  of  com,  which  it  grinds  to  a  certain 
degree.     This  quantity,  under  otherwise  similar  circumstances,  is 
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proportioiial  to  the  number  of  reyolations,  or  rather  to  the  distance 
which  the  upper  mill-stone,  during  the  grinding  of  this  quantity  of 
corUj  has  gone  through;  consequently  the  work  increases  in 
proportion  to  the  distance. 

§  68.  The  dependence  above  shewn  of  the  work  produced  by  a 
force  upon  the  magnitude  of  the  force  and  distance  described  by 
itj  allows  us  to  take  that  amoimt  of  work  which  is  expended  in 
overcoming  a  resistance  of  the  magnitude  of  the  unit  of  wdght  (as 
a  kilogramme,  poimd,  &c.)j  along  a  path  of  the  magnitude  of  the 
unit  of  length  (metre  or  foot),  as  unit  of  the  mechanical  effect  or 
dynamical  unit,  and  then  we  may  put  the  measure  of  this  equal 
to  the  product  of  the  force  or  resistance,  and  the  distance  described 
in  the  direction  of  the  force  whilst  overcoming  this  resistance. 

If  we  put  the  amount  of  the  resistance  itself  =  P,  and  the 
distance  described  by  the  force,  or  rather  by  its  point  of  application^ 
in  overcoming  this  =  «,  the  labour  expended  is : 

L=.Ps  units  of  work. 

In  order  to  define  more  dearly  the  unit  of  work,  for  which  the 
single  name,  ifynam,  may  be  used,  both  factors  P  and  «  are  gene- 
rally given;  and,  therefore,  instead  of  units  of  work,  we  say 
kilogrammetresy  pounds-feet ;  and  inversely,  metrekilo.  and  feet- 
pounds  according  as  the  weight  and  distance  are  expressed  in  kilo- 
grammes and  metres,  or  in  pounds  and  feet.  These  terms  are 
usually  expressed  for  simplicity  by  the  abbreviations  mk  or  km, 
Vb.ft.  at  ft.  li. 

Sgm^fUy^l,  In  OKder  lo  nke  ft  rtimper  310  lbs.  15  inches  high,  the  mecjiaiiical 

15 
eSbek  £  &»  210  ^  ts^  ^^^^  ft.  lbs.  is  necessary.  —  2.  By  a  mechanical  effect 

of  1500  ft.  lbs.,  a  sledge,  which  in  its  motion  has  to  oreroome  a  friction  of  75  lbs., 

§  69.  Not  only  in  an  invariable  force  or  constant  resistance  is 
the  labour  a  product  of  the  force  and  distance,  but  also  the  labour 
may  be  expressed  as  a  product  of  the  distance  and  force,  when  the 
resistance  whilst  being  overcome  is  variable,  if  a  mean  value 
of  the  continuous  succession  of  the  forces  be  taken  as  the  force. 
The  relation  is  here  the  same  as  that  of  the  time,  the  velocity^  and 
the  space;  for  the  last  may  be  regarded  as  a  product  of  the  time  by 
the  mean  value  of  the  velocities.  The  same  gnqphical  representations 
are  here  also  applicable.  The  mechanical  e£fect  produced  or  expended 
may  be  considered  as  the  area  of  a  rectangular  figure,  ABVD,  Fig.27, 


wboee  base  AS  is  the  ipace  deuribed  («},  and  whoee  height  u 
cfther  the  invamble  force  [P)  itself,  or  the  mean  of  the  different 
valoes  of  the  forces.  Id  general,  the  work  may  be  repreaoited 
by  the  area  of  a  figure  jIBCA  ^-  28,  which  haa  for  its  base  the 
•pace  {»),  and  whose  height  above  each  point  of  the  base  is  equal 
to  the  force  correspcoiding  with  each  point  of  the  path  described.  If 
the  figure  ABCD  be  tranaformed  into  a  rectangular  one  ABEF 
of  like  ara,  we  hare  the  hei^t.^J^B£fiK  the  mean  value  of  the 
force — t/te  mean  ^oti, 

§  70.  Arithmetic  and  geometry  give  different  meUiodi  for  finding 
a  mean  value  from  a  constant  succession  of  magnitudes.  Amongst 
these,  Simpson's  rule  is  that  which  is  the  most  frequently  applied 
in  practice,  and  it  combines  a  high  d^ree  of  accuracy  with  great 
simplicity. 

In  every  case  it  is  necessary  to  divide  the  space  AB=m  (Fig.  29) 
'ra  S9.  into  n  (the  more  the  better)  equal 

parts,  mAE=E6=GI,  Stc.,  and 
to  meamre  the  forces  EF=  P^  GH 
-  P^  IK=  Pa,  Stc.,  at  the  ends 
of  these  parts  of  the  distance.  If 
then  we  put  the  initial  force  AD 
=  pQ  and  the  fbree  at  the  other 
end  BC=P„  we  have  for  the 
mean  force: 
■  +^n-i  +  +''B)-Hi,  and,  therefore. 


P=(4.p„+Pi  +  F,+i>,+  . 


If  the  number  of  parts  (n)  be  even,  vis.  3,  4,  6,  8,  &c.,  Sim 
son's  rule  ^ves  still  more  accurately  the  mean  force : 

p=(P„+4Pi  +  2Pa+4Pg+  ....+4P^,  +  PJ-^8i», 
andi  therefore,  the  corresponding  work : 

P*=(i>,+4P,  +  2P3+4P3+  ....  +4P^,+PJ^. 
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Eran^le.  In  order  to  find  the  mecbaucal  work  which  a  draught  horse  performs 
in  drawing  a  carriage  over  a  certain  way,  we  make  use  of  a  dynamometer,  or  mea- 
surer of  force,  which  is  put  into  communication  on  one  side  with  the  carriage,  and  on 
the  other  with  the  traces  of  the  horse,  and  the  force  is  obseryed  from  time  to  time. 
If  the  initial  force  Po  =  110  lbs.,  the  velocity  after  describing  25  feet  =  122  lbs. ; 
after  50  feet  a  127  lbs. ;  after  75  feet  =  120  lbs. ;  and  at  the  end  of  the  whole  dis- 
tance of  100  feet  =114  lbs. ;  then  the  mean  value,  according  to  the  first  fonnula : 
P=  (i.  110  +  122  +  127  +  120  +  $.  114)-7-4  s  120,25  lbs.,  and  the  mechanical 
work :  P  f  =  120,25  x  100  =  12025  ft.  lbs. 
from  the  second  formula :  P  =  (110  +  4  .  122  +  2  .  127+4  .  120+114)•^  3x4 

E= =  120,5  lbs.,  and  the  mechanical  woik 

12 

P  t  =  120,5  X  100  =  12050  ift.  lbs.  ^^ 

§.  71.  Principk  qf  the  vis  twa,  or  living  forces. — ^If  in  the 
formula  of  (§.  18)  s  =  -^ ^^  P^  =  — « —  we  substitute  for 

the  acceleration  /?,  its  value  -j^  g,  we  thus  obtain  P*= i  — 5 j  G, 

or  if  we  designate  the  heights  due  to  the  velocities  ^  and  ^    by  h 

and  All  Ps  =  {h—h^)G. 

If  we  interpret  this  equation^  so  useful  in  practical  me- 
chanics^ we  find  that  the  work  (P  s)  which  a  mass  either 
acquires  when  it  passes  from  a  lesser  velocity  (c)  into  a  greater 
(t;),  or  produces^  when  it  is  compelled  to  pass  from  a  greater 
velocity  into  a  less,  is  constantly  equal  to'  the  product  of  the 
weight  of  this  mass,  and  the  difference  of  the  heights  due  to  the 


^9        ^9) 


Example. — 1.  In  order  to  impart  to  a  4000  lbs.  heavy  carriage,  upon  a  perfectly 

smooth  railroad,  a  velocity  of  30  feet,  a  mechanical  work  P  «  =  —  G  =  0,0155  t^  G 

1g 

=  0,0155  X  900  X  4000  «  65800  ft.  lbs.  is  required ;  and  just  so  much  woric  will  this 
carriage  perform  if  a  resistance  be  opposed  to  it,  and  it  be  gradually  brought  to  rest. 
— 2.  Another  carriage  of  6000  lbs.  goes  forward  with  a  velocity  of  15  feet,  which 
is  transformed  by  a  force  acting  upon  it  into  a  velocity  of  24  feet,  how  great 
is  the  work  acquired  by  this  carriage,  or  done  by  the  force  ?    To  the  velocities 

15  and  24  feet  correspond  the  heights  of  velocity  Aj  —  --  =  3,40  ft.,  and  A  =  -- 

^9  I9 

s=  8,944  ft. ;  from  this  the  mechanical  work  P  «  =  {h — ^A^)   G  =z  5,454  x  6000  = 

32724  ft.  lbs.  If  now  the  distance  be  known  in  which  this  change  of  velocity  goes 
on,  the  force  may  be  found ;  and  when  this  is  known,  the  distance  may  be  deter- 
mined. In  this  last  case,  for  example,  let  the  distance  of  the  carriage  amount  to 
100  feet,  and  whilst  describing  this,  the  velocity  passes  from  15  into  24  feet;  we 

G        327  24 
have  the  force  P  =  (A— Aj)  —  =    ^'^     =  327,24  lbs.     Were    the  force  itself 


/ 
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2000  lbs.,  the  space  #  woald  be  »  (h—h^  ^  ==  ^MS^  "^  ^^*^^  feet.— 3.  If  a 

500  lbs.  sledge  has  entirely  lost,  through  Mction  on  its  path,  its  ydodty  of  16  feet, 

A  G 

after  describing  a  space  of  100  feet,  then  is  the  resutance  of  firiction  P  s 

son 
=  0,0155  X  16<  X  ^^  =  0,0155  x  256  x  5  =  19,840  lbs. 

100 

§.  72.  The   formula   found   for   the  work  in   the  foregoing 
paragraph:  Ps      (A — h{)  G 

is  not  only  good  for  constant^  but  also  for  variable  forces^  if 
instead  of  P  the  mean  value  of  the  force  (from  §.  70)  be  introduced ; 
for  if  the  whole  space  (s)  of  motion  be  considered  as  consisting  of 

equal  and  uniformly  accelerated  parts  described  /  —  j ,   then    we 

have  the  amount  of  work  for  these : 

S •,  3 


P  (  *A^^2      ^1  n 


&c.^  in  so  far  as  v^y  v^^  v^  &c.,  stand  for  the  velocities  acquired  at 
the  end  of  these  parts  of  space ;  and  by  the  addition  of  all  these 
works  we  have  the  whole  work  required  for  the  transformation  of 
the  velocity  c  into  v:  ' 

P  s=  (P|  +  P«  +  P«  +  . . . ) — = — jr —  G,  because  for' an  infinite 

number  (n)  of  forces  (P^  +  P^  +  P3  -f  . . .)  -4-  n,  it  transforms  itself 
into  a  mean  force^  and  because  the  members  on  the  right  hand  of 

the  equation  ~-  G  and  —  ^  O,  as  also  ^  G  and  —  ^  G,  &c. 

are  opposed  to  each  other,  so  that  the  members  ^  G  and  g-  G,  de- 
termined by  the  terminal  velocity  v  and  the  initial  velocity  c,  only 
remain. 

-— — j  G  =  (A — hi)  G  is  not  used  only 

for  the  determination  of  the  work,  but  also,  and  at  times  very 
often,  for  the  measurement  of  the  terminal  velocity.     In  the  last 

Ps  /  ^ 

case  h  is  put  =Ai+^  or  t;=  a/  c*  +  2^^.     If  by  the  constant 

motion  of  a  body,  the  terminal  velocity  1;  =  the  initial  velocity  c, 
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the  work  done  ^  nuU,  t.  e.  hs  much  work  is  performed  by  i)^ 
accelerated,  as  is  expended  by  the  retarded  part  of  the  motion. 

Bgample. — ^A  carriage  of  2500  lbs.  proeeediiig  upon  a  railroad  without  fiictioD,  has 
acquired  by  an  angmentatlon  of  iti  velocity,  which  at  the  commencement  amounted 
to  10  ft.,  a  mechanical  work  of  8000  lbs.,  its  velocity  alter  this  work  will  be: 

^^  a/  1«^ W,4  -f^"  V^IOOTSOO  =  14,53  feet 

Bemark,  The  product  of  Urn  mass  If  »  —  and  the  square  of  the  velocity  (iP)  t 

9 
if  «*  is  called,  without  attaching  to  it  any  definite  idea,  the  living  force  (fri§  Hm) 

of  the  moved  mass ;  and  hereafter,  the  mechanical  woik  which  a  moved  mass  aoquireBy 

may  be  put  equal  to  half  of  the  via  vtM  of  the  same.  If  a  mass  enters  finom  a  vdocity 

c  into  another  tr,  the  work  performed  is  equal  to  half  the  diflierence  of  the  vit  mm  at 

the  commencement  of  the  change  of  velocity.  This  law  of  the  mechanical  peiformance 

of  bodies  by  means  of  their  inertia,  is  called  the  primeipk  pf  Uvlng  /breetf  or  the 

§  78.  Comporitian  ,qf  Forces. — ^Two  forces  Pj  and  P^  act  upon 
one  and  the  same  body,  in  the  same  or  in  an  opposite  direction, 
the  effect  is  the  same  as  if  only  one  force  acted  npon  the  body, 
which  is  the  sum  or  difference  of  these  forces ;  for  these  forces 

P  P 

impart  to  the  mass  ilf  the  acceleration,j9i=-^  and  p^  =  -A  conse- 

quettHy  from  §  28,  the  acceleration  resulting  from  both,  is : 

yasgi  +fio  B     *^  ^,  and  accordingly  the  force  corresponding  to 

this,  is:  P=Mp-P^P^. 

The  equivalent  force  P  derived  from  these  two  is  called  the 
resuttant ;  its  constituents  P^  and  P^  the  components. 

JEmmyfe.— 1.  A  body  lying  ilat  upon  the  hand  presses  so  long  only  upon  it  with  its 

absolute  weight  as  the  hand  is  at  rest,  or  is  moved  up  and  down  uniformly  with  the 

body;  but  if  the  hand  be  raised  quickly,  it  suffers  a  greater  pressure ;  on  the  otiier 

hand,  if  it  be  suddenly  dropped,  the  iNressure  is  then  less  than  the  weight ;  it 

becomes  null  if  the  hand  be  drawn  back  with  the  acceleration  of  gravity.    If  the 

INressure  on  the  hand  «  P,  the  body  falls  with  a  force  (r— P,  whilst  its  mass 

15  G 

M=^  ~ ;  if  we  put  the  acceleration  with  which  the  hand  fidb  »  p,  G^P  »  ^p,  and 

9  9 

therefore  the  pressure  Fas  G  —  ^G'^ll—^\  G.    If  the  body  on  the  hand  be  raised 

with  the  acoderation/i,  —p  is  then  opposed  to  the  accderation  g,  therefore  the  pressure 
«IK«th*h«id/.=  (l+J)<;.    A«»rdi..g  «.  body -eendisr de««Ki.  with 

a  20  feet  acceleration,  the  pressure  upon  the  hand  b  H  —  -oo^j  ^  ^  (l-^»62)  G 

s  0,38,  of  the  weight  of  the  body,  or  »  1  +  0,62  s  1,62.-2.  If  with  the  flat  hand  I 
throw  a  body  of  3  lbs.  14  feet  perpendicularly  upwards,  whilst  I  urge  it  on  with  the 
hand  for  the  first  8  lieet,  the  mechanical  woik  performed  [mPb  ^  Gh  ^%  x  14 
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•c4?  ft  Ibs^  and  the  preaure  npoo  tbe  huid,  P—^   -  21  Ibi.   Whilit  the  Testing 
bod;  preuei  with  Slba.,  it  remcti  upon  tlie  hand  during  the  prcg«clkni  with  21  lbs. 
^  74.  Paredklogram  of  Force*. — When  a   material  point  M' 
na.  30.  ^^   SO]    is  KCted  apon  by   two 

forceB,  i'l^j)  whose  directioiu  JIfX 
and  MY  make  with  each  other  the 
angle  XMY=a,  these  linea  gene- 
rate the  accelerationa  in  these  direc- 

tioiis,^i^=-Ti^  andp,  =  ■=*,     and 

from  their  onion,  there  arises  s 
meanaccelenitioQ(§&4)in  the  direc- 
tion MZ,   both  of  which  are  given 
l^  the  diagonal  of  a  parallelograin 
formed  from  ^j,  p^  and  the  angle  a\.  tliia  mean  or  resultant  accelera- 
tion ^  =  v^i'-t-^'+Si'i  Pa  co>.  a,  and  for  the  angle  f  which  its 
Erection  m^tea  with  M^  of  the  one  acceleration  p, : 

If  we  snbstitate  in   these  formula  the    above  values   of  ;p, 
aud/i^i  

•^•*=©^- 

If  we  mnltiply  the  first  equation  by  Af, 

JIf  ;i  =  V'P,» + Pa* + 2  P^P^aoT^  or, 
since  Jtf  j)  is  the  force  corresponding  to  the  acceleration : 
1.  P=  VP,»  +  Pa»  +  3PiPa««-«- 


'77i«f,  'Ae  reMultant  force  U  determined  in  magnitude  and  diree- 
tionfrom  the  component  frreet  exactly  as  the  renUtani  aecelera- 
timtfrom  the  component  acceleraiiona. 

If  we  represent  the  forces  by  straight  lines,  and  these  lines  be 
drawn,  bearing  the  same  proportions  to  each  other  as  do  weight^A^ 
pounds,  &c.,  the  mean  force  may  be  represented  by  the  diagonal  of 
the  parallelogram,  whose  sides  are  formed  by  the  lateral  forces,  and 
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one  of  whose  angles  is  equal  to  that  made  by  the  directions  of  these 
lateral  foreea.  The  pantllelogram  which  is  conatructed  from  the 
lateral  forces,  and  whose  diag9aal  is  the  mean  force,  ia  called  the 
pant11el<^ram  of  forces. 

Sian^b.  When  t  body  of  l&O  Ibi.  ^Ight,  mthig  upon  &  perftcOj  uoootb  table, 

(Hg.  31)  1)  acted  upon  by  two  force*  P,^ 
"°-  31-  301b<.,ani]/',-24Ib<.,  which  mike  with 

each  other  an  angle  P^  MP^  —  n  +  /3  — 

lOb'  !  In  what  direction,   and  with  what 

^cceleratioD    will  the  motioD   taiie  place? 

Sfncenw.  (ii  +  |3}  "  «m.  105*  —  —  eo(.  75>, 

thf  mean  force: 

p  m.  v/30'+  a*'— a  X  30  K  2i  cot.  7i* 


-  v'MO  +  576— U40ew:7S« 

-  ■/U76—i72,i -33,22  lbs.,  die  acce- 
leretiom  corresponding  with  it  ii : 

^     M     a  i&u 

The  dtreeUon  of  motion  make*  with  Um  di- 
rection of  the  lint  farce  an  angle  a,  which 
it  delennined  by : 

i=0,697S,  oco  -44M5'. 
Sernart.  The  mean  force  P  depends,  from  the  formulK  fonnd,  out;  on  the  oonpo- 
neat  fbrcei,  and  not  on  the  maw  of  the  body  npon  whid  the  foreei  act.  For  tUa 
reaaon  we  And  in  many  works  on  meriunica,  the  c<»teabiea  of  the  partUekgnm 
of  fbreei  proved  without  regard  to  the  mass,  but  with  the  MsmnpUoD  of  MMne  fimda- 
mental  law.  There  exist  manjr  inch  purely  itatical  proofi.  In  each  of  tbe  foUowing 
works  we  And  a  different  one  :  Bytelwein's  "  Handbuch  der  Statik  fester  KSiper," 
Gerstner's  "  Handbuch  der  Mechanik,"  Kayier's  "  Handbuch  der  Stitik,"  M^nt' 
"  Lehrbuch  der  Statik,"  Riihlmann's  "  technische  Mecbanilc"  Theintxifin  Gentoer'a 
Hechanic*  presupposes  the  theory  of  the  lever;  it  Is  very  simple,  and  is  found  hi  uany 
old,  and  sito  in  Isler  writings,  u  those  of  Kistner,  Monge,  Whewell,  Ac.  Kayser'a 
proof  is  that  of  Poisson,  in  an  elementary  gaih.  Motnas'  development  is  based  npoB 
a  particular  theory,  that  of  eoigilet,  introduced  by  Poiniot.  Duchajla  first  gave  the 
proof  in  Ruhlmann't  Mectianira,  wMch  has  also  been  adopted  in  msoy  other  vrotka, 
at  in  Moseley's  "Mechanical  Principles,"  &c  A  theory  ttf  this  panllelogT«ni,foai>ded 
npon  the  laws  of  motion,  is  to  be  met  with  in  Newton's  "  Prind)na,"  and  it  also  made 
nie  cf  by  niany  Itter  writers,  VentiiroU,  Poncelet,  Burg,  &c  "  Blementi  di  Meccanica 
•  d'idrsulica,"  de  Ventoroli;  "M^caaiqne  Indnttiielle,"  par  Poncelet;  "  Popolar 
Conipeiidiamof  the  Sdence  irf  Mechanics  and  its  applicatkm  to  Maehinet,"  by  ^irg. 
§  75.  Retohttion  qfForcet. — By  help  of  the  panJlelognim  irf 
forces,  not  only  two  or  more  forces  may  be  reduced  to  a  single 
one,  but  also  given  forces  under  given  relations  may  be  resolved 
into  two  or  more  forces.  If  the  angles  a  and  ^  are  ^ven,  which 
the  c(mipoaait>   MP^  —  P„  and  MP^  =  P^   midce  with  die 
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given  fwee  M1i  = 
framiUie : 


P,  the  components  may    be  found  tnm  the 

P»CT.J3 


^>= 


Pnn.a 


'      •Wi.(o+^,     *     «il.(a+/S)' 
If  the  c(Hopoti»tt8  are  at  right  angles  to  each  other,  a  +  ^=9Cfi, 
andm.  (a  +  /9)  =  l,  and  P,  =  i>«w.  a  and  Pg=P  nn.  a.  If  ^  and 
«  be  eqnal  to  me  other,  P2=Pi,  vii ; 
Pm.a_     i> 

Awi^  1.  Wlwt  b  tlK  pKwnre  of  a  body  Jtf  opOD  ■  taUa  JB,  Tig.  32,  «Ikim 

wd^  O  o  70  Dm.  and  apon  which  ■  force  P  -  50  Ibt.  tcU,  ukl  whow  dtrectioo 

to  ludiiMd  to  the  bortton  it  tn  u^e  PUP,  ~  a  -  40*  ?  The  horiiontd  oomponetit 

of  P  to  />!  o  P  «M.  a  -  ao  cot.  40>  -  38,30  Um., 

"«■  3^  aiidtheTei-tieili!Oiii|M>Dent/',-Pim.a-60rt».«0> 

-  32,14  Ibi.  ;   the    latter    itrhe*    to    draw   the 

bod;  from  the  taUe,  there  remiim  then  (br  the 

preuDrci  0^^,-70  —  32,14-37,66  Iba.— 2.  If  a 

body  ot  llOIba.  to  ao  mored  tloiig  an  horizootal 

w^  by  two  foreea,  that  It  deaortbei  hi  th«  lint 

Mcond  a  tpaee  of  6fi  feet,  in  a  direetlon  which 

dertota*  from  the  two  directiooi  of  force  by  an 

angle  ar,|S2*  and  ^—77*,  theforoe*  themachMVC 

giren  ai    Ibllowi.    The  woeleTation  to   twice  the 

■pace  in  the  Brat  ieaind,  lo  tbit^  — 2  x  G^  — 18  ft. 

No»thenKMifbraeto/>-£^-0,032  -  13x110- 

B 
44,39  Ibt.,    therefore    the  one  componetil   P,- 

P  ite.  77*  44,33  ti».  77°    „  ,„  ,.  ...        ..        „     44.33  tin,  52- 

'^^—   — - — — &S,S8  11m.,   and   the  other  P,-^ : — rr; — 


^  76.  Force$  m  a 

Plane In  (nrder  to 

find  the  mean  force  P 
hr  a  system  offerees 
i*ii  Pv  Pa>  &<=•»  we 
amy  adopt  exactly  the 
same  method  (§  88}  as 
that  followed  in  the 
eompoeitioQ  of  veloci- 
ties, vie;  by  the  re- 
peatedspplication  of  the 
parallelogram  of  forces^ 
we  may  resolve  them 
two  and  two  and  soon, 
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till  bnt  a  single  force  remains.  The  forces  P,  and  P,,  for  example, 
give  from  the puallel<^p-am  AfP,  QP^,  the  mean  force  MQ=Q,i^ 
this  be  joined  to  P^  we  have  fi^)m  the  parallelogram  MQHP^,  MR 
=  R ;  and  this  last  agaia  forms  a  parallelogram  with  P^  and  gives 
the  force  MP=P  the  last,  and  the  resultant  of  tbe  four  forces 

'  n  »  a>  °3i  "*■ 

It  ia  not  necessary,  in  this  way  of  composing  forces,  to  complete 
the  parallelogram,  and  draw  its  diagonal.  We  may  form  a  polygon 
MPi  QRP,  whose  sides  Jl/P„  PiQ,  QR,  RP,  are  parallel  and  equal 
to  the  given  components  P„  Pj,  Pj,  P^,  the  last  side  MP  com- 
pleting the  polygon  will  be  the  mean  force  sought,  or  rather  ita 
measure. 

lUmart.  It  U  ver;  lucAil  to  Mlve  mecbtDietl  proHemi  b;  MDitmction  ■In;thoagh 
thh  method  doei  not  idniit  of  luch  4ecurM7  m  tbtt  irf  odculttion,  it  It  tne  oa  tfa« 
other  hand  from  greet  errm,  tnd  may  therefore  aervc  as  proof  of  the  calculation. 
In  Fig;.  33  the  foi«ei  meet  each  other  under  the  siTenanKlea /■,  Jf /■,  —  72>,30'i 
/■]  JV r,  =  33°,  20',  and  P^M Pt^i2",  W,  and  are  u>  drawn  that  •  pound  i* 
represented  br  a  line  oT  one  Pruuian  inch.  The  force*  P,  —  ll^lb,  P,  —  10,8  Iba., 
r>,  -  Sfi  Iba.,  P,  —  12,2  Ibi.,  are  therefore  upresaed  b;  aidei  of  ll.a  tinea  - 
0827  . . .  inchet,  10,8  linea  —  0778  . . .  iochei,  8,5  lines  =  0756  . . .  inchea,  12,8 
linea  ^  0878  ...  inches  in  length.  A  careful  construction  of  the  polygon  of 
forces  girea  the  magnttnde  of  the  mean  force  /'  =  14,G1bs.  and  the  variation  efita 
direction  MP  hoia  the  direction  it P^ot  the  first  force  =  SUJ*. 

§  77.  The  resultant  P  is  determined  more  simply  and  clearly 
if  each  of  the  given  components  Pj,  P^  P^,  &c.,  be  resolved  accord- 
ing to  two  axial  directions  XX  and  YY,  Fig.  84,  at  right  angles  to 
riB.  34.  each  other,in  to  component 

forces  as  Q,  and  Ru   Qt 
j   and  A,,  Q,  and  Aj,  &c., 
the   forces  lying  in   the 
'   same    direction   of  axis, 
j   added  together,  and  the 
I    resultants  in  magnitude 
and  direction  of  these  two 
rectangular  forces  be  then 
sought  for.    If  the  angles 
P,3fA,  P,  MX,  Pj  MX, 
&c.,  which  the  directions 
of  the  forces  Pi,  P^  P^ 
make  with  the  axis  XX 
=  «„  oj,  03,  &c.,  we  have 
the     comptHicnts     Qj  = 
P,  cog.  a,,  Wi  =  P,  m.  «!,  Qa=Pa  «»*■  <'2>  Rq—P-i  »"»■  "a*  whence 
it  follows  from  Q=Qi  +  Q,+  Q3+  ..., 
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'      l.'Q=P,  «».a,+Pj«w.aa  +  i*3  «».ii3'+...,  and 
from  R=R,  +  R^  +  R^  +  ..., 

2.  R=Pi«M.  Bi+Pjm.  a,  +  P^rin.aa  +  ... 
From  the  two  components  Q  and  R  bo  fotind,  the  magnitude  of  the 
resultant  sought,  is : 

8.  P=  v'Q'+B*  and  the  angle  PMX—<t>,  who«  direction 
with  XX  w  given  by 
R 


4.  taoff.  f = 


Q' 


In  the  algebraical  addition  of  the  forces,  regard  must  be  had  to  the 
RgUj  for  if  it  be  difierent  in  two  forces,  t.  e.  if  the  directions  of 
these  be  upon  opposite  sides  of  the  point  of  application  M,  this 
'  addition  then  becomes  arithmetical  subtraction  (^  73).  The  angle 
f  is  acute,  as  long  as  Q  and  S  are  positive,  it  is  between  one  and 
two  right  angles,  when  Q  is  negative  and  B  positive ;  between  two 
and  three,  when  QandiJ  are  botbnegatjve,  and  lastly,  between  three 
and  four,  when  R  only  is  negative. 

Sran^ife.  What  ia  tbe  mxgnitiideuid  direction-^tbe  MwlUsit of  th«  thrcecoDipo. 
nenti  P,  =  301bi.,  Pj  •  701tM,,  P,  ^iAlbs^  Kboie  directioDi,  Eying  in  a  plane, 
malce   between   tbem   the 
"•■  3*'  taslM  Pi  MP,  -  S6'  and 

P,JfP,  -  i04"?_  If  we 
drew  the  axia  XX  in  the 
direction  of  the  finl  force, 
ve  have  o,  ~  0,  a^—  M', 
tnda,=a6*  +  104°.l«0"  ) 
hence,].  4ic  30  k  n».  0*4 
70«  eM.56>'>-&Ox««.160* 
-  30  4-  39,14  —  46,98  - 
22,16  lbs. ;  and  2.  «  >-  30 
xtts.0>-t-7OKaiii.lt6<'4- 
50  ri».160°-0  +  5B,03  + 
17,10  =  75,13  lb).     Hence 

75.13 
3'"W-*-22;i6-3.3003j 

therefbre  the  angle  whiA 
the  roultant  makea  with 
the  positive  part  at  the  acia 
M  X  or  the  force  Pi  ii 
*-73"  3*'  I  laatly,  the  force  itself  P  -  ^"^^  JP- —  =  -^^^  ^^4^ 

,  "■'^  — 78J3  1h..  —" 

0,9591 

§  78.  Forces  in  Space. — If  the  directions  of  the  forces  do  not  lie 

in  one  and  the  same  plane,  we  must  draw  through  the  point  of  appit- 
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cation  a  pkoe,  and  rewire  each  of  the  forces  into  two  otliers,  <me 
lying  in  the  plane,  and  the  other  at  right  angles  to  the  plane; 
we  muBt  then  iind  the  resultant  of  the  components  so  obtained  in 
the  plane,  from  the  rule  in  the  foregoing  paragraph,  and  add 
together  the  components  at  right  angles  to  the  plane,  and  from 
the  two  rectangular  components  thus  obtained,  their  resultant 
may  be  found  according  to  the  known  mle  (^  74). 

Pig.  86  puts  the  above  mode  of  proceeding  more  clearly  before 
us,  let  MPj=Pj,  MP^=P^  AfPj=Pj,be  the  separate  forces,  AB 
the  plane  (of  projection)  and  ZZ  the  axis  at  nght  angles  to  it- 
Prom  the  resolution  of  the  forces  P„  P^  &c.,  the  forces  8^,  S^  are 
given  in  the  plane,  and  those  of  JV,,  A'',,  Sec.,  in  the  normal  to  it  ZZ. 
These  are  again  resolved  arcording  to  two  axes  XX  and  ¥¥  into 
no.  36. 


the  lateral  forces  Q„  Qj,  ke.,  R„  R^  &c.,  and  give  the  compementa 
Q  and  R,  of  which  the  resultant  8  consists,  which  joined  to  the 
sum  of  all  the  normal  forces  N,,  N^  &c.,  gives  P  the  resultant 
required. 

If  we  put  /9p  ^j,  for  the  angles  at  which  the  directions  of  force 
are  ioclined  to  the  plane  AB  or  to  the  horizon,  the  forces  in  the  plane 
are  given,  S,=Pi  «».j8j»  Sj=Pj  cos.  j3„  &c.,  and  the  normal 
forces,  ^i  =  P,  »t».jS„  N^=P^  tin.  fi^  &c. ;  lastly  if  we  designate 
the  angles  which  the  projections  of  the  directions  of  the  forces  lying 
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in  the  plane  j4B,  make  with  the  axis  XX,  by  a„  a„  we  obtain  the 
three  following  forces,  forming  the  ndes  of  a  reetangnlar  paralle- 
lepiped. 

Q=S^e<U,  ai+S^eos.  a2  +  S^C0».a^  or 

1.  Q=P,«M.  ^,  CO*.  a,  +  P^cos.  ^eos.  a^+. . ., 

2.  R=PjCO«.)3,«tn.a,+P3co*./9a«n.  «,+... 
8.  iV=F,  «M,/9,  +  Pa«n./3a  +  .. . 

From  these  three  follows  the  final  resultant : 

4.  P=  V'Q'  +  R'  +  N',  farther 

the  angle  of  inclination  to  the  plane  of  projection  PMS = if,  fr Jm 

5.  tang.  ))/=--^=    ,.„.         .  lastly 

the  angle  SMX=^,  which  the  projection  of  the  remltant  in  the 
plane  AB  makes  with  the  first  axis  XX,  by 

6.  tang.  *  =  ^- 

Srm^.  Three  woricmen  poll  at  the  tad  at  three  ropei,  vrhieh  ire  ttUehed  to  ■ 
load  If  Ijing  npoa  la  hoiiiontat  floor  AB,  ?\%.  37,  each  arith  a  force  of  60  Ibtj 


the  aoglei  of  inclinalioa  of  theie  breei  to  the  horizon  are  10°,  20°,  anil  30>,  and  the 
boritoalal  angle  beiireen  the  fint  and  second,  and  between  the  flnt  and  Ihird,  20* 
anl  3A°  (  what  ii  Ibe  magnitude  and  direction  of  the  reaultant,  and  how  much  il  this 
leai  than  the  aum  of  all  the  forcet  which  would  retnit,  if  all  tliree  aclol  in  the  aame 
ditedioa  ?    The  Tsrticai  force  pulling  upward  ia  < 

N-N^-t-N^  +  Nf-  50x(jtM«.  10°+  (ia.  20°  4-  rill.  30*)  =50*  1,01567^ 50,78 Ibi.; 
bf  ao  much  leia  than  ita  own  weight  doet  the  body  pteu  upon  the  floor. 
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Thft  horiumtal  compment*  are  ^  —  aOxfO*.  KK  ■=  &0k0,9B49 ''49,1411m.  ; 
4-50xeo«.  20°-4S,98lbi.i  S^  -  SO  k  eat.  SO'  ^43^1bi.  If  we  dimw  the  uit 
JTX  ID  Ute  <Ureclion  of  the  fint  force  ^,  we  obtiin  th^  literal  force  in  this  aiia  XX, 
Q-Q,+  Q,+  gy=^  rot.  o,  +  J^ew.  a, -t-^cof.  0,-40,14  xew.O* +  46,98  K  MM.  20<> 
+  43^0x  eof.  95<>-49,24  +  44,1S-i-S5,47-12B,861Im.;  on  tha  other  hand,  Ibe 
lateral  force  in  the  lecond  aiii  IT:  A-A,+J^+J^-49,24  x «iM.O°  + 46,98  x 
«te.  20°  ■»■  43,30  X  Wn.  3a< -=  0  + 16,07  +  24,64  -  40,91  Iba. 

The  horiiontal  mean  force  with  which  the  body  ii  drawn  fiirward  i*  from  tbb : 
S  -  VC  +  JI*  -  V(128,fl6)»  +  (40,91)>  -  */18278,7  -  I3S,2  Iba. 

The  angle  f  which  thii  force  makes  with  the  aiia  XX  ia  deteimined  bj  the 
<««y-»°^=-  ^g°'|g  -0,3175!  #-  17",  37'i  the  entire  reanltantia: 

P~  -/ (135,2)' +  (50,78)'  -  -/WObtfi  -  144,42  Ibfc 

If  the  foicea  ad  Id  the  ume  diieetioD,  the  rMoltMit  ia  —  3  x  50  —  150  Iba.,  and 

Uw  loaa  of  force  —  150  —  144,42  —  5,56  Iba. ;  farther,  bectnae  the  borinratal  fbree 

drawing  the  bodjr  forward!  amounta  onl;  to  135,20  Iba.,  we  ha*e,  with  rrfcrence  to 

the  horitoDtal  motion,  the  loaa  of  fwce  150  — 135,20  -  14,80  Iba. 

The  angle  of  inclination  ^  of  the  me«n  force  to  tha  horiion  ii  determined  by  the 
'"?-  +  -  ■J--^^-<'^?58.  whert*«  +  cornea  oat  -  20-,  35', 

$  79. — ^FroiQ  the  rules  found  in  the  for^^iing  upon  the  compo- 
sition of  forces,  two  others  of  essential  aervice  for  practical  use  may 
be  deduced.   In  Pig,  87,  let  JIf  be  a  material  p<Hnt,  MPi  =  P,  irad 
MP^=P„  the  forces  acting  upon  itj  lastly,  let  JfP=  P,  the  resul- 
na.  37.  tant  of  P,  and  P,.     If 

we  draw  tbrongh  M  two 
axes,  AfJf  and  Ml^  at  right 
angles  to  each  other,  and 
resolve  the  forces  P,  and 
Pj,  aa  well  aa  their  remtl- 
tont  P,  into  components 
in  the  direction  of  these 
axes,  vie :  P,  into  Q,  and 
Rj,  Pg  into  Qa  and  S^ 
and  P  into  Q  and  it,  we 
then  obtain  the  forces  in 
the  one  axis  Q^,  Qj  and 
Q,  and  those  in  the  other  «„  R^  R,  and  Q=Q,  +  Q^  and 
R=Ri+R^. 

U  now  we  take  in  the  axis  MX  any  point  O,  and  let  fall  from  the 
same  perpendiculars  OAT,,  ON,  and  ON  on  the  directions  of  the 
forces  P„  Pj  and  P  we  ohtwn  rectangular  triangles  MONy, 
MON^  MON,  which  are  similar  to  the  triangles  formed  by  the 
three  forces,  viz : 
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A  JfOAT,  CM  A  MP,Q, 
A  MON,  ~  A  ifPjQ, 
A  MOtf  CO  A  «Pa. 

Pnnc9>fa  ofmrtual  Vetocitiei.-^'Bat  from  these  similaritieB  -~^ 

'■'■Trso-'^ii!rMo''*y=m'  •' "'  f"'  "■= 

values  hence  derived  of  Q^,  Q^  sad  Q  into  the  equation  Q=  Qi  +  Q^ 
we  then  obtain 

P .  MN=  P, .  MN^  +  P, .  itf^j. 
Likewu*  also  ;^=-jj^,^^=-j^ai.d^  =  jp^  therefore 

P .  OJV=  P, .  OiV,  +  Pa .  OJVj. 
These  equationa  still  hold  good,  if  P  the  mean  force  be  made  up 
of  three  or  more  forces  P„  Pj,  Pj,  becaoee  generally 

Q=0i  +  Q,+  Q3+... 
ii=R,+Ba+iI,  +  ... 

and  therefore  genra^y  we  may  put : 

2.  P.OiV=P,,OiV,  +  Pa.OJVa  +  P,.02V5+... 
In  both  equations  the  mean  force  P  must  correspond  to  the 
forces  P],  P^  P^  and  from  these  equations,  not  only  the  magni- 
tude, but  also  the  direction  of  this  force  may  be  determined. 

^  80.  If  the  point  of  application  M  move  in  a  straight  line  towards 
O,  or  if  we  imagine  this  point  to  have  described  the  space  MO=i, 
no.  38.  then  the  projection  of  this  space  MN=Si  in 

the  direction  of  the  force  MP  is  called  the 
gpace  of  (he  force  P,  and  the  product  P»,  of 
the  force  and  its  space,  the  work  or  labour  of 
the  force.    If  we  substitute  in  the  equation  (1) 
of  the  last  {§)  these  designations,  we  have 
P»=Pi*i  +  Pa«a  +  P5»3  +  ..., 
or  the  work  of  the  reaidtant  u  equivalent  to  tfte  sum  of  the  workM 
of  the  components. 

In  the  summation  of  the  mechanical  effects,  as  in  that  of  the  forces, 
we  must  have  regard  to  their  signs.  If  a  force  (Q3)  of  the  forces 
Qi,  Q3,  &c.,  of  the  last  §  acts  in  an  opposite  direction  to  the  rest, 
we  must  introduce  it  as  negative,  but  this  force  Q^  Fig.  89,  is  the 
component  of  a  force  P3,  which  acting  in  the  circumstances  set  forth 
in  the  former  ^,  opposed  to  their  proper  motion  MN^  we  are. 
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thnefore,  obliged  to  consider  that  force  opposed  to  the  motioD  MN, 
Fig.  W,  M  negative,  and  that  one  P,  Fig.  41^  acting  in  the  direction 
of  motion  MN  as  poutive. 

If  the  forces  are  variable  in  magnitude  or  direction,  the  formula 
P«=P,«,+P3«g  +  P,«3  +  ...  is  only  correct  for  infinitely  smaU 
spaces  «,  »i,  »2,  ^■ 


The  spaces  of  the  forces  ffp  ir,,  a^  corresponding  to  an  infinitely 
small  diiplacement  v  of  a  material  point,  are  called  their  virltiat 
velocities;  and  the  law  corresponding  to  the  formula  i'<r=i'|<r,+ 
P-t"^ + Pai>3i  'A«  principle  of  virtual  velocitiea. 

§81.  TrantmiatioH  of  Mechamcal  effect. — From  the  princ^le 
of  vis  viva,  the  mechanical  effect  (Pb)  in  rectihnear  motion,  which 
a  force  (P)  generates  in  changing  the  velocity  c  of  a  mass  M  into 
another  v  is 

If  P  be  now  the  mean  force  arising  from  other  forces,  P^,  P^ 
&c.,  acting  upon  the  mass  M,  and  the  spaces  which  these  describe 
be  «„  <],  whilst  the  mass  itself  M  describes  s,  we  then  have  from 
the  for^;oing : 

P*=P,#,+Pj»a  +  ... 
and,  therefore,  the  following  general  formula : 


TBANsmaiiaN  of  uecbamical  evfbct.  du 

which  cyprcMM  that  th«  SDin  of  the  meehsnical  effecto  of  the  aingle 
forces  is  eqo&l  to  half  the  gain  of  via  viva  of  the  maaa  taking  up 
these  forces. 

If  the  velocity  during  the  motion  be  invariable,  that  is  v=e, 
and  the  motion  itself  be  uniform,  we  have  then  b*  c'=0^  con- 
seqnently  neither  loss  nor  gain  of  via  viva,  and,  therefore : 

P,»,  +Pa»a+i*aJ3  + =0, 

t.  e.  the  «um  of  the  mechanical  effects  of  the  single  ftvcea  ^  0. 

If  inversely  the  sam  of  the  mechanica)  efects  ^  0,  then  the 
foreea  do  not  change  the  motion  of  the  body  in  the  given  direction, 
□or  impart  to  it  in  the  given  direction  any  motion  which  it  had 
not  before. 

If  the  foreea  are  variable,  the  variable  velocity  v  after  a  certain  time 
again  passes  into  its  initial  velocity  c,  which  takes  place  in  all  perio- 
dic motions  as  they  present  themselves  in  many  machines.  Now  v=  e 

gives  the  effect   ( — ^ — \M^0,  therefore  within  a  period  of 

the  motion  the  loss  or  gain  in  mechanical  effect  is  null. 

Exai^k.  A  ofTMge,  at  the  weight  Q— MOOIU.,  Flf.  42,  it  iiioi>«i]  fonrard  upon 

■n  horiioiital  MnfKe  b7  di«uii  of  •  fbree  Pt  —  AOO  Itw^  iMendiDg  under  sn  sngle 

^^  ^2.  a— 21*kni)liaidaringiUBM>- 


Bcaic  I   one,   1 
— SfiOlbi^  oormpoiidiag  to 
tbe  friction ;  ud  ■  reiiitanee 
-  2M  lb*.,  acting  down- 
d*.  Md  IncdliMd  (o  the 
horizon  »X  u  angle  J3  —  35*. 
What    woric   wiU  th«  force 
(^P^  peifonn,  in  order  to  cou- 
rt the  3  feet  initUl  TClodtjr 
of  the  ceiTiige  into  ■  Triocil; 
(rfSfeet? 

If  we  put  llie  diituice  <d  the  earritge  UU  •  t,  we  then  have  for  the  irork  of  the 
force />,=  P,.MN,  =  I\  ( nu.  n  »6fiO  x  i cot.  21* -M2,9i.i;  farther, the  wotfc 
oflbere«)«tingforee-(— />^.*-  -  SMI.  *;  lutlf,  the  work  of />,-(—/>,).  VJV, 
-  —  /',  (rat.  (3  — — 230xt<HiL3S<>-  —  188,40. «■    There  then  remaim  ior  the 

A-/>,>ra>.a— />,«rat.O— '>,ina./3~{6D2,g(— 35O-tB8,40).t<'<4,64.«ft.n». 

Tbenuui,  howerer,  requires  for  the  cliange  of  iti  velocity,  the  mechanical  effect: 
(^=^  G  -    (''7^)   '  SOOO  -  0,015S  X  {2S— 4)  x  SOOO  =  1627  ft  Ibi. 

If  now  we  equate  both  Toechanical  effecli,  we  then  oi>tain  64,54.1  —  1627,  con- 
•eqaentl;  the  diitanct  of  tbe  carriage :  t  —  '^t^  —  3&.2S  feet ;  and  laatlj,  the 
meriunieal  efftet  of  the  torn  P:  P,  t  cot.  a-60i,94  x  ;15,>B-1S230.3  ft.  lb*. 
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^  K3.  Curviimear  Motion. — Provided  that  the  spaces  a,  ir,,  ke. 
be  infinitely  small,  we  may  also  apply  the  formula  last  found  to 
curved  paths.     Let  MOHS,  Fig.  43,  be  the  path  of  a  material 
MO.  .43.  point,    and  MP-^  =  P,  the  resul- 

tant of  all  the  forces  acting  upon 
it ;  if  we  resolve  this  force  into  two 
others,  of  which  the  one  MK  ^  K 
is  tangential,  and  the  other 
MJV^iV  normal  to  the  curve,  we 
then  t^m  the  one  a  lanfftjtiial,  and 
the  other  a  normal  force. 
Whilst  the  material  point  describes  ^the  element  MO  =  »  of  its 
curved  path  MS,  and  its  velocity  c  is  transformed  into  Vi,  its  mass 

M  lays  claim  to  the  work  (  "'  1"^  )  M,  'but     the     tangential 

force  K  performs  at  the  same  time  the  work  K  «,  and  the 
normal    force    the     work    AT .  0  =  0  ;    consequently    K  a  ^ 

If  the  projection  MQ  of  the  elementary  apace  MO  in  the  du-ec- 
tton  of  force  be  put  =  ir„  then  also  P^a^  =  Ko ;  and,  therefore. 

If  the  whole  space  described  by  the  material  point  3f/{  he  decom- 
posed into  infinitely  small  parts,  and  each  part  be  orojected  upon 
the  direction  of  force  at  each  moment,  we  then  obtain  the  elementary 
space  of  the  force  at  each  moment,  and  the  work  at  each  moment 
by  the  multiplication  of  the  space  and  force,  and  if  we  add  togc^er 
all  these  mechanical  effects,  we  then  have ; 

P...  +  P,*,  +  P^H  +   .•■  =  (^^)«+  (^^)jtf4 

(^t^£^M+...=  {^^^^  M=  {h^h^M^   if  A,   be  the 

height  dac  to  the  initial  velocity  c,  and  h  that  due  to  the  ter- 
minal velocity  v.  Thus,  in  cwrvilinear  motion,  the  whole  ^tet 
(ffthe  moving  force  ia  equal  to  ha(f  the  gain  ofvi*  viva,  or  equal 
to  the  product  of  the  masB  into  the  difierence  of  the  heights  due 
to  the  velocities. 

Remark  and  Bxaa^lr.  Th«  formula  obtaiiwd  which  ii  derived  from  combining  Ihe 
principle  of  the  vi«  vivk  niih  tiiU  of  the  viniud  velocities,  is  espec'ully  applicable  in 
eases  when  bodka  are  conttrained  by  a  lixed  track  or  hy  smpension  to  describe  a 
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detenaioate  path.  If  gnvity  alane  act  apon  nich  a  body,  tbe  woit  irliich  it 
geoerate*  id  a  bod;  of  ths  weight  O  Atlfing  into  a  height  coireipoadii^  to  Ih« 
vertical  projection  W,  R,  —  •,  is—  O  t,  and  therefore : 

Gi^(k-k,)0,  Le.  (-A  — V 
Which  i>  abo  tite  space  which  a  body  dcacribes  in  falling  from  an  horiiontal  plane 
JB,  Fig.  it,  to  aoolher  CD ;  the  diflbreoce  of  the  heights  due  to  the  velocity  ii  alwayi 


eqaa]  to  the  perpendicolar  height  of  iail ;  bodiet  which  be^  to  describe  tbe  pathi 
M,  0,S,,  MjOfR,.  MfOj  Kf,  &c„  with  equal  velocity  (e),  acquire  at  the  end  of 
tbcM  )iath*,  aa  well  ai  at  different  times,  equal  velocitiei  («).  If  the  initio  Tclodty 
c  =  10  feet,  and  the  TeHicsI  height  of  faU  i  -  20  feet,  then  h  =t  +  k,  =  2(H- 
0,DI5!10.10'  "  2ifib  feel,  and  the  tenninal  veiodty  r  =  -/Tgh  ^  8,03  v'~21,& 
•3  36,93  feet,  in  whatever  curved  or  right  line  the  descent  may  take  pUce. 


/v"/  -   v^ 


V 
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SECTION  III. 

STATICS   OF   RIGID   BODIES. 

CHAPTER  I. 

GENERAL   LAWS   OF   THE   STATICS   OF   RIGI0   BODIES. 

/  §  83.  TVansferenee  qf  the  pami  of  application. — Althoagh  every 
rigid  body  is  changed  in  form  by  the  action  of  forces  upon  it,  t.  e. 
becomes  either  compressed,  extended  or  bent,  &c.,  it  is  nevertheless 
allowable  for  as  to  consider  it  for  the  most  part  as  a  rigid  and 
invariable  union  of  material  points,  partly  because  thk  dumge  of 
form  or  displacement  of  parts  is  often  very  slight,  and  partly 
because  it  takes  place  in  very  short  spaces  of  time.  We  shall, 
therefore,  in  the  following,  unless  it  be  otherwise  mentioned, 
regard  every  rigid  body  as  a  system  of  points,  firmly  connected,  and 
we  shall  thereby  essentially  simplify  the  investigation. 

A  force  P,  Fig.  45,  which  acts  upon  a  point  A  oih  rigid  body 

Jkf,     is      transmitted 
"®«  **•  in   its    proper   direc- 

tion XX  uniformly 
throughout  the  body, 
and  an  equal  and  op- 
posite force  P|  puts 
itself  in  equilibrium 
with  it,  then  only  when  the  point  of  application  A^^  lies  in  the 
direction  XX  of  the  first  force.  The  distance  of  A  and  A^  is 
without  influence  on  this  condition  of  equilibrium.  The  two 
opposite  forces  hold  themselves  in  equilibrium  at  every  distance  if 
the  two  points  be  rigidly  connected.     We  may,  therefore,  assert 
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that  Ike  action  of  a  force  P,  Fig.  46,  remaau  the  tame  at  what' 
no.  W.  everpoiniA^jA^A^tife. 

^^^^^^^^_l^^^^^^^^^_     of  it*  direction  it  may  be 
^^^^K^^^t^^^K^^^^^^^^     applied  or  may  act  di- 
^^^^^^^^^^^^^^^^^^^^H     redly  vjkm  the  body. 
^^^^^^^^^^^^^^^^  §  84.  When  two  forces 

P|  and  Pg  acting  in  the  same  plane  are  applied  to  a  body  at  different 
Fia.  47.  points  A^  and  A^  their  action  npon 

the    body  ia  the   same  as  if  diey 
had  the  point  C,  where  the  directions 
of  the  two  forces  intersect,  for  their 
common   point  of  application,   for 
from    the    proposition     enunciated 
above,  each  of  these  points  of  appli- 
cation may  be  transferred  to  C  with- 
out thereby  producing  any  change 
in  their  effects.     If,   therefore,  we 
make  CQy  =  AyP^  =  P,  and  C% 
=  A^^  =  Py  and  then  complete 
the  parallelogram  CQiQQ^  its  diagonal  will  give  us  the  resultant 
fbrce  CQ  =  P  of  CQ^  and  CQ^  and  therefore  also  of  the  forces 
P,  and  P^  and  whose  point  of  application  may  be  any  other  point 
A  in  the  direction  of  this  diagonal. 

no  A9.  If  to  the   resultant  force   so 

found  AP  =  P,  there  be  put  an 

op^xttite  force  DP= —  P  equally 
great  at  any  point  D  of  the  di- 
rcction  of  the  diagonal  C,  the 
two  forces  P,  and  P,  will  be 
thereby  held  in  equilibrium;  P,, 
P,  and  — P  are  therefore  three 
forces  in  equilibrium. 

$  86.  If  there  be  let  fall  from  any 

point  0,Fig.4i8,  in  the  plane  of  the 

forces  perpendiculars  OJV„   ON^ 

and  ON  upon  the  directions  of 

the  component  forces  P,  and  Py 

and  their  resultant  P,  we  have  according  to  §  79. 

P.ON=Pi.  ON^  +  P^.ON,, 

and  the  distance  ON  of  the  resultant  force  may  be  found  from  the 
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perpendiculars  or  distances  OiV,  and  ON^  of  the  component  forces, 
if  we  put ; 

nf,-P,0f,  +  P,.Olf, 

Whilst  we  find  the  direction  and  magnitude  of  the  resultant  by  the 
application  of  the  parallelc^^m  of  forces,  its  position  is  given  with 
the  help  of  the  last  formula,  by  detennining  its  distance  ON. 

If  the  prolonged  direction  of  the  forces  includes  between  Uiem  an 
angle  P,  CP^  =  a,  we  then  have : 
1 .  The  magnitude  of  the  resultant  P  =  */Pi»  +  Pj«+3P,PaCo#.  a- 

Further,  if  the  resultant  makes  with  the  direction  of  the  compo- 
nent Pj  the  angle  PCP^=^,  then: 

„     .            Pj  «n.  a 
2.  «n.  ^=     *  p ■ 

'  If  the  directions  CP^  and  CP^  of  the  given  forces  are  distant 
OAT,  =  Qy  and  ON^  ^  a^  from  an  arbitrary  point  O,  the  distance 
ON  e=  a  of  the  direction  CP  of  the  resultant  from  this  point  is ; 

With  the  help  of  this  distance  a,  the  position  of  the  resnltant  is 
given  without  regard  to  the  point  C,  if  we  describe  a  circle  from 
O  as  a  centre  with  radius  a,  and  to  this  draw  a  tangent  NP^ 
whose  direction  is  determined  by  the  angle  ^ 

fntnptf.  Tbere  tct  upon  •  bodj  the  forces  P,  -  20  Ibt.  uid  i>,  =>  M  Ibi. 
no.  i9.  nhoM    directioni    meet    under    in    u^e 

i',  CP,~a^  70°,  and  ut  diaUpt  bom  a 
Mftain  iMHDt  O  ^  0  ^1  =  a,  =  4  Teet,  and 
0  JV,  —  a,  -^  1  foot ;  what  is  the  nugnitade, 
direction,  and  poailion  of  the  reeallant? 
The  mi^ilude  of  the  retaltaot  ii : 
/'-v'2ff'  +  W»  +  2x20K34n>..70° 


-  V100  +  1156  +  1360  X  0,34202 

'  v'2D21,16  =  44,96  lb«.  i  farther,  for 


34  > 


t.JV 


^.  86.  The  normal  distances  ON^  ■■ 


ill  direction,  n-.^ -^^ . 

Lag.  tia.  t  "  0,8516384,  tbe^rfor^ 
f=45>  17',  the  angle  which  tbla  reiulttnt 
maket  with  the  direction  of  /■,.  The  po- 
titioa  finally  ia  determined  by  iti  diitance 
OJVfrom  Q,  which  ii: 


=•  2^36  feet. 
o„  ON,  =  Bj,  &c.,  of  the 
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direction  of  tfae  forces  from  an  arbitrary  point  O,  Fig.  SO,  are  called 
the  armiof  the  forces,  became  they  form  esBeotial  dementa  in  the . 
theory  of  the  lever,  to  be  treated  of  anbseqoently.  The  product 
Pa  of  the/orce  ap4  Wer  ann,  is  n^led  the  statical  moment  o!  the 
fofce^*^  Biit  since  Pa  =  Pia('+P^;  the  statical  moment  dT  the 
resultant  ia  equivalent  to  the  sum  of  the  statical  moments  c^  the 
oompoDents. 

In  the  addition  of  the  moments,  regard  mnst  be  had  to  the  signs 
plus  and  minus.  If  the  forces  P,  and  P^  Fig.  50,  act  sbont  the 
point  0  in  like  directions,  and  if  the  directions  of  force  coincide 
with  the  direction  <£  motion  of  the  hands  of  a  watch,  these  forces. 


as  well  as  their  statical  moments,  are  said  to  have  tike  signs ;  if  the 
(me  be  positive,  the  other  must  be  positive  likewise.     If,  on  the 
other  hand.  Fig.  51,  the  directions  of  the  forces  about  the  point  O 
ri«.  S2.  be    opposite   to  each   other,  then 

the  same,  as  well  as  their  statical 
moments,  are  of  contrary   signs; 
if  the  one  be  negative,  the  other 
must  be  positive.     In  the  composi- 
tion of  forces  represented  in  Fig.  52, 
Pa  ^  P^Oi  —  P^v    because  Pj 
is  opposed   to   the   force   Pj ;   its 
statical  moment  is,  therefore,  nega- 
tive. 
§.  87,  Compotition  ^fforea  m  a  plane. — If  three  forces,  P,,  Pj, 
Pg,  Fig.  63,  act  npon  a  body  at  the  points  .^„  A^  A^  two  of 
these  forces   (P„  Pg)  by  the  last  rale  must  be  joined,  and  their 
resultant  CQ  =  Q  found,  this  agam  joined  to  the  third  force  (P,), 
and   the    parallek^ram    DR^R^    constructed  from    the  forces 
DR^=CQ  and    DR^  =  AJ?,.    The   diagonal  DR=P  is  the 
required  resultant  of  P„  P,  and  P,.      It  is  from  this  easy   to 
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,^  5j^  Bee  how  the  resultant  might  be 

found  if   a  fourth   force    P^ 
were  to  be  introduced. 

In  this  composition  of  the 
forces,  the  magnitude  sod  di- 
rection of  the  resultant  is  as 
accurately  found  as  if  the  forces 
acted  in  one  single  point  (^.  77); 
the  rules  of  calculation  (§.  77) 
are,   therefore,   appUcable    for 
finding  these    two    first    ele- 
ments of  the  resultant;    but 
in  order  to  find  the  third,  vis., 
the  position   of  the  resultant 
or  its  line  of  action,  we  must  make  use  of  the  equation  between  the 
statical   moments.     Here,  also,  O^,  =a,,  ON^  =  a^  OX'j=a^ 
and  ON^.a,  are  the   arms  of  the  three  components  P„  P^  P^ 
and  of  their  resultant  P,  with  reference  to  an  arbitrary  point  O. 
So  that : 

Pa  =  Q-OK+PgO^  and 

Q .  OK  =  PjA,  +  Paffa,  provided  Q  is  the  resultant  of  P,  and 
P^  and  OK  the  arm.  If  we  combine  these  two  equations  we 
then  obtain : 

Pa  •=  P,ai  +  Pa«3+  P^/hn  """^  ■!»>  for  several  forces : 
Pa  =  P,fl,  +  Paflj  +  Pgda  +  ..,&K.,i.  e.,  the  (atatical) numumt 
of  the  resultant  is  always  lyuivn/mt  to  the  algebraical  ittm  of  the 
(statical)  momenia  if  the  components. 
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§.  88.  If  Pj,  P„  P^  Fig.  54,  are  the  single  forces  of  a  tyetem 
of  forces;  if,  further,  a„  a^,  a^  8k.,  are  the  angles  Pj2)|X, 
P^^,  P^DgX,  &c.,  under  which  an  arbitrarily  chosen  axis  XX 
is  iDtersected  by  the  directions  of  force,  and  if  Cj,  o^,  a„  designate 
the  arms  ON^,  0^^  ON^,  of  these  forces  with  r^ard  to  the  point 
(^  intersection  O  of  both  axes  Jf  ^and  Y  Y,  we  have  from  §§.  77 
and  87: 

1.  Tlie  component  parallel  to  the  axis  XX: 

Q  =  P,  «M.  a,  +  i>j  «w.  oj  +  Pj  «w.  Oj.  . . , 

2.  The  component  parallel  to  the  axis  YY: 

R^Pf  gin.  aj  +  P^nO'  a^+P^tttt-tt^-  ■•, 
8.  The  resultant  of  the  whole  system  : 

p=  s/WThK 

4.  The  angle  which  the  resultant  makes  with  the  axis  by 
i< 

&.  The  arm  of  the  resultant  or  the  dinmstw  of  the  circle  to 
which  the  direction  of  the  resultant  is  a  tangent : 

„_p,«,+p^+..._ 

If  this  resultant  be  replaced  by  an  equivalent  opposite  force 
( — P),  then  the  forces  P^,  P^  P^,...  ( — P)  are  in  equilibrium. 

Etmple.  The  fbreei  P,  -  40  lb.,  P,  ~  30  lb.,  />,  -  70  lb.,  Kg.  ii,  intenect  the 
nbXXataaglMa,  —  80>,  a,  —  —  80°,  14  >.  142°,  and  the  dntucM  of  tbe  paind 


of  mleneclkm  D,,  Dj,  D^  ol  the  ^ncOom  ot  the  font*  ynOi  iht  tva ;  D^Dfi  ft-, 
■nd  A,  i),  -  S  ft  Required,  the  elementa  of  the  rendUot.  The  mm  of  the  eom- 
poncDt  force*  parallel  to  XZim: 

Q  -  40  ear.  60°  ^  30  eat.  (—  80°)  +  70  cOf.  142° 
=  40«w.  60°-f30(»(.80°  — 70«>i.  S8* 
-  20  +  &.209  — »,I6I  =— 29,952  Ibt. 

6* 
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Hm  Mm)  of  the  CMnptMCBti  panlld  to  fY: 

JI  -  40  «fa.  SO' + 90  riN.  (— SO*) -»- 70  ite.  142> 

-  40j«lSO>— 3O*ta.B0'-<-70t«i.3S 

-  U,M  —  29^4+48,098  -  48,193  Dm. 
n*  icndtut  MMgjrt  it  IbMcfofc  I 

P  -  y?T9  -  V  30,9B3*+48,193>  -  ^'^19,68  -  U,743  Rm. 
The  tDgle  f,  iTUdi  H  intkM  witli  the  ui*,  it  ftitth«r  detcnoiiied  b7 : 
'OP-#-  4  -  ^aiii  "  ~  '.«>90,itIitliBreftwf-ieO>— 68"8'-18I-62'. 
The  arm  ON,  (d  the  force  P,  it  '^  OD,  *ta.  oi  -  (4+5)  lat.  00°  -  9  x  0^6603 
-7,794  feet;  the  arm  OA;  of />,- OC^tm.  n,  -  S  rit.  80>  -  4,924  foet;  lutl;, 
the  inn  ON,  of  />,  —  0,  when  the  paint  trf  ^jicatlon  0  it  tmuferred  to  Df.  The 
•m  «f  the  reenltuit  it  fiMllf  given  bjr : 


x  7,794—30  <  4,924      811.70—147,72       164,04 


-  2,891  feeb 


56,742  ~  56,742  S6,743 

§.  89.  PwraUel  force:— U  the  fom*  P„  Pj,  Pj,  &c..  Kg.  56, 
of »  rigid  iystem  are  parallel,  the  arms  ON^,  ON^   ON^  are  in 
_„  „  the  same  straight  line  ; 

if  now  we  draw  through 
the  point  of  appheation 
0  an  arbitrary  line  XX, 
the  directions  of  the 
forces  cat  off  the  parts 
0D„  ODa,  OD3,  &c., 
which  are  proportional 
to  the  arms  ONj,  OJST^ 
OJ^^j,  &c.,  because  ^ODiN^(yaAODaN^f^^OD,Ny  Iftheangle 
i)iOAr,  =  flaOJVj  be  designated  by  o,  &c.,  the  arms  OJV,,  ON^ 
ftc.,  by  Si,  03,  ke.,  the  sbacifles  OD^,  0D„  &e.,  by  i„  b^  &c.,  we 
then  have: 

Oj  =:  ft,  en.  0,  a,  oi  i^  eiw.  o,  &c 
If,  laatly,  these  Teluea  be  anbatitated  in  the  formnla : 

Po  =  Pii,+Paaa+..., 
we  then  obtain : 

Pft  CM.  «  =  P,i,  CW.  a+PjAjftM.  0  +  ..., 

or  if  the  comnHHi  factor  cot.  a  be  I^  ont : 

PA  =  P,i,+Pjft,  +  ... 
In  every  systeni  of  parallel  forces  it  is  allowable  to  replace  &e 
arms  by  the  distances  ODi,  OD^  cut  off  from  any  line  XXi 
Because  the  magnitude  and  direction  of  the  resultant  is  the 
same,  the  forces  may  act  at  one  or  at  di&rent  points ;  hence  the 
resultant  of  a  system  (^  parallel  forces  has  the  same  direction  with 
the  single  fbreea,  and  is  equivalent  to  their  algebraical  anm. 


Therefore 

^•"^  V.+p^;...  '''"^- 

8  A-J'A+PA+--- 

P,  +  Pa+...  ' 
fmifife.  Tlieforcei/>,~12lb.,  P,  ~  — 32  1b.,  P,  ^SSlb.,  uid  their diiectioiu 
istcneet  >  itnighl  line  at  the  point*  Di,  DftaiD^  Kg.  £6,  whoM  diituMx*  from 
och  other  an  B,D,~21  inchet,  iy),-30  incfae*)  itqniied  tho  reraltut.  The 
■ngnitnde  of  thia  force  iaP-  12  —  32  +  25  -^eiba.,  ita  diatanee  0,0  from  J),,  ia 
thertfoiei 

t  -  'gxP  — 32x21  ■!■  25  k  (21+30) ^0  —  67a+1275_)jqg|^^^^^^ 

§.   90.   Cot^pki. — ^Two  paraUe],   equal  and  opposite  forces,  P, 
and  —  P„  Eg.  67,  have  the  resultant 

P=P^  +  {— P,)  =  Pj  _  p,  =  0,  with  the  arm 


For  restoring  eqnilibrinm  to  sach  a  couple,  according  to  this,  a 
single  finite  force  P  acting  at  a  finite  distance  is  not  sufScient,  bnt 
two  such  couples  may  easily  hold  each  other  in  equilibrium.  If  P,  and 
— P,  and — Pg  and  Pj,  Fig.  58,  are  two  anch  couples,  and  Oilf,=a„ 
OA,  =  OMy  —  M^Ni  =  a,  —  A, ;  if  further,  OM,  ==  a,  and 
ON^  =  03fg — AfgJVj  =  0, — &2  are  the  arms  taken  from  a  certain 
point  O,  we  have  for  eqnilibrinm  : 

P,4,  =  P/a- 

Two  such  couples  are,  therefore,  in  equilibrium  if  the  product  of 
one  force,  and  its  distance  from  the  opposite  force  is  as  great  in 
the  one  conple  as  in  the  other. 

A  pair  of  equal  opposite  forces  is  called  simply  a  cotgile,  and  the 
product  of  one  of  the  forces  and  its  normal  distance  bom  the 
other  force,   the  moment   of  ike  cotcp/?.     From  the  above,  two 
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Gonplea  acting  in  <^posite  directiona  are  in  equilibrium,  if  they  hare 
equal  moments. 

If  we  subatitute  in  the  formula  (§.  87)  for  the  arm  a  of  the 
reaultant: 

P.a.  +  P^,+... 
P 
P  =  0  without  the  Bum  of  the  statical  moments  becoming  null ;  we 
obtain  likewise  a  =  as,  a  proof  that  in  this  case  also  there  ia  no 
resultant,  but  only  a  couple,  possible, 

AffiHpb.  If  ■  couple  eondtti  of  thefarcei  P,-95  lb«.,  ud  — P,  — —  26lb«.,  ud 
■nMlia  at  tbe  fone*— P^-- '181bt..iiidi>,-I8nw.;  IT,  lutly,  the  nonnildl*- 
Uhm  et  the  Snt  pik  •=  3  feet  tat  tfae  condition  <d  cqnilibiium,  tbe  Mtiml  dii< 
tuce  of  the  ncond  mnrt  unouDt  to  s>  — tj—  =  ^^  ftet. 

§.  91.  Centre  of  parallel  forcex. — If  the  parallel  fbrcea  lie  in 
ris,  BD,  different  planes,  their  union 

may  be  effected  in  the  fol- 
lowing manner.  If  the 
straight  line  ^,  A^  Fig.  69, 
which  unites  the  points  of 
application  of  two  parallel 
forces  P,  and  P^,  be  pro- 
longed to  the  plane  2Fbe> 
tween  the  rectangular  axes 
MX,  MY,  and  if  tbe  point  of 
intersection  K  be  taken  for 
the  initial  point,  we  shall  in 
this  manner  obtain  for  the  point  of  application  A  of  the  resultant 
(Pi  +P9)  of  these  forces. 

iPj  +P^ .  Jr^  =  P, .  KAi  +  P, .  KA,. 
As  now  B,  B,  and  B^  are  the  projections  of  the  points  of  appli- 
cation Af  A^,  A^  on  the  plane  X¥,  we  have : 

AB :  AjBj ;  A^,  =  KA :  KAj :  KA^  and  therefore  also 
(P. -^  Pa)  ^IB  =  P, .  vi,  B,  +  P3 .  ^  Bj. 
If  we  designito  by  z„  z^  z^  &c.,  the  normal  distances '^,B„ 
A^B^  A^^  &c.,  of  the  points  of  appUcation  from  the  principal 
plane  XY,  and  by  itr,  that  of  the  point  A  from  the  same  plane,  we 
have  for  the  two  forces : 

(P\  +  Pa)  "i  =  Pi  *i  +  Pa  *a  j  for  three  or  more,  and  generally 
{P,  +  Pa  +  Ps -»-... )io=PiZi+P^,  +  Pjyj...    Consequently 

'—  P,  +  P,+  ... 
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If  we  put  likewise  the  distances  AC  and  AD  of  the  point  of 
apphcation  of  the  resultant  from  the  planes  XZ  and  YZ=^  v 
and  u,  we  then  obtain : 

^''-     P,+P,  +  ... 

The  three  distances  »^  v,  fc  from  the  principal  planes,  as  for 
example,  from  the  floov  and  the  two  side  walls  of  a  room,  frilly 
determine  the  point  Ay  for  it  is  the  eighth  terminating  point  of  the 
parallelepiped,  constructed  from  «,  v,  tr,  consequently,  in  such  a 
system  there  is  but  one  single  point  of  application  of  the 
resultant. 

As  the  three  formulir  for  u,  v,  w^  do  not  contain  the  angles 
which  the  forces  make  with  the  principal  planes,  the  point  of 
application  is  independent  of  these  fppeeg^  and  also  of  their 
directions;  the  whole  system  admits,  therefore,  of  being  turned 
about  this  point  without  its  ceasing  to  be  the  point  of  application, 
provided  only  that  in  this  turning  the  parallelism  of  the  forces  be 
preserved. 

In  such  a  system  of  parallel  forces  the  product  of  a  force,  and 
the  distance  of  its  point  of  application  from  a  plane  or  line,  is 
called  the  moment  of  the  force  with  reference  to  this  plane 
or  line,  and  generally,  the  point  of  application  of  the  resultant  is 
caUed  the  centre  of  paraUd  forces.  The  distance  of  the  centre  of  a 
system  of  parallel  forces  from  any  plane  or  line  whatever,  (the 
latter  when  the  forces  lie  in  the  same  plane)  is  obtained,  when  the 
sum  of  the  moments  is  divided  by  the  sum  of  the  forces. 


If  the  forces  are 
the  diftances 


n 


»» 


y. 


The  moments  are  P^  x. 

»•  »»       '^n  Pn 


5 

—7 

10 

1 

2 

0 

2 

4 

5 

8 

3 

7 

5 

—14 

0 

10 

—28 

50 

40 

—21 

70 

tlbs. 
9  ft. 

10  „ 
36  ft.  Ibe. 
12 
40 


Now,  if  the  sum  of  the  forces « 19  —  7  — 12  Ihs.,  the  distances  of  the  central  point 

of  this  system  from  the  three  principal  planes  are  consequently : 

5  +  36-14    27    9    „  ^^  ^_, 
u j2 -----2,25  feet; 

10  +  50+12—28     44     11     ,  ^^       ^ 

Trt="3r™3,66 . . .  feet ; 


12 
40  +  70  +  40—21 


12 


12     3 

129     43 
-j2"'"'3"*  10,75  feet. 
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§  92.  Foreet  m  Space. — If  it  be  required  to  unite  «  system 
constituted  of  diffearently  directed  forces,  a  plane  must  be  carried 
through  the  system,  the  different  points  of  applicaboo  traiuferred 
to  this  phme,  and  each  force  resolved  into  two  component  forces,  the 
one  coinciding  with  the  plane,  the  other  at  right  angles  to  it. 
If /S],  jS^.  • .  are  the  angles  under  which  the  plane  is  intersected  by 
the  directions  of  the  forces,  then  the  normal  forces  are  P,  vtn.  j3, 
Pj  tin.  fi^.. . ,  and  those  in  the  plane  P, cc$.  jSj,  P^  coa.  0^  &c. 
The  latter  from  §  88,  and  the  former  from  the  hut  §  91  may  be 
combined  to  a  resultant.  In  general,  the  directions  of  both  resultants 
will  nowhere  intersect  each  other,  and  accordingly  a  composition  of 
these  is  impossible,  but  if  the  resultant  of  parallel  forces  passes 
through  a  point  K,  Fig.  60,  in  the  direction  AB  of  the  resultant 
of  the  forces  in  the  plane  (the  plane  of  the  paper)  a  composition  is 
no.  60.  then  possible.     If  we  pnt  the 

distances  0C=  DK  =  u,  and 
OD=CK=v  for  the  point  of 
application  of  the  first  resultant, 
on  the  other  hand  Che  arm  ON 
of  the  second  =  a,  and  the 
angle  £.i40,  at  which  it  inter- 
sects the  axis  XX  =  i^  the 
condition  for  the  possibility  of 
a  composition,  is : 

UJtK.(f+PC(u.  a=a.  Vj  '■  ' 
If  this  equation  is  not  satis- 
fied, if,  for  example,  the  resultant  of  the  normal  forces  passes 
through  jf„  the  reduction  of  the  whole  system  of  forces  to 
a  resultant  is  then  impossible,  but  it  readily  admits  of  being 
reduced  to  a  resultant  R,  Fig.  61,  and  a  coi^ile  P,  —  P,  if  the 
f,a.  ei.  resultant  ^  of  the  parallel  com- 

ponents is  resolved  into  the 
forces  —  P  and  R,  of  which  the 
e  is  equal,  and  directed  paral- 
lel and  opposite  to  the  resultant 
P  of  the  forces  in  the  plane. 

§  98.  PrindpU  ^  mrlual 
VelocUiet.  —  If  a  system  of 
forces  Pp  Pj,  Pj,  actmg  in  • 
plane.  Fig.  62,  is  progressive,  >.  e.  moves  forward  so  that  all  the 
points  of  application  Af,  A^  A^...  pass  through  equal  parallel 
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spaces  A^  Bj,  A^  B^  A^  B^  the^  effect  of  the  reanltant  (in  the 
sense  of  ^  80)  is  equivalent  to, those  of  the  components,  and  in  a  state 
of  equilibrium  therefore  ^  0.  If  the  projections  A^  N^,  A^  JVj, 
&c.,  coinciding  with  the  directions  of  the  forces  of  the  conunon 
spaces  A,Bj,=A^B^  Stc.,  =  t,,t^  then  the  mechanical  effect 
of  the  resultant  is  : 

no.  62.  This  law  follows 

from  one  of  the 
formnhe  of  §  88, 
according  to  which 
the  component 
of  the  resultant 
nmning  parallel 
with  the  axis  XX 
is  equal  to  the  som 
Q,  +  Qa  +  ...  &c., 
of  the  similarly 
running  compo- 
nents ol  the  forces 
■Pp  ^a ;  now  from 
the  similarity  of 
the  triangles  ^,A,^j  and  AjPjQ^,  there  follows  the  proportion- 

p=A;BrAB''^^^^*^'- 

'^^      AB'^^      AB'"^' 
we  may,  therefore,  in  place  of 

Q=Q,  +  Qj  +  ...put 
P«=P,»,+P^  +  ... 
§  94.  If  the  system  of  forces  P„  P^  &c..  Fig.  63,  be  made  to 
pio.  63.  revolve  a  very  little  about  the  point 

O,  the  law  of  the  principle  of  virtual 
velocities  wimiiKitgd  above  in  W£-yvu**^/e^ 
and  98  holds  equally  good,  as  may 
be  proved  in  the  following  manner. 
Prom  §  86  the  moment  P.  ON ^ 
the  resultant  is  equivalent  to  the 
sum  of  the  moments  of  the  compo- 
nents, so  that ; 

Pa  =  Pia,+Pa03+... 
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The  apace  A^B^  corresponding  to  a  rerolatum  throngli  the  raull 

angle  A^OBi=f''  or  the  arc^=^^|^.»,  w  perpendicular  to  the 

diameter  OAi,  therefore,  the  triangle  ^,B,C„  which  is  formed  if 
a  perpmdicoUr  line  A,  C,  be  let  fall  on  the  direction  of  the  force, 
is  similar  to  the  triangle  OA^Ni  determined  by  the  arm  O^,  =0^, 
and  accordingly 

OJ^~A^B^ 
If  the  virtual  velocity  A^Ci=v^vaA  the  arc  j4,  £,  =  0^, .  ^ > 
we  then  obtain ; 

OA,.v,      ff,      ,  *a     o_ 

"■'aatr^*  ■''"°'=»'  *"• 

If  these  values  be  substituted  in  the  above  equation  for  Sj,  a^ 
we  then  have 

^=^  +  ffe  +  ...&e.. 

f  ?  * 

or  as  f  is  a  common  cUvisor, 

Pff=P,ff,4-Pjffj+  ...  &c.,  the  same  as  in  §  80. 
So  that,  for  small  revolutions  the  mechanical  effect  (Pv)  of  Uie 
resoltant  is  equival^t  to  the  sum  of  the  mechanical  effects  of 
the  components. 

§  96.  The  principle  of  viitod  vdocities  hi^ds  likewise  for 
arbitrarily  great  revolutions, 
if  instead  of  the  virtual  velo- 
cities of  the  points  of  appli- 
cation, the  projections 
NJ>^,  N^^  &c.  Kg.  64, 
of  the  spaces  commencing  at 
the  points  N^,  N^  be  intro- 
duced, and  their  valaea 

Bi  C,  =  OB^  tin.  JV,  OB, = o,  mn.  ^, 
BaCa=OBa«n.Ar,OBa=aa«a.#,  &c., 
be  substituted  for  a^,  a^  we  then  obtain 

Pa  tin.  ^=P|a|  m.  f+PgOgMn.  f .  ..-(■,  or,  dividing  I^ 

tin.  ^, 
Pa=P,o,-HP^+  .... 
the  known  equation  for  statical  moments. 

This  principle  is  correct  also  fw  finite  revolutions,  if  the  diree- 
tions  of  the  forces  revolve  simultaneously  with  the  system,  ot  if 
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while   tlie  point    of  application    incessantly    changes,    the    arm 
ONj  =  OBy  remains  invariable,  then  from 

and  multiplying  by  f  we  have 

Pa*=P,a,*+PsOa»+...,  i.  e. 
Pff=P,ff,  +  Pa»3+..., 
if  ff,  r„  o-g.  See.,  designate  the  circnlar  arcs,  N^  A„  N^  B^  &c.,  of 
the  pointa  N,  N^,  &c. 

'$  96,  Erery  small  motion  or  displacement  of  a  body  in  a  plane 
may  be  regarded  aa  a  small  revolution  about  a  moveable  centre,  and 
may  be  proved  in  the  following  maimer.     Let  two  points  A  and  B, 
Fig.  65,  of  tim  body  (this  surface  or  line)  be  advanced  by  a  small 
„e.  (s.  motion  to  Ai   and  B„    let    also 

AiBi=AB.    If  at  these  points  we 
draw   perpendiculars  to  the  small 
spaces  described  j4^,  and  BBi,  they 
will  intersect  at  a  point  C,  £rom 
which  as  a  centre  AA^  and  BBi  may 
be  considered  the  circular  arcs  de- 
scribed.    Now  from  the  equaUties 
AB=A^Bi,  AC=AiC,  and  BC= 
S,  C,  the  triangles  ^fiC  and  ^i^i  C 
are  equal,  therefore,   also  the    ^ 
B,CAi  =  BCA  and  the  ^ACA, 
=  L  BCB^.     If  we  malce  AiDj  =AD,  we  obtain  from  the  equality 
of  the  Zs  D,AiC  and  DAC,  and  from  that  of  the  sides  CA,  and 
CA  in  CA^D^  and  CAD,  again  two  congruent  triangles  in  which 
CDi  =  CD,  and  ^A,CDj=  Z.ACD.     Consequently  any  arbitrary 
point  D  in  AB^  by  its  small  advancement,  describes  a  circular  arc 
Di),.     If  lastly  E  be  any  point  without  the  line  AB  and  ligidly 
connected  vrith  it,  the  small  space  EEj  may  be  regarded  as  the  arc 
of  a  circle  from  C  as  a  centre,  for  if  we  make  the  ^  E^A^B^^BAB 
and  the  distance  A^E^  =  AE,yte  again  obtain  two  congruent  triangles 
£,^iCand  S^C  with  equal  sides  C£,  and  CE,  and  equal  Zs  A^CBi 
ACE,  and  the  same  may  be  shown  for  every  other  point  rigidly 
connected  with  AB.    We  may  consequently  rc^iard  every  small 
motion  of  a  surface  rigidly  connected  with  AB,  or  of  a  rigid  body, 
as  a  small  revolution  about  a  centre,  which  is  given  when  the  point 
of  intersection  C  is  determined,  in  which  the  perpendiculars  to  the 
paths  AAi  and  BB,  of  the  two  p<rints  of  the  body  intersect  each 
other. 
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§  97.  From  §  94^  for  a  small  revolution  of  a  system  of  foroef, 
the  meGhanical  effect  of  the  resultant  is  equivalent  to  the  alge* 
braical  sum  o^^ts  components ;  from  §  91^  every  small  displacement 
may  be  regarded  as  a  small  revolution :  hence  the  law  of  the 
principle  of  virtual  velocities  above  enunciated  is  therefore  appli- 
cable  to  every  small  motion  of  a  rigid  body  or  system  of  forces. 

If  equilibrium  obtain  in  a  system  of  forces^  t.  e.  if  the  resultant 
be  nuU,  the  sum  of  the  mechanical  effects  must  be  also  null  for.a 
small  arbitrary  motion.  If  inversely  for  a  small  motion  of  the  body 
the  sum  of  the  effects  be  null^  equilibrium  does  not  from  this  neoes* 
sarily  follow^  the  sum  for  aU  possible  smaU  displacement  must  be 
s  0^  if  equilibrium  is  to  take  place.  Since  the  formula  express- 
ing the  law  of  virtual  velocities  only  fulfils  one  condition  of 
equilibrium^  it  is  requisite  for  equilibrium  that  this  law  be  satisfied, 
at  least  for  as  many  motions  as  can  be  made  trom.  these  oonditions 
for  example^  in  a  system  of  forces  in  a  phae,  fior  the  tlirce  motiona 
independent  of  each  other. 


CHAPTER IL 

CENTBE   OF   GBATITY, 


§  98.  CefUre  of  gravity. — ^The  weights  of  the  parts  of  a  heavy 
body  form  a  system  of  parallel  forces^  whose  resultant  is  the  weight 
of  the  whole^  and  whose  centre  may  be  determined  from  the  three 
formulae  of  §  91.  This  middle  point  of  a  body  or  system  of  bodies 
is  called  the  centre  of  gravity^  and  also  the  centre  of  the  mass  of  the 
body  or  system  of  bodies.  If  a  body  be  turned  about  its  centre  of 
gravity^  this  point  does  not  cease  to  be  the  central  point  of  gravity, 
for  if  the  three  planes^  to  which  the  points  of  application  of  the 
separate  weights  are  referred,  revolve  at  the  same  time  with  the 
body^  the  position  of  the  directions  of  force  to  these  planes  alone 
changes  by  this  revolution^  the  distances  of  the  points  of  applica* 
tion  from  these  planes  remain  invariable.  The  centre  of  gravity 
is,  therefore,  that  point  of  a  body  in  which  its  weight  acta 
verticaUy  downwards^  and  which  must  be,  therefore,  supported, 
and  fixed,  in  order  that  in  every  position  the  body  may  remain  at 
rest* 

§  99.  Every  straight  line  in  which  this  point  lies  is  caUed  the  line 
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of  gntvity  (vertical) ;  and  every  plane  paning  through  the  centre  of 
gravity,  a  plane  of  gravity.  'Hie  centre  of  gravity  ii  determined 
by  the  intenection  of  two  linea  of  gravity,  or  that  of  a  line  of 
gravity  and  a  plane  of  gravity,  or  by  the  interaection  of  the  planes 
of  gravity. 

Since  the  point  of  application  may  be  displaced  at  will  in  the 
direction  of  force,  without  changing  the  action  of  the  force,  so  a 
body  ia  in  any  position  in  eqnilibriuni  if  a  point  in  the  vertical 
line  passing  thtotigh  the  centre  of  gravity  ia  fixed. 

If  a  body  M,  Fig.  66,  be  suspended  by  a  thread  CA,  in  its 
prolongation  AB  we  have 
a  line  of  gravity,  and  if  it 
be  similarly  auspended  by  a 
second  line,  we  get  a  second 
line  of  gravity  DE.  The  in- 
tersection 8  of  both  lines  is 
the  cento  of  gravity  of  the 
body.  If  the  body  be  sos- 
pended  upon  an  axis,  or  be 
brought  upon  a  sharp  edge 
(knife  edge)  into  a  state  of 
equilibrium,  we  shall  obtain 
in  the  vertical  plane  passing 
through  the  axis,  or  through  the  koife  et^  a  plane  of  gravity, 
8ec  Experimental  determinations  ci  the  centre  c^  gravity,  as  jast 
pointed  out,  are  rarely  applicable ;  we  have  generally  to  make  use 
of  geometrical  rules,  which  will  presently  be  given  for  the  deter- 
mination of  this  point  with  accuracy. 

In  many  bodies,  iar  example,  in  rings,  the  centre  of  gravity 
falls  without  the  mass  of  the  body.  If  such  a  body  is  to  be  fixed 
in  its  centre  of  gravity,  it  is  necessary  to  connect  a  second  body 
with  the  first,  in  such  a  manner  that  the  centres  of  gravity  of  both 
may  coincide. 

§  100.  Determination  of  the  centre  of  Gramiy. — If  «„  x^  x^ 
Vv  Vv  y»  "u  's*  'v  ^-j  ^  ^he  distances  of  the  parts  of  a  heavy 
body  from  the  three  planes  sz,  yz,  xy,  and  the  weights  of  these 
parts  be  P„  P^  P^,  kc.,  we  then  have  the  distances  of  the 
centre  of  gravi^  from  these  three  planes, 

_   P,g,    +    PyC,    +    Pytj    +  ■  ■  ■ 
P,   +   P3  +   Ps  +   -"        ' 
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„  _  fi?!  +  Pji,  +  Piy,  +  ■■■ 

»-         Pt   +  P,  +  P,  +  ...       ' 
_  P,',   +  P^,  +  P^,  +  ... 
P,  +  P,  +  P,f-.-. 
If  the  volumes  of  theae  parts  be   F„    V^    V^  tee.,  and  their 
densiticB  y„  7j,  Tj,  8cc.,  we  may  put  therefore  ^^  v.v;.-*'-    iw  *.-'■"■ 
^  _  ^^lYi^i  +  >^ara^3  +  •  •  • 
~      f",y,  +  nr,  +  . . . 
If  the  body  be  homogeneous,  i.  e.  all  parts  of  the  same  density  y, 
then: 

_  (r,g.  +  r^a  +  ...)y 

'-     (F.  +  n+...)r    ' 
or  since  the  common  factor  y  shove  and  below  is  excelled : 

We  may  also,  instead  of  the  weights,  substitute  the  volumes  of 
the  separate  parts,  and  thereby  make  the  determination  of  the 
centre 'of  gravi^  a  problem  of  pure  geometry. 

When  bodies  are  a  little  extended  in  one  or  in  two  dimensions,  as 
thin  plates,  fine  wires,  &;c.,  they  may  be  regarded  as  sur&ces  or 
lines,  and  their  centres  of  gravity  likewise  determined  with 
the  help  of  the  three  last  formulte,  if  for  the  volumes  V^,  V^  the 
arms  or  lengths  be  substituted. 

§.  101.  In  regular  figures  the  centre  of  gravity  coincides  with 


V 
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the  centre  of  figure,  as  in  dice,  cabeB,  spheres,  equilateral  triaogles, 
drclea,  &e.  Symmetric  figores  hare  th^  centre  of  grari^  in  the 
plane  or  axis  of  symmetry.  The  plane  of  symmetry  ABCD  divides  a 
body  ADFE,  Pig.  67,  into  two  congruent  halves ;  the  proportions  on 
both  sides  of  this  plane  are  equal ;  the  moments  also  on  the  one 
aide  are  equal  to  those  on  the  other,  and,  consequently,  the  centre 
of  gravity  fells  within  this  plane.  Because  the  axis  of  symm^ry 
£Fcuta  the  plane  surfece  ABCD,  Fig.  68,  into  two  congruent 
parts,  here  the  proportions  on  the  one  side  are  equal  to  those 
on  the  other ;  the  moments  also  on  both  sides  are  equal,  and 
the  centre  of  gravity  of  the  whole  lies  in  this  line.  Lastly, 
the  axis  of  symmetry  ^lL  of  a  body  ABGH,  Fig.  69,  is  its  line 


■:/■; 


of  gravity,  because  it  arises  from  the  intersection  of  two  planes  of 
symmetry,  ABCD  and  EFOH.  For  this  reason,  the  centre  of 
gravity  of  a  cylinder,  of  a  cone,  and  of  a  surface  of  revolution,  or  of 
a  rotating  body  formed  on  the  potter's  wheel  lies  in  the  axis  of  these 
bodies. 

{.  102.  Centre  of  gramiy  of  a»«».— The  centre  of  gravity  of  a 
straight  line  lies  in  its  middle. 

The  centre  of  gravity  of  a  rarcular  arc  AB=b,  Fig.  70,  lies  in 
I-  the  diameter  CM,  and  passes  throngh  the  middle  M  of  the  arc,  for 
this  diameter  is  the  axis  of  symmetry  of  this  arc.  But  in  order  to 
find  the  distance  CS=x  of  the  centre  of  gravity  8  from  the  middle 
point,  the  arc  must  be  divided  into  many  elementary  parts,  and 
statical  momenta  of  these,  with  reference  to  an  axis  XX  passing 
through  the  centre  C  and  parallel  to  the  chord  AB=a,  be 
determined. 

If  PQ  be  a  part  of  the  arc,  and  PN^  be  ita  distance 
from  XX,  then  the  statical  moment  of  this  portion  of  the 
ac=PQ.PN.    If  now  thedtBmeterPC=Jl/C=r  bedrawn,  and 
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OR  pvalld  to  AB,  we  obtain  the  two  similar  A'  PQS  and  CPN, 
for  which; 

PQ.QR=CP.PN, 

and  from  which  the  statical  moment  of  the  elementary  arc  PQ .  PJV 
=  QR.CP=QR.ri»  determined. 

Now,  for  the  statical  momenta  of  all  the  remaining  moments, 
the  diameter  r  ia  a  common  factor,  and  the  sum  of  all  the  projec- 
tions QR  of  the  elementary  arcs  is  equal  to  the  chord  corresponding 
to  the  projection  of  the  whole  arc ;  it  follows,  therefore,  that  the 
moment  of  the  whole  arc  is  also  =  the  chord  {»)  times  the  diameter 
r.  If  this  moment  be  put  equal  to  the  arc  (b)  times  the  distance 
«,  and  therefore  bx=9r,  we  Uicn  obtain : 

«  #  ,  «r 
-=T,  and  a!=-r« 
r    b'  b 

So  that  the  distance  of  the  centre  of  gravity,  from  the  middle 

p<»nt  to  the  radius,  is  in  the  ratio  of  the  arc  to  the  chord. 

If  the  angle  at  the  centre  ACB  of  the  arc  A  be=^,  the  arc  . 

corresponding  to  the  diameter  1  is  j3 = to™  •  ■*>  "^  1**™  t^*n  * = j8r, 
and  «=3  r  «m.  ^;  whence  it  followa  that,  «= }         . 


0,6366 ...r=  ~  r  nearly. 

§.  103.  To  find  the  centre  of  ^vity  of  a  polygon  or  a  con- 
Bectitai  of  lines  ABCD,  Pig.  71,  we  must  seek  the  distances  of  the 
riQ.  71.  middle  points   H,  K,   M,  of  the 

lines  AB=L,,  BC=L^  CD=L^ 
&c.  from  two  axes  OX  and  0F> 
vis:  HHj=yi^H,=Xi,KK,=y^ 
KK^^x^  &c. ;  the  distances  of  the 
centre  of  gravity  sought  from  these 
axes  are  then: 
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Por  example,  the  diBtance  of  the  centre  of  gravity  Sot  a,  wire 
bent  into  the  fonn  of  a  A  ABC,  Fig.  72,  from  Uie  base  is ; 

a-i-b+c       a+b+c   '  2' 
if  the  Bidea  opposite  to  tbe  aogles  ^,  £,  C  be  designated  hy  a,b,c, 
and  the  h^ht  CG  by  h. 

„g_  72_  If    the    middle    points 

H,  K,  M,  of  the  sides  of 
the  triangle  be  connected 
with  each  other,  and 
in  the  triangle  so  ob- 
tained a  circle  be  described, 
its  centre  will  coincide  with 
the  centre  of  gravity  S, 
for  the  distance  SZ>from 
one  side  to  HK  is 

-nN—SN-^  '^+^        A  cA £^ABC 

~  2        «  +  *+<;■  2~   2(fl-F*f*:)"~    a+6+«  ~ 

the  distances  SE  and  SF  from  the  other  sides. 

§.  104.  Centre  of  gravily   of  plane  figure*. — ^The  centre  of 
^^  „  gravity  of     a    parallelogram    ABCV, 

Fig.  78,  lies  in  tiie  point  of  intersection 
of  its  diagonals,  for  all  strips,  such  as 
KL,  which  are  formed  by  drawing  lines 
parallel  to  one  of  its  diagonals  BD,  are  //<'^ .  > 
bisected   by   the   other   diagonals  ^C;  J  /.  ^^ 
each  of  the  diagonals,  therefore,  is  a    y     i.  ^ 
line  of  gravity.  ^    '' 

In  a  A  ABCfYi^.  74,  every  line  CD  from  one  angle  to  the    /     .  '■'■■ 
no.  74.  middle  i>  of  the  opposite  side  AB,  is  a     ._ 

line  of  gravity,  for  the  same  bisects  all  the  J  '   * 
elements  KL  of  the  A  which  ane  given 
when  lines  parallel  to  AB  are  drawn.    If 
from  a  second  angle  A,  a  second  line  of 
gravity  he  drawn  to  the  middle  £  of  the 
opposite  side  BC,  the  point  of  intersec- 
tion of  the  two  will  give  the   centre  of 
gravity  of  the  whole  A  ■ 
Because  BD=\BA  and  BB=\BC,  DE  is  parallel  to  AC  and 
=  i  AC,  and  A  DES  similar  to  the  A    CAS,  and  lastly,  CS 
=  2  SD.    If  further  we  add  SD,  it  follows  that  CS+  SD,   or 
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CD  =  8  DS,  and,  Uierefore,  inversely,  P5  =  J  CD,    The  ccDtre 

(rf  gravity  jS  lies  about  ^  of  the  line  CD  from  the  middle  point 

D  of  the  baae,  and  about  §  of  the  same  from  the  angle  C.    If 

CH  and  SN  be  drawn  perpendicular  to  the  baae,  we  have  also 

SAf  =  i  CH;  the  centre  of  gravity  S  a  about  i  of  Uie  height  from 

the  base  of  the  A  ■ 

The  distance  SS^  of  the  centre  of  gravity  of  a  A  ABC,  Fig.  76, 

no.  7^  from    an    axis  XX  is  =  i>i>, 

+  J    (Cq  — Di),),   but   DDi 

.    =  i  {AAi  +  BBj),  consequently, 

jr  =  SS,  =  i  Cq  +  J.i  (^^1 

~ — ^^!— J.-* *,  t.  e.  the 

arithmetical  mean   of  the  dis- 

!   tancesof  the  three  angular  pointa. 

i        Since  the  distance  ot  the  cen- 

I   tre  of  gravity  is  detevmmed  in 

the  same  manner  by  three  eqoal  weights  at  the  angular  points 

of  a  A,   so  the   centre  of  gravity  of  a  plane  triangle  cdncidea 

with  the  centre  of  gravity  of  these  three  equal  weights. 

§  105.  The  determination  of  the  centre  of  gravity  <Sf  of  a  trape- 
zium ABCD,  Pig.  76,  may  be  made  in  the  following  manner. 


The  straight  line  MN,  which  connects  the  middle  points  of  the  two 
bases  AB  and  CD  with  each  other,  is  a  line  of  gravity  of  the  trape- 
zium ;  for  hnes  drawn  parallel  to  the  bases  decompose  the  b^>e- 
kium  into  elementary  parts,  whose  middle  points  or  centres  of  granty 
lie  in  MN.  Now  to  determine  completely  the  centie  of  gravity  S, 
we  have  only  therefore  to  find  its  distance  SH  from  a  base  AB, 

Let  B  represent  the  one,  and  b  the  other  of  the  parallel  sides 
AB  and  CD  of  the  trapezium,  h  the  height  or  the  normal  dis- 
tance of  these  sides.     Let  DE  be  now  drawn  parallel  to  the  side 
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BC,  we  shall  then  obtain  a  parallelt^ram  BCDB  of  the  area  bh,  and 


The  statical  moment  of  the  trapesinm,  about  the  line  AB  is 
therefore 

but  the  area  of  the  trapezium  is  =:  {B+b)  ^i  i^  foUowa,  therefore, 

-  that  the  normal  distance  of  the  centre  of  gravity  S  from  the  baae  is 

n«--t{B+2b)/^_B  +  2b    h 

i(B+b)A        B+b    '  8' 

To  find  the  centre  of  gravity  hj  construGtion,  let  the  two  bases 

be  prolonged,   the  prolongations   CG  made  =  B  and  AF=  b, 

and  the  two  extreme  points  obtained,  F  and  G,  connected  by  a 

straight  line :  the  point  of  intersection  -St  with  (he  middle  line  MN 

will  be  the  centre  of  gravity  sought;  for,  boiaHS=  ri  ,  ■    ■  o>it  fol- 
lows that 

„-     B+2b     MN      ,  .„     2B+b    MN       , 

MS=^^  .-g-aad  JVS=-^^.  -g-i  and 

MS_B  +  Zb_\B  +  b_MA  +  AF    MF 
NS     23  +  b      B  +  ^b      CG+NC'NG' 
which  actually  arises  from  the  similarity  of  the  triangles  MSF 
and  NSG. 

§  106.  To  find  the  centre  of  gravity  of  any  other  four-sided 
figure  ABCD,  Pig,  77,  we  may  decompose  it  by  the  diagonal 
AC  into  two  triangles,  and  from  the 
foregoing,  determine  their  centres  of 
gravity  Sj  and  Sj,  and  thereby  a 
line  of  gravis  SiSj.  If  now  the  four- 
sided  figures  be  decomposed  into  two 
other  triangles  by  the  diagonal  BD, 
and  their  centres  of  gravity  determined, 
we  obtain  another  line  of  gravity, 
whose  intttsection  with  the  first  will 
give  the  centre  of  gravity  of  the  whole  figftre. 

6* 
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We  miy  effect  this  more  eimply  if  we  bisect  the  diagonal  AC 
in  M,  apply  the  greater  part  BE  of  the  second  diagonal  to  the 
less,  80  thi^  DF=BE,  join  FMand  divide  it  into  three  equal 
parts ;  the  caAte  of  gravity  lies  in  the  first  point  8  from  M,  as 
may  be  proved  in  the  following  manner.  MSy=-^MD  and 
MS^=  i  MB,  consequently  8^  S,  ue  parallel  to  BD,  but  88^ 
times  A  ACD  =  SS^  taae*  A  ACB,  or  SS^^ .  DE=SS,. BE; 
therefore,  8Sj_ :  SS^=BE :  BE.  Now,  BE=DF  and  DE=BF, 
consequently  SSt :  S8^=  DF:  BF.  The  straight  line  MF  inter- 
sects, therefore,  tiie  line  of  gravi^  8^  8^  in  the  centre  of  gravity  of 
the  figure. 

§  107.  If  it  be  required  to  find  the  centre  of  gravity  5  of  a 
polygon  ABODE,  Fig.  78,  we  must  decompose  the  polygon  into 


triangles,  and  determine  their  statical  moments  with  reference  to 
two  rectangular  axes  XX  and  YY. 

If  the  co-ordinates  OA^=x^,  OA^=yi,  OBi^x^  OB^=tf^  8ec. 
of  the  extremities  are  given,  the  statical  moments  of  the  triangles 
ABO,  BCO,  COD  &c  may  be  determined  simply  in  the  fol- 
lowing manner.  The  area  of  A  ABO,  from  the  remark  below, 
=  7Ji  =  i(ariy,— ar^i)joftheft)Uowii^ABCO=P,=  i(«ay3-^3ya). 
&c.  the  distance  of  the  centre  of  gravity  of  A  ABO  from  YF according 

to5104=.^=a±£l±»^£l^,fr<,„XS=„,=i!l±li;ofthe 

centre  of  gr.vity  of  A  BC0=»,=?S±5  imd  »,  =  S^8±i"  (tc. 
If  these  distancea  are  multiplied  by  the  areas  of  the  triaoglea,  the 


CBNTBE    or    eRAVITY    OF    PLANX    FIQUKBS. 


86 


mom^ts  of  these  la>t  are  obtained ;  aod  if  the  yaloea  ao  obtained 
are  Babetituted  in  the  formulK : 

_  I),Pi+J?ara  +  ... 
**"       i),  +  i)j  +  ...    ' 
we  have  the  distances  u  and  v  of  the  centre  of  gravity  from  the 
axes  rrandiX 

Ermaple.  A  pentigon  ABODE,  Kg.  7B,  it  given  bf  the  (ollowing  co-ardinatei  of 
' »  J,  B,  C,  &c  !  to  find  the  co-ordliutM  of  iti  centre  of  gnritj  : 


Twice  ibe  ■!«• 
of  trungles. 

ofcentKofgnritr. 

Siitimeitheri*. 
tktl  tnomeiitt. 

• 

r 

3«.           3^ 

iD,^ 

»i»,». 

24 

7 

—16 

—12 

IS 

11 

21 
15 

—  9 

—12 

2*.21  — 7.11— 127 
7.13  +  21.16-441 
16.0  +  12.I5=.S24 
12.12  +  18.9-306 
18.11  +  24.12-486 

31 
-9 
-28 
+  6 
+  42 

S2 

S« 

6 

—21 

—  1 

132>7 
—3969 

— M72 
18S6 
20412 

1S6«4 

1S87C 

1044 

-64S6 

-486 

Sum:     19B4 

«*« 

24672 

Tbe  dirtaoee  of  tbe  centre  of  pvntj  from  the  uu  TYit 
1  _  22444 

■nd  horn  the  uii  XJ: 

1  .  24S72 
*^""~5    "IWT 
Btmart.  U  CJi-i„  Cfi,-f„  C^-y„  ud  C^-j^  tbe 


■  wn. 


t  -  4,128. 


of the  two 
ABC,  Yig.  79, 
whoM  tUrd  eagle  CeanddM  wHh 
the  ptrimt  of  if^iliciUon  of  tbe  ■;•• 
tarn  of  coHirdiiutet,  we  bin  the  ana 
of  tbeMme: 
D-tnpenim  JBB,J,  +  triangh 
CBBi  —  tami^  aUi 


»1±*){*,-^J  + 


The  uet  of  lltb  triangle  ii  tbe  dif • 
feienoa  of  twoothatclu^ea,  CB^Ai 
and  CJ^y,  and  tbeom  co-ordinate  of  a  pdnt  it  Oiebaieot  the  one,  and  tbe  other 
co-ordinate  tbe  height  of  the  other  triangle,  and  inrently. 

§  108.  The  centre  of  gravity  of  the  tector  of  a  circle  ACB, 
Fig.  80,  coincides  with  that  of  a  circular  arc  A^B^  which  has  the 
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,,Q  gQ^  suae  angle  with  the  sector,    and 

whose  radius  CAi  is  two  thirds  of 

the  radius   CA  of  the  sector;    For 

the  sector   may   be  divided   by  an 

infinity  of   radii    into    very   small 

triangles,  whose  centres   of  gravity 

are  distant  two  thirds  of  the  radios 

from    the    centre    C,    and    these 

form  by  their  continuity    the    arc    A^M^Bi.      The    centre    of 

gravity  S  of  the  sector  lies  in  the  radios  CM,  bisecting  the  surface, 

I    .  .1.    1-  .         na          chord     3  _  .     4     gin.  i  B 
and  at  the  distance  CS=x= .sCA=^.  — ^-^  .  r,   re- 
arc       8  8/3  ' 

presenting  the  radius  CA  of  the  sector,   and  ^  the   arc  which 

meaaurea  the  angle  of  the  centre  ACB. 

For  the  semi-circle  /9=x,  rin.  4  /3=nft.  90"=  1,  therefore  x= 

4  14  4     VX 

g —  r  ^ 0,4244  r  or  about  sq r-    For  a  quadrant  x  =  s.   ,—   r 

.  j2-r  =-r  = 

0,6366  r. 

§  109.  The  centre  (^  gravity  of  a  segment  of  a  circle  ABM, 
Fig.  81,  is  given,  if  we  put  the  moment  of  the  sector  ACBM  equal 
na.  81.  to  the  sum  of  tfae  moments  of  the  s^- 

ment  and  the  moment  of  the  triangle 
ACB.  If  r  be  the  radius  CA,  s  the  chord 
AB,  and  A  the  area  of  the  s^ment 
ABM,  the  moment  of  the  sector  =  tfae 

^        -„     r.arc  chord  3        1      . 

BectorxCtf,=— 5-. •sr=s  #r*, 

*       a        arc    8       8 
further  the  moment  of  the  triangle  = 

from  this  the  moment  of  the  segment :  A,CS  =  An  =  = 
-g Tsj  stjs;  consequently  the  distance  sought  iB»= 


"8" 

"13^ 


For  the  semi-circle    «  =  2  r  and  jj  =  ^  •■  r*,  benoe  J 
—       ,  as  found  above. 
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In  like  manner  we  may  find  the  centre  of  gravity  8  of «  portion  tif  a 

ring  ABDE;  Fig.  82,  which  is  the  difference  of  two  sectors  ACB  and 

n».  82.  DCE.  If  the  radii  be  CA=r  and 

CD=ri  andthe  chordfl  jlB=a  and 

!>£=»„  the  statical  moments  of  the 

sectors  are :  -s-  una  -tj  »  there- 
fore the  statical  moments  of  the 
portion  of  nng :  = j-^-i— ,or(smee 

T=f  )"'=^^-  r-    But  the   area  =  -^  _  ^  = 
j8  ( — 3-^))  provided  that  ^  represents   the    arc   correspond- 
ing to  the  angle  at  the  centre  ACB ;  the  centre  of  grarity,  there- 
fore, of  the  portion  follows  from  the  distance  C8—x=^ = 

^  area 

chord  _  4  tin.  \  ff    r^ — r,' 

Bxwupk.  The  imdUof  the  nirCu«i  of  >  dome  kre:  r^S  ft.,  r,  — 3)^  ft.,  uhI  the 
uigle  at  the  eentre,  ^<- 130",  then  ii  the  dUtmce  of  the  ceotre  of  gnvilf  of  thete 
nuiheci  &om  thtir  centnd  point : 

_  4  »fci.65'      y~3,5'     <  .  0.9063     125— <2,875    3,6252  x  flg,lgS 
'  ~  3  ore.  1S0»  ■  5*— 3,6'"3  .  2,2689  '    25-1^55  "  6,8067  x  12,75 
-3,430  feet. 

§  110.  Coifrc  <if  gravity  <{f  curved  Smfacet.— The  centre  of 
gravity  of  a  carved  snr&ce  (envelope)  of  a  cylinder  ABCD,  Fig.  88, 
no.  as.  li^  oi  the  middle  8  of  the  axis  JifJV  of 

this  body,  for  all  the  annular  elements  of 
the  cylindrical  envelope  which  are  ob- 
tained by  sections  draws  throi^h  the  body 
parallel  to  the  base  are  equal,  and  their 
centres  of  gravity  He  in  the  axis;  these 
centres  of  gravity  form  a  uniform  line  of 
gravity.  For  the  same  reason  the  centre  of 
gravity  of  the  surfaces  of  a  prism  lies  in 
the  middle  point  of  the  straight  lines  connecting  the  centres  of 
gravity  of  both  the  bases. 
The  centre  of  gravity  of  the  envelope  of  a  right  cone  ABC, 


t'—ri*  ■  8*  r/9  ~  8  Vr*— riv ' ' 
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MO.  84.  Fig>  S4,  lies   in  the  axia  of  the  cone,  and  is 

one  third  of  this  line  from  the  hase,  or  two 

thirds  from  the  vcrtes ;  for  this  curved  surface 

may  be  decomposed  into  an  infinite  number 

of  small  triangles  by  straight  lines,  which  are 

called  the  sides  of  the  cone  whose  centres  of 

gravity  form  a  circle  HK,   which  is  distant 

two  thirds  of  the  axis  from  the  vertex,  and 

whose  centre  of  gravity  or  centre.  S  lies  in 

the  ana  CM. 

The  centre  of  gravity  of  a  spherical  zone  ABDE,  Tig.  85,  and 

g.  likewise  that  of  a  spherical  cup  liea 

in  the  centre  S  of  its  height  MN; 

^  for  from  the  rules  of  geometry  the 

..'         '  Eone  has  the    same    surface  as   a 

cylindrical  envelope  FGHK,  whose 

>il  '       > .  height  is  equal  to  that  of  MN  and 

^  \ck  whose  radius  is  equal  to  that  of  the 

J-/,  radius  CO  of  the  spherical  zone; 

-y  ,      ,^^)  and  this  equality  also  exists  in  the 

annular  elements,    which  are  obtained  by    carrying  an   infinite 

number  of  planes  parallel  to  the  circular  bases  through  the  same ; 

according  to  this  the  centre  of  gravity  of  the  zone  coincides  with 

that  of  the  cylindrical  envelope. 

Baaark.  The  centre  of  gnvity  of  the  luiftM  of  an  obliqne  com  at  obliqne 
pynmid  liei  it  ibout  one-thiTd  of  the  height  from  the  bue,  but  not  id  th«  ibvight 
line  pMUDg  from  the  vertex  to  the  centre  of  gmity  of  the  bMe,  became  ilioM 
pindlel  to  the  bue  decompoae  the  KiaHtx  into  ringi,  wbich  nry  in  breadth  at  dif- 
ferent parts  of  tlidr  inrface. 

§  111.  Centre  ofgraoUy  of  Bodiet. — The  centre  of  gravity  of  a 
wia.  86.  prism  AK,  Fig.  86,  ia  the  centre  S  of  the 

straight  line  which  connects  the  centres  of 
gravity  MvaANoi  both  bases  AD  and  OK, 
for  the  prism  may  be  decomposed  by  sec- 
tions parallel  to  the  base  into  exactly  con- 
gruent slices,  whose  centres  of  gravity  lie 
in  MN,  and  by  their  superposition  make 
the  Une  MN  a  uniform  line  of  gravity. 
For  the  same  reason  the  centre  of  gravity 
of  a  cylinder  lies  in  the  middle  of  its  axis. 

The  centre  of  gravity  oi  a  pyramid  ADF,  Fig.  87,   lies  in  the 
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straight  line  MF  from  the  vertex  F  to  the  centre  of  gravity  M  of 
the  base,  for  all  slices  as  NOPQR,  have  from  their  ramilarity 
with  the  base,  their  centres  of  gravity  in  this  line. 

If  the  pyramid  be  triaogular  as  ABCD,  Fig.  88,   each  of  the 


four  angular  points  may  be  considered  aa  vertices,  and  the  opposite 
surfaces  aa  bases ;  the  centre  of  gravity  S  is  detenmned  by  the 
intersection  of  two  straight  lines  drawn  from  D  and  .ij  to  the 
centres  of  gravity  M  and  N  of  the  opposite  surfaces  ABC  and  BCD. 

If  the  straight  lines  BA  and  ED  be  given,  we  then  have  from 
^lMEM-iEAaniEN=i  ED;  therefore  JtfA^  is  parallel 
to  AD  and  =  i  AD,  and  the  A  MNS  similar  to  A  DAS.  Again 
from  this  similarity  we  have  MS  =  i  DS,  oi  DS=  8  MS,  also 
MD=:SD  +  MS=4, MS,  and  inversely  3fS  =  i  MD.  Hence 
the  centre  of  gravity  is  found  to  be  one  fourth  of  the  line  joining 
the  centre  of  gravity  3f  (^  the  base  with  the  vertex  D. 

Further,  if  the  heights  DH  and  SG  be  given,  and  HM  be  drawn, 
we  Uien  obtain  the  two  similar  A'  DHM  and  .SCrJIf,  in  which  from 
the  for^joing  8G—\  DH.  We  may,  therefore,  say  that  the  distance 
of  the  centre  of  gravity  S  of  a  triangular  pyramid  from  the  base  is 
equal  to  one  foorth,  and  that  from  the]  vertex  three  fourths  of  the 
height  of  the'pyramid. 

As  every  pyramid,  and  also  cone,  is  made  up  of  an  infinite  number 
of  three  sided  pyramids  of  the  same  height,  the  centre  of  gravity  of 
every  pyramid  and  cone  is  a  fourth  of  the  height  frx>m  the  base 
and  thiie  fourths  from  the  vertex.  We  may  therefore  find  the  centre 
of  gravity  of  a  pyramid  or  cone,  if  a  plane  be  drawn  parallel  to  the 
base  at  a  distuice  one  fourth  from  the  base,  and  the  centre  of 
gravity  of  the  section  or  its  intersection  with  the  line  joining  the 
vertex  and  the  centre  of  gravity  of  the  base  be  determined. 
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§  113.  If  the  distancca  AA^,  BB^,  of  the  four  aDglee  of  a 
via.  B9.  K  triaDguIar  pyramid 
ABCD,  Pig.  89,  Jrom  a 
plane  HK  be  known,  the 
distance  of  the  centre  of 
gravity  S  from  this  plane 
is  found  from  the  meaa 
value 
SS,  -   ! — ! !i 

The  distance  of  the  centre 
of  gravity  M  of  the  base 
ABC  from  this  plane  is 
(§104): 

and  that  of  the  pyramid  S  is  : 

SS,  =  MM^  +  J(Z)D,— Af Af,), 
where  DDi  is  the  distance  of  the  vertex ;  hence  it  follows  by  com- 
bining tbe  two  last  equations,  that : 

The  distance  of  tbe  centre  of  gravity  of  four  equal  weights 
applied  to  the  angles  of  a  triangular  pyramid  is  equivalent  to  tbe 

anthmetictu  mean ' '-^ ' ',  consequently  the  cen- 
tre of  gravity  of  the  pyramid  corresponds  with  that  of  the  system 
of  we%htB. 

Semark.  The  determinatkni  of 
the  volume  <tf  ■  triuigiilu'  pfr^ 
mid,  froni  tbe  co-wdinate*  of  tt« 
tnglea  i>  umple.  If  we  dniif 
pluiea  XY,  XZ,  YZ,  through  the 
vertex  Oof*iicb*p]rramid.4jSC(^ 
Fig.  90,  and  repment  the  digteooe* 
<rf  tbe  uiglet  ^S  C  from  thoe  pUnea 
by»„^*,;jr„y„y„»nd  »,.*■,*■, 
the  volume  of  the  pTfunid  will  bo 

*i  yi  «i — 'i  ?!  *! — ■^i  Ji  ^ — 

which  will  be  givcD,  if  tbe  pjrunid 
be  conaidered  u  an  aggrt^ate  of 
fDUf  ehfeotie  nriama. 
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The  dialuipe*  of  the  centre  of  Eniily  of  these  pfrtmidi  (tom   the  three  pUae* 

"^  '*•  $  113.  Since  every 

polyedroD  mABCDO, 
Fig.  91,  may  be  de- 
composed into  tri> 
angular  pyramids 
ABCO,  BCDO,  we 
may  also  find  its 
centre  of  gravity  8 
if  we  calculate  the 
volumes,  and  the  sta- 
tical moments  of  the 
single  pyramids. 

If  the  distances  of 
the  angles  A,  B,  C, 
&c.,  from  the  coordi- 
nate planes  passing  through  the  common  vertex  0  of  all  the 
pyramids,  are  x^  jj,  x^  &c.,   y,,  y^  y^,  &c.,  r^  z^  «j,  &c.,  the 
volumes  of  the  single  pyramids,  are  : 

"'3=  +  *  K»^^* + »3y**3 + «4y*fs— 'ayi's-^aS A— 'rfa^ J. 
and  the  distances  of  their  centres  of  gravity ; 


4 

From  these  vslnes  the  dutancee  of  the  centre  of  gravity  of  the 
whole  body  may  be  ImaUy  calculated  by  the  formula : 

„_'"i"i+n"i+---  ._  >",l'i+y,»,+  ... 

" — V^+v,+  ...  ■'-    f,+  r,+  ...  ' 
"^  V,'+r°+'...   • 

£r«Hpfe.  A  bodj  bcNindeil  bj  tax  iTumgleE  jfi)0.  Fig.  91,  b  detennlned  bj  the 
foUowing  vRloM  (or  the  oo-ordiiulei  of  angle* ;  whence  the  eo-ordiiistet  of  it* 
centre  of  ffmHj  mj  be  foond. 
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Tram  tbe  raulli  of  Ihii  calcalation,  the  dUUnceB  itf  the  ceutica  of  gnvit;  &om  the 
three  pbnes  YZ,  XZ,  uid  XY  ft^mr. 

1    4026924     „„„, 
"  =  4'-4827r=20rfl53, 

1     4647840      „,  „ 

1     44 18040  „ 
"  "  4  '    4B276 


=--  Z2,B79. 


§  114.  The  centre  of  gravity  of  a  truncated  pyramid  ADQN, 
(Kg.  88)  lies  in  the  line  MO,  which  connectB  the  centres  of  gravity 
of  the  two  parallel  bases ;  in  order  to  determine  the  distance  of  this 
point  from  one  of  the  bases,  we  moat  determine  the  volumes  and 
moments  of  the  entire  pyramid  ADF  and  the  supplementary 
pyramid  NQF.  If  the  areas  of  the  bases  AD  and  NQ=  G  and  g, 
and  the  normal  distance  of  both  =h,  the  height  of  the  supple- 
mentary pyramid  will  he  given  from  the  formulffi : 

fJ±y^.  or  ^  +  1  =  ^,  „d  .=      *%_,  „  d„ 
S         X-      ^    X  V    J  •G— Vy' 


The  moment  of  the  whole  pyramid  with  reference  to  the  Imse  G 
18  now 

0  (*  +  »)     4+«  _  1            *»  C  .,   .    ,  ^ 
8 *  — 4 12  '  ( ^Q ^\v  that  of  the  Bupplementary 

it  foHowB  that  the  moment  of  the  truncated  pyramid : 
12(^0— v^)i  V"     iT    y,     yj 
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13(0-2*'G,+j)        1«    v^+'v^s+ai,. 
Now  the  solid  contents  of  the  truncated  pyramid  are : 

hraice  it  follows  finally  that  the  diatance  of  its  centre  of  gravity 
8  from  the  baae  is 

The  radii  of  the  bases  of  a  tnmcated  cone  are  R  and  r,  and 
therefore  G=«-  iP  and  g=ir  r",  we  have  then  for  this 
_A    iP+2Br+3f^ 
^    4"    iP+ifr+r"  * 

Eitampk.  The  centre  trf  gmitr  of  •  trsnetted  cone  of  the  height  A  -  20  inchei, 
and  ndhu  JI  —  13  and  r  =  JB  inchei,  •lirty*  liei  in  the  line  joimng  tlie  centre*  of 
the  two  dlcuUr  hues,  uhI  ii  diitut  bom  the  greats  b^: 

_  20  12'  + 2.12.8 +  3.8»  6. 528  2M0  „„,  .  ^ 
'  -  T  •  12*+I2.6^.8'  -3M-  -m-^'^  "'^■ 
{  115.  A  pontoon  is  a  body  enclosed  by  two  dissiniiJar  rectan- 
gular bases  and  four  trapezioms  ACC^Ai,  Fig.  93,  and  may 
be  decomposed  into  a  p»allelepiped 
AF(\A-^,  two  triangular  prisms  EHC^B^, 
GKCjDj,  and  a  quadrangular  pyramid 
HKCi ;  we  may,  therefore,  with  the  help 
of  these  constituents,  find  the  centre  of 
gravity  of  the  body- 
It  ip  easy  to  sec  that  the  line  from 
the^one  base<  to,  the  other  is  the  line  of 
gravity  of  this  body,  there  remains  only 
to  determine  the  diatance  of  the  centre 
of  gravity  from  either  base.  If  we  represent  the  length  BCxaA 
breath  AB  of  one  base  by  /  and^,  and  that  of  A^B^  and  ^jC, 
of  the  other  base  by  /,  and  b^,  and  the  height  of  the  body  by  A. 
Then  the  volume  of  the  parallelepiped  =  i,^A,  and  its  moment 
&,Lh .  * = -  Ai^A*,  further  the  volumes  of  the  two  triangular  prisms 

=  (  [4—4,]^+  [i—li]  bi)  I  and  their  moment  =  (  [ft— A]  /,  + 

[l—lj]  i,)  ^  .  |,  lastly  the  volume  of  thepyr8mid=(4— 6,)  {/— '1)3 
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and  ita  moment  =  (b — A,)   (/ — /,)  5  .  -j.      The    volume    of    the 

whole  body  ig,  therefore  ; 

V=  (6  4i/,  +  8  Wi  +  8/4,-6  b,t^+26l  +  2  b^I^-^  4/,— 2  ft,/) .  g 
=  (2  4/+  2  4,/,  +  4/,  +  /4,)  g,  and  its  moment 
%=  (6  4i/,  +  24/,  +  2i4,-44,/,  +  4/+4,^-4/i— tt,)  .^ 

=  {3  4,/.  + 4/+ 4/, +  4,/)^. 

Hence  it  follows  that  the  distance  of  the  centre  of  gravity  from 
the  base  bl  is : 

^    4/+34,fi+4/,+4,f      A 
^       24/+2«,^  +  4/,  +  4i/'2* 

JEmuri.  Thli  (onnala  b  tlio  qip'i<^'<  to  bodiei  wHh  elUpUcal  buea.    Tb«  in.ts 
of  the  one  hue  ma  and  b,  tuid  of  the  other  a,  tad  ft,;  the  Tolnme  ot  sacfa  a  bod;, 

TO 
F°i  =;  f2aft  +  2aiii-f  ai,  +  a,>l.  and  the  diitanee  of  the  centre  of  grnitj : 

af*3aifc  +  ati-Ki,ft      A 
'  "  Sai4-2a,t,^-ai,  +  a,6'  2' 

Bxampb.  A  damn,  ACCt4„  Fig.  93,  ii  of  the  hei^t  20  fbet,  2(0  fisM  k^  at  the 


bottnm  and  40  f^  wide,  at  the  top  400  feet  long  and  1 5  iride  1  to  And  the  diitanee 
of  it!  centre  of  gravity  from  tfae  bue.  Here  £  =  40,  {=>2&0,  i,-ia,  A-^OO,  A-20, 
therefore  the  Tertical  distance  aought  ii : 

„„  40. 250t3. 15. 400  +  40. 400  +  lS. 250        20 


'      2.  40.  a50+ 2.15.400  +  40.400+ 15.  250       2 

§  116.  If  the  sector  of  a  circle  ACD,  Fig.  94,  revolves  about  its 
radius  CD,  there  is  generated  the  spherical  sector  ACB,  whose 
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„o_  94_  centre  of  gravity  we  wish  to  determine. 

We  may  represent  the  body  aa  contain- 
ing infinitely  many  and  infinitely  thin 
pyramids,  whose  common  vertex  is  the 
centre   C,   and  whose   base   forms  the 
spherical  surface  ADB.  '  The  centres  of 
gravity  of  all  these  pyramids  are  at  J  of 
the  radius  of  the  sphere  from  the  centre 
C;  they  therefore  form  a  second  spherical 
surface -^,i),B,  of  the  radius  C.4i=|C.4. 
But  the  centre  of  gravity  S  of  this  curved 
surface  is  the  centre  of  gravity  of  the  spherical  sectors ;  because 
the  weights  of  the  elementary  pyramids  are  imifonnly  distributed 
over  this  surface,  and  therefore  it  is  uniformly  heavy. 

If  we  now  put  the  radius  CA^CD=r  and  the  he^hti)3f  of 
the  outer  surface  =  A,  we  get  for  the  inner  CD)  =  |  r,  and 
af,fli  =  JA;  consequently  (§110)  D^S  =  i J«iDi  =  gA,andthc 
distance  of  the  centre  of  gravity  of  the  sector  from  the  centre : 

CS=Ci),-A5=Jr-|A=J  (r-0. 

For  the  semicircle,  for  example,  A=f,  therefore  the  distance  of 
its  centre  of  gravity  £>  from  the  centre  C  is : 

^^- 4-2-8 '^■ 

§  117.  The  centre  of  gravity  S  of  the  segment  of  a  sphere  ABD, 

„o,  95,  Fig.   95,  is  obtained  when  its 

moment    is  put   equal   to  the 

difference  of   the  moments  of 

the  sector^DBCandthatof  the 

cone  ABC.  Again,  if  we  put  the 

radios  of  the  cone  CD=r  aad  the 

height  DM=h,  the  mom^t  of 

the  sector=§,i^A.  |  {%r-~h)  = 

J  T  r*  A  {2r— A)  and  that  of  the 

cone=i»A(2f--A) .  (r— A) .  J  (r-A)  =  \  ^h  (2r— A)  {r—hf;  the 

moment  of  the  segment  of  the  sphere  is  therefore  =  }  »-  A  (2  r — A) 

(r^— [r— A]')  =  i»-Ai'(2r— A)'^.      The  volume  of  the   segment 

=s  i  ir  A'  (3  r — A) ;  hence,  the  distance  in  question  is : 

~  J.4'  (3r— 4)        '  ■   3  r—h    ' 
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If,  again,  we  put  A  ^  r,  the  segment  becomes  a  semicircle,  and 
as  above,  CS=i  r. 

This  formnhi  holds  good  for  the  segment  of  a  spheroid  A,DB^, 

which  is  generated  by  the  revolution  of  an  elliptical  arc  DAj  about 

its  major  semi-axis  CD=r;  for  both  segments  may  be  divided  into 

thin  slices  by  planes  parallel  to  the  base  AB,  so  that  the  ratio  of  any 

4™.  ■         ^    *      J       MA^       CE'        A*     .,  .  ,   ^. 

two  IS  constant  and  =    ,.  '^    =    v^ct'  —  ^i  •'  *   represent  the 

Bemi-fuds  minor  of  the  ellipse.  The  volume,  aa  well  as  the  moment 
of  the  segment  of  the  sphere  must  be  multiplied  by-^,  in  orddr"  to 
give  the  volume  and  moment  of  the  segment  of  the  spheroid,  and 

thereby  the  quotient  CS=  • — ^ will  remain  unchanged. 

§  118.  To  find  the  centre  of  gravity  of  an  irregular  body  ABCD, 
98  ^B*    ^»     ^^    ™'"*    decompose    it 

into  thin  slices,  by  planes  equi-distant 
from  each  other,  determine  the  s^id 
contents  of  each  sUce,  their  mo> 
ments  with  reference  to  the  first  pa- 
rallel plane  AB  serving  for  the  base, 
and  finally  connect  them  tt^jether  by 
Simpson's  rule. 

The    contents  of  these   slices  are 
Pfff  Fv  Pv  ^v  F*  ^^  "  t*'^  •vho\e 
height  or  distance  of  the  outermost  parallel  plane  =  h ;  the  volume 
of   the   body,  therefore,  according  to   Simpson's   rule  (approxi- 
mately) is : 

If  we  multiply  in  this  formula  each  of  these  volumes  by  "their 
distance,  we  obtain  the  moment : 

rj=(0.P.  +  1.4f,  +  2.2i!,+3.4F,+4F,)|.  A; 

laatly,  by  dividing  one  expression  by  tbe  other,  we  get  the  distance 

required; 

„„ (O.F„  +  l  .4fi  +  2.2rj  +  3.4r,  +  4F.)4 

■""-!'-  f„+4  F,  +  2  F,  +  iF,+F,  4' 

If  the  number  of  elementary  sbcea  =  6,  we  have : 

0.y„+1.4f,  +  2.2F^+3.4f,+4.2f)  +  5.4r,  +  6.y,    4 

'  F„+4f\  +  2J',+4Fj  +  2F,  +  4F,  +  F,  '6' 
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It  is  easy  to  understand  how  this  fonnula  may  be  altered  when 
the  number  of  shoes  is  different  from  the  above.  This  rule  requires 
only  that  the  number  of  the  slices  should  be  even,  and,  therefore, 
that  of  the  surfaces  uneven. 

In  most  cases  of  application,  the  determination  of  one  distance  is 
enough,  because  besides,  this  a  line  of  gravity  is  knowQ.  The 
bodies  commonly  met  with  in  practice  are  soUds  of  rotation,  gene- 
rated in  a  lathe  whose  axis  of  rotation  is  the  line  of  gravity. 

This  formula,  lastly,  is  applicable  to  the  determination  of  the 
centre  of  gravity  of  a  surface,  in  which  case  the  sections  F^  F„  Fj, 
become  lines. 

Exem^k, — 1.  For  the  parabolic  ooDoid  JBCf  Fig.  97i  vhich  is  generated  by  the 

reyolation  of  a  parabola  ABM  about  its  axis  AMf  we  obtain 
«o.    97.  by  making  the  section  i)A«,  the  foDowing : 

The  height  ^lf« A,  the  radios  BM^r,  JN^NM^^^ 
and  hence  the  radins  DN^r  a  I\  .     The    area   of   the 


VI- 


section  through  ^  is  Fq  «  0,  of  that  through  N  ^  Fi 


WT* 


=  T  Dl^-^-^t  and  of  that  thPtiugh  Af-Zi-nr*.   Henoe 
the  volame  of  this  body  ii; 

on  the  Other  hand,  the  moment  ia  -  j^i^-^^^  +  2.«-f*)  «  i«-r«tf  «  i^j**; 

y^Q  gg^  lastly,  the  distance  of  the  centre  of  gravity  S  from  the 

vertex,  is: 

JBraufpfe  2.  A  vessel  jiBCD,  Fig.  98,  has  its  mean 
half  breadths,  r|,»linch,  ri»  1,1  inch,  r,»  0,9  inch* 
r,Bs  0,7  inch,  r^  »  0,4  inch,  with  a  height  MN^  2,5  inch. 
The  sections  are  F^^  1 .  ir,  ^i= 1,21 .  ir,  F,»0,81 .  ir, 
F,=0,49  .ir,  F^— Of  16.  IT i  hence,  the  distance  of  the 
centre  of  gravity  from  the  horizontal  plane  ABf 
is: 
0.1y-i-1.4.1,21.ir  +  2.2.0,81ir  +  3.4. 0,49  ir  -I-  4  0,16 .  w  2^ 
lir  +  4.1,21ir  +  2.0,81ir  +  4.0,49ir  +  0,16ir  4 

«iM?.?ll=i55?.«  0,9502  inches. 
9,58       4      38,32 

2  5 

The  capacity,  therefore,  is  m  9,58  ir  .  -jx-  »  6,270  cubic  inches. 

§  119.  An  interesting  and  sometimes  very  useful  application  of 
the  laws  of  the  centre  of  gravity  is  the  properties  of  GuUlmua,  or. 
the  barocentric  method.  According  to  these  the  volume  of  a  body  of 

7 


MS 
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Kiehiliaii  (or  of  A  snrfltoe  <^  revolutioQ)  is  eqiud  to  the  product  of 
Ab  genentiag  surfaoe  (or  generating  line),  and  the  space  described 
by  its  Gostre  of  gravity  during  the  generation  (rf  the  body  or  surface 
of  resolution.  The  correctness  of  this  proposition  may  be  made 
evident  in-  the  following  manner. 

ChtUmiuf  pnqmiieM.~U  the  plane  area  ABC,  Fig.  99,  revolve 
„g_  99.  abont  an  axis  X^,  each  element 

Fj  Fp  &c.,  of  the  same  will  describe 
an  annidns ;  if  the  distances 
FiGt,  F^Q^  See.,  of  these  elements 
from  the  axis  of  revolution  XX,  be 
=>(,  r^  &e.,  and  the  angleof  reto- 
Intion  AMA-i = a°,  therefore  the  are 
corresponding  to  the  radinfl-lsii, 
the  circular  paths  of  the  dements 
will  be=r,a,  r^o,  &c.  The  spaces  described  by  the  elements^^^&c, 
may  be  considered  as  curved  prisms  having  the  bases  1^1,^3,  &e.,  and 
the  heights  r]a,  r^o,  &c.,  and  the  volumes  F^  r^  a,  ^3  r,  a,  ice,  and 
therefore  the  vohime  of  the  whote  body  ABCBiA^C^  :  r=/'ir,a+ 
Fjr^  a . .  .=  (^ii'i+ JV»+  •■•)•»•  If  M3=ai  be  the  distance  of  the 
centre  of  gravity  8  of  the  gmerating  snr&ce  from  the  axis  of  revo- 
lution, we  have  also  (F,+F,+. . . )  «=Fir,-|-Fjr,+  ...,  conse- 
quMitly  the  volume  of  the  whole  body  V=:  (J",  +  Fj+  ...)xa.  But 
J',4-fg+.. .  are  the  contentaof  the  whole  surface /*,  and.ca  the 
circular  arc  w=SSi,  described  by  the  centre  of  gravity  8;  conse- 
quently, V  =  f^,  as  above  enunciated.  This  fcvmnla  holds  good 
idao  for  the  revolution  of  a  line,  because  it  may  be  considered  as 
a  surface  made  up  of  infinitely  small  breadths;  f  is  nantely=£ip': 
i.  e.  the  BOrface  of  rerolutioa  is  a  product  of  the  genoattng  Ime 
{L)  and  the  path  (w)  of  its  centre  of  gravity. 

&eamplt.~l.  In  »  IitltTiiiB  at  u  alltp- 
tical  Mction  JBED,  Kg.  100,  let  the  MmU 
sxii  itf  the  ndiMi  be  CJ~»  uhI  CS-K 
and  let  tba  duteaee  CJT  of  the  centre  C 
from  the  uU  XX-r;  tbn  the  dliplicil 
generatiiiE  nnftoe  F~rai,  and  the  psA 
of  the  oeatre  of  gniTitj  (C)  K>»irr;  heaec 
the  vdlDme  of  thii  hilf-jing  F~  ir*s)r,  and 
that  of  the  whde  rii^  -  2^atr.  If  the 
dinteoiiani  be,  a^i  isdhe*,  *— 3  Incfcst, 
r~S  inehea,  the  ndoBie  of  oas.fbiiith  of  tha 
ring  -  i.r*.S.3.«  -  9,86M.».9  - 
444,133  cnMc  iDcbai. 
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Bmvl'—i- 1^>^  ■  ling  with  a  wnildrcutar  Motion  JBD, K^  101-,  if  CA=: CB~b, 
TCpreaeiit  the  ndiui  of  tMi  tectioii,  and  ifC~r  that  of  tbe  hollow  apace  or  neck, 
the  volume  ii 


*'^"'("*l-} 


.finMpIr.— 3.  To  find  the  tnrface  and  tolnme  of  a  ci^la  ADB  of  the  dome 
olu  coBwnt,  Fig.  102,  balf  the  widlh  MJ-^  JVJJ  =  a,  wd  the  height  Jfi>-> 


are  giTen.  Fhini  liolh  dimeDiionB  it  followa  that  the  ndioi  CA=  CO  of  tbe  geutrttiag 
drde  >=  r  - -^,  and  the  angle  ^(70  aubteuded  at  the  eentn  I)7<f  D  ••  ao,  if  we  pot  (he 

Mia.  a  —  -■  Tbe  centre  of  graTitj  5 of  tui  arc  f).fi>,=2<fl>i8detemi<iied  b;  the 
diat«iceCS-r.  *!^-^  =  !L!^5  farther,  Cjlf=i- w..  ».  oooKqaenUy  the 
diatance  JfSof  the  centre  of  gravity  5  from  the  axis  MD=  "  "^  "  _  r  cot.  a  ^  r 

1 cot.  a  J ,  and  the  path  described  by  the  centre  of  gravity  in  the  gi 

ofthesurface  ADB-2rr.  i*^L^  —  em. ai.  The  generating  line  DADt^lra, 
Bod  aince  it  only  i*  leqidred  to  detemune  the  half  JDB,  thia  line  ^  r  a,  and  conae- 
qoently  we  moat  pot  the  whole  Bnriace  0=ra.2wr  /*"■  "  _  cp,. „  1  =  iwt* 
(««.»-.«».«). 

Very  CMnmonly  no-GO*;  therefore,  o=y,  »fci.  •  =  i*'3,  and  tbe   n«.  «-i; 
IieiWBitfiillowathatO-»r»(^3_.|.J  -  2,1614. H. 

Porlbeaegment  i>^0,>^-r'(a— jm«.8B)  thediManceofthe  catre  of  gravity 
(torn  the  ceatraCii-*^I^lI=|.  ''  *^  "^ .  hence  the  dialance  from  tbe  ati. 

MS~CS~  CM"- ?^^  —  rnw.  a;  flnally,  the  path  of  thii  centre  of  gravity 

described  in  one  revolution  i> : 

The  volume  of  the  whole  body  generated  by  tlie  segment  DAD,  ii  given  if  thia 
path  be  multiplied  by  A,  and  lite  volume  of  the  dome  found  by  taking  the  half  of  this ; 

7* 
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therefim,  r-Tr' (j«««.o»  — [■  —  lri«.  la] «•.  «).  Fto  aumple,  a*  -  60*, 
—  •  -^  ifa.  o  —  i  V'T,  vxirot.a  —  ij  hence : 

"-"•(l-^-i) -»»»■"■ 

Remark.  Guldiiiiu' proptttie^iidiilttfipUcatioB  in  thuMbodie*  which  ariMirtiai 
the  genenting  nufice  to  moTM  thtt  in  era;  pcmtioa  tt  tCDuiii  perpeiidiciilBr  to 
tlie  ptih  of  it!  centre  of  snntf,  beeanae  m  mt;  unmie  ctctt  tmill  p«rt  of  a 
enmlinear  TDotion  to  be  drcnlir.  Prom  this  ire  nuy  Bud  the  tolid  conteaU  of  the 
threadi  of  >crein,  *Dd  «ometimei  »1m  olculite  the  muHs  at  eirth,  heaped  up  v 
removed,  ••  io  the  cue  of  euuli,  roadi,  nilroada,  &c. 

§  120.  Another  application  of  the  doctrine  of  the  centre  of 
gravity,  nearly  allied  to  the  last  rule,  is  the  following.  ^ 

We  may  aasame  that  every  eUique  priamatic  body  ABCHKL, 
^g  jg.  Fig.  103,  conaista  of  an  infinite 

number  <rf  thin  prianu,  ramilar 
to  Fi  Gy     If  Gy,  Gj  are  the 
bases,  and  A„  A,  the  heights  of 
these  elementary  prisms,  we  have 
for  their  solid  ccmtenta   0^  A,, 
'   Gg  Ag,  &c.,  and  the  volume  of 
the  wfa<de  oblique  prism   V  = 
Gi,Ai  +  GaAa+...     Now  an 
element  ^j  of  the  oblique  sec- 
tion HKL  is  to  the  element  Gj 
of  the  base  .ilBC  as  the  whole  oblique  surfaced  to  the  base  G;  there- 
fore, Gt=-^F„  G,  =  |,  F^  &c.aDdF=  J(fA  +  ^A  +  -)- 
And  because  FjA,  -|-  f  ,A,  +  ...  is  the  statical  moment  Fh  of  the 
whole  oblique  section,  it  follows  that : 

r= -^.^=  GA,i.e., 

the  volume  of  an  obUqne  prism  is  equal  to  the  volume  of  a  perfect 
prism,  which  stands  upon  the  same  base,  and  whose  height  is  equal 
to  the  distance  SO  of  the  centre  of  gravity  S  of  the  oblique  sut^Ke 
bora  the  base. 

In  a  r^;ht  or  oblique  triangular  prism,  if  Aj,  Aj,  A^  be  the 
edges  of  the  sides,  the  distance   of  the    centre  of  gravity    oC 

the  oblique  surface  from  the  base  h  £=  -^ — ^ — -^,  hence  the  to- 
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CHAPTER  III. 
"Equilibrium  of  bodies  bigidlt  connbctbd  and  supported. 

§  121.  Kinds  of  support  * — ^The  rulei^  developed  in  the  first 
chapter  of  this  section^  on  the  equilibrium  of  a  rigid  system  of 
forces^  are  applicable  to  that  of  rigid  bodies  acted  upon  by  forces, 
if  we  consider  the  weight  of  the  body  as  a  force  applied  to  its 
centre  of  gravity,  and  acting  vertically  downwards. 

Bodies  balanced  by  forces,  are  either  freely  moveable,  t .  e.  yield 
to  the  action  of  forces,  or  they  vse  fixed  by  one  or  more  points,  or 
supported  by  other  bodies. 

If  a  point  of  a  rigid  body  is  fixed,  any  other  point  may  take  up 
a  motion  whose  path  lies  in  the  surface  of  a  sphere,  described 
from  the  fixed  point  as  a  centre  by  the  distance  of  the  other  point 
as  radius.  If,  on  the  other  hand,  two  points  of  a  body  are  fixed 
in  every  possible  motion,  the  paths  described  by  the  remaining  points 
are  circles,  which  are  the  intersections  of  two  spherical  surfaces 
described  from  the  fixed  points.  These  circles  are  parallel  to  each 
other,  and  perpendicular  to  the  straight  line  joining  the  two  fixed 
points.  The  points  of  this  line  remain  immoveable ;  and  the  body 
revolves  about  this  line,  which  is  called  the  axis  of  revolution,  ^r  / 

The  radius  of  the  circle  in  which  each  point  moves,  is  foand 
by  letting  fiiQ  from  the  point  a  perpendicular  upon  the  axis  of 
revolution.  The  greater  this  b,  the  greater  also  is  the  circle  in 
which  the  point  revolves. 

If  three  points  of  a  body,  not  falling  within  the  same  line,  be 
fixed,  the  body  can  in  no  sense  take  up  motion,  because  the  three 
spherical  surfaces,  in  which  a  fourth  point  must  move,  intersect 
each  other  in  a  point  only. 

§  122.  Kinds  of  equilibrium. — If  a  body,  fixed  at  one  point, 
be  balanced  by  one  force  or  by  the  resultant  of  several  forces, 
the  direction  of  this  force  must  pass  through  the  fixed  point ;  for 
a  point  is  fixed  when  every  force  passing  through  it  is  coun- 
teracted. If  this  force  consist  merely  of  the  weight  of  the  body, 
it  is  then  necessary  that  its  centre  of  gravity  should  lie  in  the 
vertical  line  passing  through  the  fixed  point.  If  the  centre  of 
gravity  coincide  with  the  fixed,  or  the  so  called  point  of  suspension, 
we  then  have  indifferent  equilibrium,  because  the  body  is  balanced, 
in  whatever  direction  it  may  revolve  about  the  fixed  point.  If 
a  body    AB,    Fig.  104,    be   fixed   or  sustained  at  a  point   C 
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lying  above  its  centre  of  gnvity  S,  it  then  finds  itself  in  a  condition 
(^stable equilibrium,  becauae,ifthiabod;f  bebroughtintoany  other 
pontioD,  the  compoDent  N  of  the  weight  G  tends  to  bring  it  back 


into  ita  first  position,  whilst  the  fixed  point  <J  eounhracts  the  otho' 
component  P.  On  the  other  hand,  if  a  body  AB,  Fig- 105,  be  fixed  at 
a  point  C  below  ita  centre  of  gravity  S,  the  body  is  then  in  a  state  of 
unstable  equilibrium ;  for  if  the  centre  of  grarity  be  drawn  out  of 
the  vertical  passing  through  C,  the  component  iV  of  the  weight  erf" 
the  body  G  not  only  does  not  bring  it  back  into  ita  former 
position,  but  draws  it  more  and  more  out  <^  that  position,  until 
the  centre  of  gravity  at  last  comes  bdow  the  fixed  point. 

Tbc  same  reasoning  will  also  apply  to  the  case  of  a  body  fixed  by 
two  points,  or  by  an  axis;  it  will  be  either  in  indifferent,  stable, 
or  unstable  equilibrium,  according  as  the  centre  of  grarity  lies 
vertically  above  or  vertically  below  the  axis. 

§  123.  Prestttre  on  the  axit. — If  a  body  acted  upon  by  forces 
„a.  106.  "^    8P««  be  fixed   by 

two  points  or  by  a  line, 
relations  then  take  place 
which  we  will  investi- 
gate in  the  following. 
We  may  reduce,  accord- 
ing to  §  92,  every  sys- 
tem of  forces  to  two, 
,  one  running  pa- 
rallel to  the  fixed  axis, 
and  the  other  acting  in 
the  plane  normal  to  this 
line.  Let.^A'=A',  Fig. 
106,  be  the  first,  parallel  to  the  axis  XX,  passing  through  the 
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fixed  points  C  and  D  and  OP^P,  the  second  force  actil:^  in  the 
plane  YZY.  at  right  angles  to  the  axis  XX.  If  we  introduce  other 
foMes^  as  BN^  — N,  CNy  =  N^yKodDN^  =  -^N^,  we  change 
nothing  in  the  condition  of  equilibrium  or  of  motion;  Wcause  these 
forces  are  entirely  taken  up  by  the  axisb  Now  the  forces  iVand 
—  N  form  together  a  first  couple^  and  the  forces  N^  and  —  N^, 
acting  in  the  plane  Xy  and  perpendicular  to  XX,  a  second  couple, 
we  may,  therefore,  so  manage,  that  these  shall  perfectly  r^faice 
each  other.  If  EO  is  the  normal  distance  between  the  force  N 
and  the  axis  XX  =  y,  and  CD  that  of  the  fixed  pomt  =  w ;  from 
§  90,  we  have  the  moments  of  both  couples  =  Ny  and  N-^x,  and 
these  are  equivalent  to  each  other,  if  Ny  =  N-^x.  We  may  also 
assume  inversely  that  the  force  N  is  entirely  taken  up  by  the 
axis  XXy  whilst  the  axis  has  to  sustain  in  its  proper  direction  th^ 

pressure  N,  and  the  forces  N^^^  N  and  —  i^i  =  —  ^  AT  ap- 

X  X 

plied  perpendicularly  to  it  at  the  points  C  and  Z>. 

That  the  body  may  be  in  a  state  of  equilibrium,  it  is  necessary 
that  the  direction  also  of  the  resultant  acting  in  the  normal  plane 
YZ  (at  O)  pass  through  the  axis.  This  force  P  may  be  replaced 
by  two  parallel  forces  Py  and  P^  applied  at  the  points  C  and  i>, 
which  may  be  determined,  if  we  put  Pj .  CD  =  P  .  DO  and 
P^.  CD  ^  P  .  CO;  the  axis  XX  will  have,  therefore,  besides  the 
forces  BiV=  —  N,  CN^—N^  and  DN^—^  N^  also  to  react  against 

the  forces  P^  =  -^  .  P  and  P^  =-i  .  P,  which  may  be  calculated 

X  X 

from  the  distances  CD^^x,  OC:=Xy,  and  OD^x,^* 

§  124.  Prom  the  results  of  the  investigations  of  the  former  para- 
graph we  may  easily  calculate  the  forces  taken  up  by  the  axis 
and  the  fixed  points  C  and  D.  First,  the  axis  has  a  pressure  to 
sustain  equivalent  to  the  force  N  in  its  own  direction,  which  may 
be  entirely  taken  up  by  one  or  other  of  the  two  fixed  points. 

Secondly,  from  the  forces  iVi=?^iV,  Pi=^P  and— JNri=— |  iV 
and  P^^sz'^  P,  acting  in  planes  normal  to  XX,  and  applied  at 

X 

the  points  C  and  D,  there  arise  the  resultants  Ry^  and  R^  which 
must  be  also  taken  up  by  the  fixed  points  C  and  D. 

If  we  put  the  angle  POY,  which  the  direction  of  the  force  P 
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t 

makes  with  the  plane  JTF  containing  the  axis  XJT  and  the  direction 
of  theforceAr=  a,  the  angle  N^CPi  is  also  =  a;  on  the  other 
hand^  N^DP^  =  180^  — v  a»  and  the  resultant  pressures  are  there- 
fore given  by : 

«i  =  i/iVi»  +  Pi»  +  2  N^P^  COS.  a  and 
A,=  i/iVi*  +  P^^—2  N^P^  COS.  a. 

Example,  A  set  <xf  forces  of  a  body   fixed  by  its  axis  XX,  is  resolved  into  a 

nonnal  force  P  ^  361b.  and  a  parallel  force  JV»201b.;  the  distance  of  the  last 

from  the  axis  is  y»li  feet,  and  the  distance  CD^x^^  feet    To  find  the  forces 

sustained  by  the  axis,  or  by  the  fixed  points  in  it,  vnth  the  condition  that  the 

direction  of  P  deviate  by  an  angle  a  »  65*  fit>ni  the  plane  XY,  and  its  point  of 

application  O  be  distant  by  CO^x^^l  foot  fit>m  the  fixed  point  C?    The  force 

//=201b.  impsrts  to  the  axis  along  its  direction  a  thmst  N^2QVb,\  besides,  it 

V  15 

generates  also  the  forces  JVj  «  2-  JV « -J-   .20  «  7,5  lb.     and  —  ^\   ^   — 

7,51b.,  against    which    the   fixed    points    C  and   D   react     From   the   force 

P  arise  the  forces  Pi  «  S-p-t^l .  36=27Ib.and  P,=5.p-4-^*'"^^^• 
and  by  substitution  of  these  values  we  have  the  resultant  forces : 

R^  «  ^/7,5»  +  27«  +  g  .  7,5  .  27  .  co>.  65^  -  -^56,25  + 729 +  171,160 
»  'v/956,410  =  30,926  lb.,  and 


JB^  =  v'7,5a  +  9«-_2  .  7,5  .  9  .  cof.  65*  -«  a/56,25  +  81— 57,054 
=  v^80,196  «  8,955  lb. 

§  125.  Equilibrium  of  forces  about  an  axis. — ^The  force  P  is 
the  resultant  of  all  those  component  forces  whose  directions  lie  in 
one  or  more  planes  nonnal  to  the  axis.  But  now  in  these  cases^ 
from  §  86^  the  statical  moment  Pa  of  the  resultant  is  equivalent  to 
the  sum  Pyai'{-P^  +  .. .  of  the  statical  moments  of  the  compo- 
nents, and  for  the  condition  of  equilibrium  of  the  fixed  body  the 
arm  a  of  the  resultant  =  0,  because  this  passes  through  the 
axis ;  hence  the  sum  is  also : 

P^a^+P^-k-....  =  0; 

t.  e.  a  body  fixed  by  its  axis  is  in  a  state  of  equilibrium,  and 
remains  also  without  revolving,  if  the  sum  of  the  moments 
about  this  axis  =  0,  or  if  the  sum  of  the  moments  of  the 
forces  acting  in  one  direction  of  revolution  is  equivalent  to  the  sum 
of  the  moments  of  those  acting  in  the  opposite  direction.  By  the 
help  of  this  last  formula  we  may  fijid  either  9^  force  or  an  arm  for 
an  element  of  a  system  of  forces  in  equilibrium. 

EMtM^k,  The  forces  of  rotation  P]  »  50  lb.,  and  P^^  —  35  lb.,  act  upon  a  body 
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capable  of  tniniag  about  an  axii  at  the  anni  a,  •  I{  foot,  and  a,  ^i  3}  feet ;  required, 
the  fbrae  />,  which  (hall  act  at  the  arm  a,  =  A  feet,  ia  order  to  reilora  the  balance, 
i  #.  to  ^e?ent  rotation  about  the  axia  ?    It  ia ; 

50.  1,25-39.2,3  +  4/',  -  O.heace 


§  VZ6.  The  Lever. — ^A  body  capable  of  tummg  about  a  fixed 
axis  and  acted  upon  by  forces,  is  called  a  lever.  If  we  imagiDe 
it  to  be  devoid  of  w^ght,  it  ia  then  called  a  mathematics,  but 
otherwise,  a  material  or  physical  lever. 

It  is  gennally  asstuned  that  the  forces  of  a  leva  act  in  a  plane 
at  right  angles  to  the  axis,  and  that  the  axia  is  replaced  by  a  fixed 
point,  called  the  fnlcrum.  The  perpendiculars  let  fall  from  this  point 
on  the  direction  of  the  forces  are  called  arms.  If  the  directions  of 
the  forces  of  a  level  are  parallel,  the  arms  form  a  sii^le  stra^ht 
line,  and  the  lever  is  called  a  atiugbt  lever.  If  the  arms  make  an 
wigle  with  each  other,  it  is  then  called  a  bent  lever.  The  straight 
lever  acted  upon  by  two  forces,  is  either  one-armed  or  two-armed, 
according  as  the  points  of  application  lie  on  the  same  or  on  oppo- 
site sides  of  the  fulcrum.  There  is  a  distinction  made  of  levers  of 
the  first,  second,  and  third  kind ;  the  two-armed  lever  is  termed  a 
lever  of  the  first  kind ;  the  one-armed^  of  the  second  or  third  kind, 
according  as  the  weight  acting  vertically  downwards,  or  the  power 
acting  vertically  upwards,  lies  nearest  to  the  fulcmm. 

,^.  $  127.  The  theory  of  the  equilibrium  of 

the  lever  ha&  been  already  fully  laid  down ; 
we  have  now,  therefore,  only  to  treat  of 
each  specially. 

In  the  two-armed  lever,  ACB,  Fig.  107, 
if  the  arm  CA  of  the  power  P  be  desig- 
nated by  a,  and  tlie  arm  CB  of  thevreight 
Q  by  A,  from  the  general  theory :  Pa=  Qb, 
i.  e.  the  moment  of  the  force  is  equal  to  the 
moment  of  the  weight;  or  also,  P:  Q=b:a, 
i,  e.  the  power  is  to  the  weight  inversely  as  the  arms.  Thepressnre 
on  the  folcrum  is  R=P+  Q. 

In  the  one-armed  levers  ABC,  Tig.  108,  and  BAC,  Fig.  109, 
the  same  relation  takes  place  between  the  power  P  and  the  weight 
Q,  but  here  the  direction  of  the  power  is  opponte  to  that  of  the 
weight,  and  therefore  the  pressure  on  the  fiUcnun  b  their  dif- 
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ference,  and  in  the  first  case  R  =■  Q —  P,  and  in -the  Becond, 
R  =  P~Q. 

no.  108  FTQ.  109. 


Also  in  the  bent  lever  ACB,  with  the  arms  CN=a  and  CO=b, 
Fig.  110,  P :  Q=b :  a,  here  the  prsBsurc  on  the  fulcmm  is  cquiva- 
^g  jjQ  lent  to  the  diagonal  R  of  the 

parallelogram  CP^  RQ^,  which 
may  be  constructed  from  the 
power  P,  the  weight  Q  and 
the  angle  PiCQ^  =  PDQ  =  a, 
which  their  directions  make 
with  each  other. 

-     Let  G  be  the  weight  of  the 
lever,   and  CE  =  e.  Fig.  Ill, 
the  distance  of  the  iidcrum   C 
from  •>  the     vertical    line    SG, 
patiing  throng^  its  centre  of  gra- 
■  vit^ ;  '>w6  shall  then  have  to  put 
Pa:i^Oe=  Qb,  and  the  plus 
'.  or;  mhius    sign  before  G,   ac- 
cording aa  the  centre  of  gra- 
'     '    vity  lies  on  the  side  of 
'  the    power   P,    or    on 
that  of  the  weight  Q. 


irthe'diMeM  Uim!*  oMm- 
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Udco,  crow-bart,  the  bralea  of  pnmp'r  fheelUrrow*,  Sic.    The  Mcond  ptrt  will 

tral  laJlj  Of  these. 

Example. — 1.  If  we  preaa  down 
"°-  "*■  the  end  yf  (^  B  ofow-bu-^CB, 

Hg.  112,  with  k  force  P=6a  lb., 
■nd  with  the  inn  CA  OS  thf 
power  eqiul  to  12  time*  that 
of  the  arm  CB  of  the  weight, 
then  will  thii,  or  ntker  the  force 
exerted  it  £,  be  -  Q  12  lime* 
that  of  i>-  12.60  =>  7Z01b.~ 
2.  If  a  load  Q,  hlnghlg  from  a  pole. 
Fig.  113,  be  caniod  by  two  roeo, 
which  pole  the  one  layi  hold  of 
at  ^  and  the  oUkt  at  fi,  we  may 
nndily  find  ont  what  w^ht  each  has  lo  iiutun.    Let  the  toad  Q  -  120  lb.,  the 


one  of  these  pointt  —  2}  teO, 
tiie  diituiee  td  the  centre  of 
grarit)'  5  of  the  pole  from  tlui 
tame  point  BS  =  St  feet.  If 
we  take  fi  for  the  fulcnun,  the 
power  P,  hai  to  balaoce  at  A 
the  weights  Q  and  0,  therefiue 
Pj.BA  =  Q.BC+G.BS,Lt. 
6  P,   =■  2fi  .  120   -t-   3,5  .  12 

-  300  +  42  -  343 ;  hence,  P, 
=51?  =  57  lb.      On  the  other 

hand,  if  ^  be  considered  ai  the 
fiilcTum,  we  molt  put   P, .  AB 

-  Q  .  JC*  a .  AS,  am^in  num- 
bers, 6  /»,=  3,S  .  120+2,5  .  12  =  420+30=460!  heooe,  the  power  P,  of  the 
.econdmanis;'s-l|5=  751b,;  also,  the  mm  of  the  forces  P,  +  P,  acting  upwards, 

...  .5;  +  7a=>1321b.  iieiactlyeqnil  to  the  sum  of  the 

"°         '  forces  acting  downwards,  e+C-I20+ 12  =  132  lb— 

3.  In  aheary  bent  lever,  ACB,  Kg.  lU,  the  vertieeUy 
pulling  force  (l-6601h.  andlbe  arm  CB=4fL,buttbe 
Sim  CA  of  the  power  P  -  6  ft.,  and  that  of  the  wdght 
CB  -  1  foot,  what  U  the  amount  of  the  power  P. 
and  the  pressure  on  the  pirot  R  required  to  restore  the 
bslanoe  ?  CA  .  P  -  CB  .  Q  +  CB,  6,  i.e.,  6  P 
=  4.650  +  1.150  =  2750;  consequently,  the  power 
p^  ¥^—  =  458i  lb. ;  the  pressure  on  the  [uwt  con- 
sists of  the  vertical  force  0  +  O  =  650  +  150-8001h., 
and  (he  borizoDlal  power  P  =  458jlU,  aod  is  there- 
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-  if  -  V{«+G)'+P» 

-  v'(800)'  +  (458i)* 

-  v'850070  -  922  Ih. 

^  128.  Preaswe  of  bodiet  on  one  another. — The  experimental 
law  announced  in  ^  62,  that  action  taid  reaction  are  equal  to 
each  other,  is  the  basis  of  the  whole  mechanics  of  machines.  It 
is  necessary  in  this  place  to  make  the  meaning  of  this  still  clearer. 
When  two  bodies  Jfj  and  M^  Fig.  115,  act  upon  each  other 
with  the  forces  P  and  P„  whose 
n«.  IIB-  directions  deviate  from  the  normal 

common  ^-^to  the  two  surfaces 
at  their  point  of  contact,  a  decom- 
position of  the  forces  is  always 
possible,  the  one  component  N  or 
Ni  which  is  in  the  direction  of  the 
normal,  passes  over  &om  the  one 
body  to  the  other,  the  other  com- 
ponent S  or  iSj  remains  in  the  body, 
and  must  be  counteracted  by 
another  force  or  resistance,  in 
order  to  maintain  the  bodies  in 
equilibrium.  From  the  principle 
set  forth,  perfect  eqailibrium  is 
found  to  subsist  between  the  normal 
components  N  and  N^. 

If  the  direction  of  the  force  P  deviates  by  the  angle  NAP=a 
trom  the  normal  AX  and  by  the  angle  8AP=ff  from  the  direction 
of  the  second  component  S,  we  have  {§  75) 


N=^ 


PHn.ff 


"«n.  (o  +  /3)'         m.  (a  +  j9)* 
If  we  represent  JV^^jP,  by  a^  and  jS,^,Pj  by  0^,  wc  also  have 
„        P,  rin.  A         ,  „         P,  tin.  a, 

lastly,  from  the  equality  N  =  N^, 

Ptm.ff    _    Pi  gin,  fit 
«B.(a+y3)      »in.  (oi  +  ySi)' 


Sxamph.  Vlut  reiolDtloii  of  tbe 
foKea  Ukea  plMM  if  a  bodr  Jf„  Kg. 
lis,  nutained  bj  ■  lupport  7>^  be 
preiaed  upon  b;  tnother,  citable 
of  tetoMi^  abont  an  azU  C  with 
a  force  P  -  25D  lb.,  tbe  inglei 
of  direetkia  bdng  the  f oUowiiig ; 

PJlf  -  a  =  35", 

PJS  -  0  .  48*, 

PiJ,ff,  -  ■,  =  65", 

PiJjS,  -  ft  -  60". 
Fhim  the  Snt  fbrmnla  the  mrmal 
praMore  between  the  two  bodie*  ta 
determined  bf 


=  lS7,181b.i 


hy  combining  the  third  and  fourth  eqoatiOD,  there  follow*  Anally  for  the  component 
oppOMd  to  i)£: 


§  129.  Stabilitt/. — When  a  body  pressing  against  a  horizontal 

plane  is  acted  upon  by  no   other  force   than  gravity,  it  has  no 

tendent^  to   move  forward,  because  the  weight  acting  vertically 

downwu^   is   exactly    sustained  by  this  plane ;    nevertheless  a 

revolution  of  the  body  is  possible.     If  the  body  ADBF,  Fig.  117, 

vio.  117.  rests  at  a  point  D  npon  the  borisontal 

plane  HR,  it  will  remain  at  rest,  if  its 

centre  of  gravity  Sbe  supported,  i.  e.  if  it 

lie  in  the  vertical  line  passing  through 

D.      If  a  body  is    supported    at    two 

points    on    the     horizontal    surface   of 

another,  it  is  requisite  for  its  equilibrium 

that  the  vertical  line  of  gravity  should 

int^wct  the  line  connecting  the  two  points.     Lastly,  if  a  body  rests 

at  three    or   more    points    on    a   horizontal  plane,   equilibrium 

subsists  if  tbe  vertical  line  containing  the  centre  of  gravity  passes 

through  the  triangle  or  polygon  which  is  formed  by  the  straight 

lines  connecting  the  points  of  support. 

In  bodies  which  are  supported  we  must  distinguish  between  stable 
and  unstable  equilibrium.     The  weight  G  of  a  body  AB,  Fig.  118, 
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na.  lie.  draws  its  centre  of  gravity  downwards  j 

if  no  resistance  be  opposed  to  this  force 
it  will  cause  the  body  to  turn  until  ita 
centre  of  gravity  has  attained  its  lowest 
position,  and  equilibrium  will  then  be 
restored.  We  may  mention  that  the 
equilibrium  is  stable  when  the  centre  of 
gravity  is  in  its  lowest  possible  position. 
Fig.  119,  and  unstable  when  in  its 
h^heat,  Fig.  120,  and  indifferent,  when  the  centre  of  gravity  in 


every  position  of  the  body  renuuna  at  the  same  height  Fig.  121. 

finmtfit;.— 1.  The  htnoogeneaiu  body  ADBF,  oonutiuf  of  \  hemitphere  and  a 

cyliader,  F^.  117,  re*U  npoa  %  horizontil  plane  HR.    Whit  hdgtit  SF  ••  k  aiait 

ila  cylindrical  part  have,  that  the  body  m^  be  in  eqailibrium  ?    The  radiua  of  a 

■phen  ia   perpeafficnlaT  to  the  eomaponding  plane  of   contact ;   turn    the    hori. 

Kintal  plane  ii  >nch  a  one,  coouquentl;  the  nffiiii  SD  mutt  be  perpeadtcniar  to  the 

bOTizoDlil  plane,  and  the  centre  of  paTitjr  of  the  body  lie  in  it    The  tiit  SFL  c^  the 

bod]r  pauing  through  the  centre  of  the   tphere  ii  iti  leaind  line  of  gmity; 

the  point  S,  the  intenection  at  the  two  linei,  ii  therefoie  the  centt«  of  Kianty  of  the 

body.    Let  ui  now  put  the  roditu  ot  the  aphere  and  cylinder  SJ^-SB^r,  and  the 

heigtit  of  the  CfUnder  SF^'BE^'h,  we  then  hare  fK  the  «dnme  tK  the  bentiiidwTe : 

r,  —  (  >r*,  for  tha  Tolome  of  the  cylinder 

no.  122.  y^  _  ^1^  f^  j^  dW«M08  of  the  owtre  of 

grantrof  the  iphen  ^  i  S^  ~-|r,  and  br  tiint 

itf  the  cylinder  j^ :  f,^  -  jA.     That  the  centie 

of  gravity  of  the  wbole  body  may  fall  in  & 

the  moment  of  the  iphae  f  wr*  .  i  r  mnit  ba 

put  equal  to   the  moment    of   the    cylinder, 

irr*  A ,  i  * ;  from  which  we  hare : 

JP^ir',  i.  e.  »  =  r  v*!  -=  O.IHn  .  r. 

2,  The  preuure  wliicfa  each  of  the  three  lege, 

ji,  B,  C,  Pig.  122,  of  any  loaded  t^le  baa  to 

auitain,  ia  determined  in  the  following  manner. 

Let  5  be  the  centie  of  grarily  of  the  table  with  its  load,  and  SB,  CD,  perpendknlan 


npao  JR.    If  0  be  tbe  wetgbt  of  the  whole  table,  *nd  X  th«  p 
CMuideriiig  AB  u  the  uii,  pot  tbe  maineiit  at  R  =  \a  Xht 


1J,„  obUto   I  .  -If  .  0 

Aabc 

—im-. 

tbo  the  preamre  oi 

^  130.  Let  US  now  take  the  case  of  a  body  haviDg  a  plane 
base  restiiig  on  a  borizontal  plane.  Soch  a  body  posseueB 
stability,  or  ia  in  stable  eqailibrium  when  its'  centre  of  gravity  is 
supported,  t.  e.  when  the  vertical  line  containing;  the  centre  of 
gravity  of  the  body  passes  throngh  its  base,  becaose  in  this  case,  the 
tendency  of  the  weight  of  the  body  to  cause  it  to  torn  ia  prevented  by 
its  own  r^dity.  When  tbe  line  of  gravity  passes  through  the  edge 
of  the  base,  the  body  is  then  in  unstable  equilibrium,  and  when 
the  line  passes  outside  the  base,  no  equilibrium  subsists.  The 
body  falls  to  one  side  and  overturns.  The  triangular  prism 
ABCDE,  Fig.  123,  is,  according  to  the  above,  stable,  because  the 
rertioal  SO  passes  throngh  a  point  N  of  the  base.  The  paral- 
lepiped  ABCG,  Fig.   124,    is  in   unstable  equilibrium,  because 


SO  intersects  a  side   CD  of  the  base.     The  cylinder  ABCD, 
ne.  \2i.  Fig.  125,  is  without   stability  because 

SG  no  where  intersects  tbe  base  CD. 

Stability  is  the  power  of  a  body  to 
preserve  its  position  by  its  weight  alone, 
and  to  oppose  resistance  to  any  cause 
tending  to  overturn  it.  If  we  have  to 
choose  a  measure  of  the  stability  of  a 
body,  we  must  distinguish  whether  this 
has  reference  to  a  displacement  or  to 
an   Bctua     overturning    of    the  body 
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Let  Ufl    now   take    into  coosideratioD    the    first    only    of  these 
circumstoDceB. 
—     §  131 .  formula  nf  stabilUy. — A  force,  P,  not  directed  vertically, 
tends  not  only  to  overturn  a  body  ABCD,  Fig.  126,  but  also  to 
no.  126.  push  it  forward ;  let  us  aasume  in 

the  mean  time  that  a  resistance 
is  opposed  to  the  pushing  or  pull- 
ing forwards  as  it  may  happen,  and 
have  regard  only  to  its  revolving 
about  one  of  its  edges  C.  If  we  let 
fall  from  this  edge  C  a  perpendi- 
cular CE=a  upon  the  direction  of 
the  force  and  CN=x  upon  the  ver- 
tical line  SG  passing  through  the  centre  of  gravity,  we  have  only  to 

conaider8bentleverECJV,forwhichPa=G*,80thatP=-  G;  if  the 

a 

external  force  P  be  greater  than ,  the   bod;    revolves  about 

.  the  point  C,  and,  therefore,  loses  its  stability.  Hence  the 
stability  depends  upon  the  product  (G*)  of  the  weight  of  the  body, 

,  and  the  shortest  distance  between  a  side  of  the  perimeter  of  the 
base  and  the  vertical  line  passing  through  the  centre  of  gravity;  G» 
may,  therefore,  be  regarded  as  a  measure  of  the  stability,  and  for 
this  reason  is  properly  called  the  stability  itself. 

Hence  we  see  that  the  stability  increases  simultaneously  with  the 
weight  G  and  the  distance  x,  and  may  conclude  that  under  other- 
wise similar  circumstances  a  body  twice  or  thrice  as  heavy  does  not 
possess  more  stability  than  one  of  the  single  we^ht  with  twice  or 
thrice  the  distance  or  arm  x,  &c. 

§  182.— 1.  In  a  par^epiped  43CF,  Fig.  127,  of  the 
ltingth..^=^  breadth  AB=CD=b,  and  height  AD=BC^h, 
the  weight   G  =  Vy  =  bMy,   and    the   aUbility   S=iG  .  KN 

^G.\CD^-^^\  6^/Uy,    provided  y  represent  the  density  of 

the  mass  of  the  parallelepiped. 

2.  In  a  body  ACFH  consisting  of  two  parallelepipeds.  Fig.  128, 
the  stabilities  about  the  two  edges  of  the  Imse  C  and  JE  are  different 
firom  one  another.  Let  us  take  the  heights  BC  and  EF  =  h 
and  Aj,  and  the  breadths  CD  and  DE  =  6  and  A,,  the  weights 
of  the  parts  G  and  G^^bhly  and  bji^ly;  then  the  arms  about 
C  will  be  KN^  =  J  6  and  KN,  =  Jj.  +  J  A„  and  those  about 
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JS^  &,  +  i  &  and  I  £,.     The  stabiliticB  accordingly   are:  first  for 
the  rerolation  about  C, 

secondly  for  that  about  E, 

S,  =  G{*i  +  iA)  +  iG,ii  =  (lVAi  +  4M+i*'/'}'y- 

The  latter  rtability  ia  about  Si— S^  (A— AJ  **i'y  greater  than 

the  former;   if  we  wish  to  increase  the  stability  of  a  wall  AC  by 

offsets,  these  must  be  placed  on  that  side  of  the  wall  towards  which 

the  force  of  revolution  (wind,  water,  pressure  of  earth,  &c.)  acts. 

8.  The  following  is  the  stability  of  a  wall  ABCEF,  Fig.  129, 
battering  on  one  side.     The  upper  breadth  AB  =  b,  the  height 
^^  jjg  BC=h    and  the  length    CH=l,  and 

the  bater  ^=  n,  i.  e.  upon  AI  ^ 
a  height  of  1  foot;  IL  =  n  feet  or 
inches  of  batter,  therefore,  upon  A 
feet  ED  =  nh.  The  weight  of  the 
parallelepiped  ACF  a  G,  =  bhly,  that 
of  the  three  sided  prism  ADE  ^  G,  = 
1  nh .  hly,  the  arms  for  a  revolution 
about  £  are  =DS+ l£  =  nA  +  lA 
and  I  D£=f  nh,  consequently  for  the 
stability  we  have 

i=G,  {nh  +  {h)  +  lG^nh 
=  (lff'  +  nAA  +  in!A*)  A/y. 
A  parallelepipedical   wall    of  equal 
volume  haa  the  breadth  4+^  nk,  hence  the  stability  ia : 

«!  =  i  (A+i nAf  hly=(\  }^-^\nhb+\n^}^  hly, 
its  stability  is,  therefore,  about  S— S,  =  (6  +  -rVnA) .  i  nhHy,  less 
than  that  of  the  battered  wall. 
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For  It  wall  sloped  upon  the  opposite  side,  the  stability  is  Sq  ^ 
{6*+nAA  +  i»M^).^  Wy,IesB  also  than  S,  and  indeed  about  S—S, 
=  {ft+i«A)  .^n^h,  as  well  as  about  S^— Sj  =  Vr  h'A*^  !«• 
than  the  stability  of  the  parallelepipedical  wall.  •^'   '' 

BxttB^^  Wtut  iB  the  tUbUity  fbr  eKh  foot  in  length  of  a  ttoae  wiU  of  10  feet 
En  hdght,  ud  U  feet  of  npper  bretdUi  with  batter  of  1  in  5  od  the  bKk  ?  Tbe 
tpedfic  graritr  of  thi»  will  (S  68)  is  taken  it  2,i,  iti  dendt;  7  ii,  therafiwe, 
=  62,5.2,4  =  1301b«.inowi-  1,  *  -  10,  *  -  U5,  and  «  -  +  =  0,2;  hence 
U  foUowi,  that  the  ilabilitj  Ma^t  ii : 

S-{J .  [1,25]>+  .  0,2  .  1.25  .  10  +  i  .  [0,2]'  .  10")  10 .  I .  ISO 
=  {0,78126  +  2,6  +  1,3335)130  =  4.6H6  .  130  -  603,4  fL  Iba. 
Wi^  tbe  tame  qouitttj  of  materia],  and  under  othenriM  umilar  ciicnnutaneet, 
the  Mabilltr  of  a  pannekplpedical  wall  would  be : 

Sy  -  (i.[l,25]»  +  i.  0,2.  1,25.  10  +  i.  0,2».  10^.130 
=  (0,78125  +  1,25  +  0,5)  .  130  -  2,531  .  130  =  329  ft.  Ibt 
The  tame  wall,  with  a  alopii^  front,  would  have  the  itabilitr : 
^  =  Ci  .  [1.2a]'  +  4  .  0.2  .  1,25  .  10  +  i  .  [0,2]'  .  10>)  .  130 
=  (0,78125  +  1,25  t  0,686  . . .)  .  130  »  2,6979  .  130  -  350,7  ft.  lb*. 
*'""'■*- — It  is  evident  from  the  for^oins  that  it  aliowi  of  «  uTing  of  material 
to  batter  walla,  to  conttnict  them  with  aounteifbrl*,  to  give  them  otl^eta,  or  to  jUaee 
them  npon  [OiDtha,  Ac   Tbe  Second  Part  wiU  ^ve  a  fnrtber  eztenaion  of  this  aubject, 
when  we  come  to  treat  of  tbe  ^eaaore  at  eartb,  and  of  Taulta,  chain  bridsei,  Sui. 
.    $  188.  Dynmmcai  »tability.  —  We  may  diatinguiah   from   the 
meaaure  of  stability  treated  of  in  the  last  paragraph,  atill  another 
to  a  certain  degree  dynamical  measure  of  stability,  when  we  con- 
aider  tbe  effect  which  is  to  be  expended  in  order  to  orertom  a  body. 
Now  the  mechanical  effect  of  a  force  ia  equal  to  the  product  of 
the  force  and  the  space,  but  the  force  of  a  heavy  body  is  its  weight  G, 
and  the  space  equal  to  the  vertical  projection  of  that  described  by 
its  centre  of  gravi^,  we  may  consequently  take  for  the  dynamical 
meaanre  of  the  stability  of  a  body  the  product  G«,  if  «  be  the  height 
to  which  the  centre  of  gravity  of  the  body  must  ascend  in  orAa 
to  bring  the  body  fiwm  its  atable  condition  into  an  unatable  one. 

Let  C  be  the  axis  of  revolution  and  S  the  centre  of  gravity  of  « 
body  ABCD,  Pig.  180,  whose  dynamical  stability  we  wish  to  find, 
wo.  130.  If  we  cause  the  body  to  revolve  so 

that  its  centre  of  gravity  comes  to 
S^,  i.  e.  vertically  over  C,  the  body  will 
be  in  unstable  equililmum,  for  if  it 
only  revolve  a  little  further  it  will 
fall  over.  If  we  draw  the  horizontal 
line  SN,  this  will  cut  off  the  height 
Na^  =  «  to  which  the  centre  of 
gravity  has  ascended,  from  which  the 
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Stability  Gs  is  given.  If  now  CS=  C8^^  z,  CM=8N=Xj 
and  the  height  CN=  MS=y,  it  follows  that  the  space  8^N=: 
*  =  ^ — y=  Va^^+y*— y,  and  the  stability  in  the  last  sense  is 

If  the  body  is  a  prism  with  a  symmetrical  trapezoidal  transverse 
section  as  Fig.  180  represents,  and  if  the  dimensions  are  the 
following :  length  = /,  heigth  MO  =  h,  lower  breadth  CD^b^, 

upper  breadth  ^5  =x  4  we  then  have  MS  =  y=  *\"^  \  *«  .  J 

^  ^  +  »a         8 

(§  105)  and  Caf  =  a?  =  ^b^,  hence 

and  the  dynamical  stability  or  the  mechanical  effect  requii*ed  to 
overturn  it. 


L  V    \2/   ^ \fti  + Aa      %)       b,+b^     SJ 


FXO.    131. 


Sapomple.  What  is  the  dynamical  stability  or  the  mechanical 
effect  necessary  for  the  OYertoming  of  an  obelisk  JBCD, 
Fig.  131,  of  giinite,  if  its  height  A  »  30  ft.,  its  upper  length 
and  breadth  (  »  1§,  and  3|  »  1  ft.,  and  lower  length  and 
breadth  i^»4ft.,  d^»3ift.?    The  volume  of  this  body  is 

(§115)F=.(2*,4  +  2«iii  +  *,ii  +  J,y^ 

=.  (2.i.l  +  2.4.i+1.4  +  i  .i)  V 
•■  40,2ft  •  5  m,  201,25  cubic  feet.  Now  a  cubic  foot  of  granite 
wei|^-3.((2,6Bl87,5  lb. ;  the  whole  weight  of  this  body  is  : 
O  «  201,25  .  187,6  » 37734,3  lb.     The  height  of  the  centre 
of  gravity  above  the  base  is : 

^      24A  +  2*A  +  *A+*A  "  2 
4>i  +  5.i.  1-H  .4  +  ^.i    30    27,75  .  15 


«  10,342  ft. 


40,25  2         40,25 

Provided  it  be  a  revolution  about  the  longer  edge  of  the  base,  the  horizontal  distance 
of  the  centre  of  gravity  from  this  edge  will  he-.x  ^ib^  »  i,i^  »  ^ft.;  hence,  the 
distance  of  the  centre  of  gravity  from  the  axis  will  be : 

C5«ir«  ^/jg»+y*  «  >v/(l,75)2  +  (10.342)2  -=  V  110,002  »  10,489  :  and  the  height 
to  which  the  centre  of  gravity  must  be  raised  to  bring  about  an  overthrow  will  be : 
#  »  jT  — y  =  10,489  —  10,342  »  0,147  ft.;  lastly,  the  corresponding  mechanical 
eifect  or  stabUity  wiU  be :  ^«  «  37734.3  .0.17  «  5547  ft.  lbs. 

Remark,    The  factor  s  =  Vl?Tp  —  y  gives  for  y  »  o, «  »  dr,  for  y  «  », 
9  »  ar  ( ^2^  1)  =  0,414  a?,  for  y  =  ilt,  «  »  (a/5»'+  1  —  n)  a?,   approximately 

^  (n  +  —--nix^^^iiLsotwy^  10jp,«  =  jj.andfory^  oo,*==  — =  o; 

the  dynamical  stability  is  therefore  so  much  the  greater,  the  lower  the  centre  of 
gravity  lies,  and  it  approximates  more  and  more  to  null,  the  higher  the  centre  of 

8    * 
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fimtl  lie*  tbove  the  bue.  Sledge*,  etniagei,  ship*,  Ac,  must  on  tbl*  aecoont  be 
■0  loaded,  thai  the  centre  of  graTit;  miy  lie  u  low  *i  poidble,  and  beddes,  otct 
the  middle  of  the  base. 

§  13i.  TVteory  of  the  inclmed  Plane.— Ahody  AC,  fig.lSi.r&st- 
pia.  132.  ing  OQ  an  inclined  plane,  that  la,  on 

one  inclined  to  the  horizon,  m&j  take 
up  two  motionB,  it  may  slide  down  the 
inclined  plane,  and  it  may  also  re- 
volve about  one  of  the  edges  of  its 
base  and  overturn.     If  the  body  is 
left  to  itself,  its  weight  G  is  resolved 
into  a  force  N  normal,  and  to  a  force 
P  parallel  to  the  h-se,  the  first  is  taken  up  by  the  reaction  of  the 
ptuie,  and  the  last  urges  the  body  down  the  plane.     Let  the  angle 
of  inclination  FHR  of  the  inclined  plane  to  the  horison  =  a,  we 
have  therefore  the  angle  GSN  =  a,  and  hentx  the  normal  presaure 

N=  G  cot.  a, 
and  the  force  parallel  to  the  plane : 
P=  Gsin.a. 
If  the  vertical  line  SG  pasees  through  the   base   CD  as  in 
Fig.  132,  a  sliding  motion  only  can  take  place,  but  if  this  line 
paases  outside  the  base,  as  in  Fig.  133,  an  overturn  ensues,  and 


the  body,  therefore,  iswithont  stability.  Besides,  a  body  ^Cresting 
on  the  inclined  plane  Fff,  Fig.  134,  has  a  stability  different  from  that 
of  one  on  a  horizontal  [ilane.  liDM=x  and  MS=y  arc  the  rectan- 
gular co-ordinates  of  the  centre  of  gravity  S,  we  have  the  arm  of 
the  stability  P£=  2)0 — MN=g  cos.  a~y  tin.  a,  while,  if  the 
body  is  on  a  horizontal  plane,  it  i8=a:.  Since  x  >  x  cos.  a — y 
tin.  a,  the  stability  with  reference  to  the  lower  edge  D  comes  out 
less  for  the  inclined  than  for  the  horisontal  plane ;  it  is  null  tar  x  cot. 

a  =  y  tin.  a,  i.  e.  for  tang.  a=  -.  'When  a  body  that  is  stable  Gxon 
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8  horizontal  pltme  a  tranBferred  to  an  inclined  one,  vhoBe  angle  of 

inclination  corresponds  to  the  ezpression  tang.a=-,  it  will  lose  its 

Btahility.  On  the  other  hand,  a  body  may  acquire  on  an  inclined 
plane  the  stability  which  is  wanting  to  it  on  a  horizontal  one. 
For  a  turning  abont  the  upper  edge  C,  the  arm  CE^  =  CO^  +  MN 
=XjCO».a  +  i/tin.a,  whilst  in  its  position  on  the  horiiontal  plane 
it  is  =  X|.  If  now  w-i  is  n^ative,  the  body  has  no  stability  so 
long  as  it  remains  on  a  horizontal  plane,  but  if  it  rests  on  an 

iudioed  one,  for  whose  angle  of  incUnation  i<mg.  a  is  >  — ,  the  body 

is  stable. 

If  another  force  besides  gravity  acts  upon  the  body  ABCD, 
Fig.  135,  its  stability  conkinues  if  the  direction  of  the  resultant 
N  of  the  weight  G  and  the  force  P  intersects  the  base  CD  of  the 
body. 

Exan^l*.  The  obdiak  in  the  eiunple  of  the  preceding;  pangnplu  has  '  =t  f  ft. 
tnd  g  =  10^42  ft.,  ud  irill  low  ita  itabilitf,  coniequenUy,  if  tnmiferred  to  m 
ioclioed  [duie,  for  whote  angle  of  incIiiMtioa : 
'*^'  "  =  —  10M2  =  "^^  =  0,16922.  and  indiiution  b  =■  9°  36'. 

^  135.  As  the  inclined  plane  only  counteracts  that  pressure 
which  is  directed  perpendicularly  against  it,  the  force  P  which  is 
necessary  to  prevent  a  body  supported  upon  an  inclined  plane  from 
overtoming,  is  determined  by  the  condition  that  the  resultant  N 
of  P  and  G,  Fig.  135,  must  be  at  right  angles  to  the  inclined 
FID.  135.  plane.      From  the    theory    of    the 

parallelogram    of    forces     we    have 

G      am.  PON' 

L  GON=FHR=a,  mAi  PON  = 
P0K+K0N=fi+9(]P,  in  so  [ar  as 
we  represent  by  j8  the  ^  PEF= 
POK,  by  which  the  direction  of  the 
force  deviates  from  the  inclined 
plane ;  hence  we  have 

P  __       am.  a        .      P  _  ««.  a 

G"^!.  (90+/9)'*'^'G~co*.j8' 
therefore  the  force  which  maintains  the  body  on  the  plane  is ; 
G  sin.  a 


118  PKINCIFLE   OP    VIRTUAL   VELOCITIES, 

For  the  nonnal  prepare  N 

^=  "^'  »S^.  tut  the  z  OGJV=  90»—  (a+)9)  and 
G     sm.  ONG  '         ' 

OJVG  =  POJV  =  90+j8,  hence  it  follows 

JV_««.[90°— (tt+ff)]       COS.  (a+j3) 

G~       «n.  (90"~/Sr)      ~      c08.fi 

and  for  the  normal  pressure  against  the  plane 

,,_Ggo».(a+ff) 

If  the  force  P  is  parallel  to  the  plane,  /3  =  0  and  cos.  /3  =  1 , 
since  P  =  G  sin.  a  and  N  =  G  cot.  a. 

if  P  acta  vertically  a+fi  =  90",  hence 

cot.  0  =  m.  a,  cot.  (a+i^  =  0  and 
P  =  G  and  N  =  0,  the  inclined  plane  has  then  no  control  over  the 
body. 

iWly,  if  the  force  acts  horizontally,  0  —  —  a,  and  cot.  0  — 
cot.  a,  hence 

G 

cot.  a  ~co».  a 

Brm^le.  To  nulnlaln  s  bod;  of  SOO  tb.  upon  an  inclined  plane  of  50°  {nclinalian 
to  the  borizon,  a  twee  it  applied  whoM  directifm  make«  in  angle  of  Jb°  with  the 
horizon,  wbat  is  the  magnitude  of  thit  force,  and  the  prcMure  ot  the  bod;  againit 
the  plane  I    The  force  ii : 

„  _  500  rtt  SO*         500 .  tilt.  50       ,„„.,.  ,  ,.  ..       , 

~  WW.  (75—60)  °  — CM  '2a~  ~       '        '  preMure  on  the  jdine  t 

500  .  CM.  75> 


§  186.  Principle  qfvirtttal  velocUiet. — If  we  combine  the  prin- 
inple  of  the  equality  of  action  and  redaction  set  forth  in  §  128, 
with  that  of  virtual  velocities  (§  80  and  93),  the  following  law  trans- 
pires.    If  two  bodies  M^  and  M^  Pig.  186,  hold  each  other  in 
via.  136.  equilibrium,  then  for  a  finite 

rectilinear  or  tT^tuiely  tmall 
eurviOaear  motion  qf  the  point 
of  contact  or  pretture  A,  the 
mm  of  the  mechanical  ^ecta 
ofthejbreet  of  the  one  boify 
it  equivalent  to  the  twn  <if 
the  mechanical  cffectt  ofthote 
of  the  other.  If  Fj  and  Sj  be 
the  forces  of  the  one  body,  and 
P^  and  S^  those  of  the  other, 
^  then,  fur  a  dis))lacf;ment  of  the 
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point  of  contact  from  ^  to  B,  the  respective  diotonoea  described  are 
AD,,  AEj,  AD^  and  AE^  and  according  to  the  above  law ; 
Pi.AD^-\-S.AE^=P^.AD^-^S^.AEy 
The  correctneBB  of  this  propoeition  may  be  proved  in  the  follow- 
ing manner.  Ae  the  normal  pressures  N-^  and  N^  are  equal,  there 
is  also  equilibrium  between  their  mechanical  effects,  N-y .  AC  and 
N^.ACj  with  this  difference,  that  the  mechanical  effect  of  the  one 
force  is  positive  and  that  of  the  other  negative.  Now  from  what 
has  preceded  we  have  the  mechanical  effect  N^ .  AC  of  the  resultant 
JVj  equivalent  to  the  sum  PiAD^  +  S, .  AEi  of  the  mechanical  effects 
of  its  components  Pi  and  S^,  and  likewise  N^.AC!sP^,AD^  + 
8,.AE^;  hence  also  P, --ADi  +  S,  .■4£i=Pj.  ADa  +  S,...4£a. 

The  application  of  the  principle  of  virtual  velocities  thus  made  more 

general  possesses  great  advantagein  statical  investigations,  as  by  it  the 

evolntion  ot  algebraical  expressiona  becomes  much  simplified.  If,  for 

example,  we  move  a  body  jj  up  an  inclined  plane  FH,  Fig.  137^  a; 

no.  137.  distance  AB,  the  oogposponding 

pa^  of  the  weight  G,  =  AC  = 

ABrin.  ABC=AB.»in.  FHR= 

AB .  m.  a.    On  the  other  hand, 

the  path  of  the  force  P  is  AD= 

AB.eos.  BAD=AB.cot.^,  and 

lastly,   that  of  the  normal  force 

N=  0 ;  now  the  mechanical  effect 

of  A'' is  equivalent  to  that  of  G+ 

that  of  P,  hence  we  have  to  put 

N.o=  —  G.AC+P.AD, 

J  a  J  D     ^^   r'        Gain.a 

and  so  we  find  P=-rR'G  =  3-, 

AD  cog.  /9 

quite  in  accordance  with  the  former  paragraph. 

In  order  to  find  the  normal  pressure  N,  we  must  move  forward  the 

inclined  pUne  HF,  Pig.  188,  through  a  space  AB  at  right  angles  to 
,,0,  139,  the  direction  of  the  force  AP,  to 

determinethe  corresponding  paths 
of  the  forces,  and  again  put  the 
mechanical  effect  of  N  equivalent 
to  that  of  G  +  the  mechanical 
effect  of  P.  The  path  of  JV  is  ^D 
=ABcoa.  BAD=AB COS. 0, that 
oiGwAC=ABcoii.BAC=AB 
COS.  {04/S)  and  that  of  P  =  0, 
hence  the  mechanical  effect 
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If. AD=G.AC+ p. «  mi  N^S^=G.^^i-^i+S.,;^ 

AD  CO*,  p       ' 

Be  was  foand  in  the  fonner  paragraph. 

§  187.  Theory  <^  the  wei^e. — After  this  the  theory  of  the 
wedge  cornea  out  very  simply.  The  wedge  is  a  moveable  inclmed 
plane  formed  by  a  triangular  prism  FHR,  Fig.  139,  generally  the 


force  KP 18=  P,  and  at  right  angles  to  the  back  FR  of  the  wedg^ 
and  holds  in  equilibrium  another  force  or  load  AQ=Q,  which 
presses  against  its  lateral  surface  FH.  It  FHR=a  be  the  angle 
measuring  the  sharpness  of  its  edge,  and  further,  the  an^  by 
which  the  direction  of  the  force  KP  or  AD  deviates  from  the  sur&oe 
FH,  therefore  FHK=HAD,  =Z,  and  lastly  the  angle  LAH,  the 
deviation  of  the  direction  of  Q  from  thin  same  surface,  =  ^,  then 
the  paths  will  be  given  which  are  described  by  tlte  advance  of  the 
wedge  &om  the  position  FHR  into  that  of  F.J{^R^,  in  the  follow- 
ing manner.  The  path  of  the  wedge  b  AB=  FF^  =  HH^  and  that 
of  the  force  ia=AD=AB  co».  BAD=AB  cos.  (BAH—DAH) 
=  AB  cot.  [a — S) ;  further,  the  path  of  the  bar  AL  or  load  is  AC 

ABain.  ABC    AB  m.  a     AB  m.  a         ,    ,,         ■      i.. 
=  — : — >-^.v-  =— — Ti-Tn= — : — TT-.   and    the    simnltancoua 
mn.  ACS       nn.  HAC        stn.  y3    ' 

path  of  the  normal  pressure  N  between  the  wedge  and  the  foot 

o{thebar=/l£=^£rin.  a. 

By  the  advance  of  the  wedge  a  distance  AB,  the  normal  pressure 

N  produces  the  mechanical  effect  N.  AE=N.  AB  sm.  a,  the  force, 

however,  develops  the  mechanical  effect  P .  AD=  P .  AB  coa.  (a — 3) 

and  the  resistance  the  mechanical  effect,  Q.j4C=Q.^B   .  '  „.hence 

N.ABsin.a=  P.AB  cog.  (a~2)  i.e.  Nsin.a=Pcog.  («— 5), 

as  also  N.  AB  am. a  =  Q .  AB ~r-^,  i.  e. N sin.  a=Q-r^-!a  and 
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from  these  equations  the  equation  between  the  power  and  resistance 
sought  is  given : 

P  CO..  (a:-i)  =  -^^,  OT 

p_  Qrin.a 


m.  13  C09.  (a — ly 
which  may  likewise  be  obtained  by  the  decomposition  of  the 
forces. 

If  the  direction  of  the  force  is  parallel  to  the  base  or  lateral 

surfiEU^  HR,  J=a,  hence  P  =     .\^,  and  if,  further,  the  direc- 

stn,fS 

tion  of  the  load  is  perpendicular  to  the  side  FH,  )9=90^,  and  P 

follows  =  Q  sin.  a. 

Esemiaple.  The  edge  FUR  of  a  wedge  =  a  »  25<',  the  force  is  directed  parallel  to 
the  haae  HJt,  therefore,  ^  »  a,  and  the  weight  Q  acts  at  right  angles  to  the  side  FH, 
therefore  /3  —  90^,  in  what  proportions  are  the  power  and  weight  to  each  other  ?• 

P  is  =  Q9m.a,  therefore  ^  ==  tm.  2b'*  =  0,4226.    For  a  weight  Q  of  130  Iht. 

the  power  P  comes  out  =  130  .  0,4226  =  54,938  lbs.    In  order  to  drive  forward 

ji  C 
the  weight  or    bar  1  foot,  the  wedge  must  pass  over    the  space    AB  =>  —. — 

Ml.  (I 

JUmark,  The  theories  of  the  inclined  plane  and  the  wedge  will  be  more  folly 
developed  in  the  fifth  chapter,  where  the  effect  of  friction  is  taken  into  account. 


CHAPTER  IV. 

EQUILIBRIUM   IN    VUNICULAB    MACHINES. 

§  138.  Funicular  machines, — ^We  have  hitherto  assumed  that 
bodies^  on  which  forces  act^  do  not  change  their  form  in  conse- 
quence of  this  action,  we  will  now  take  up  the  equilibrium  of  such 
bodies  as  suffer  a  change  in  their  form  by  the  smallest  forces.  The 
fonner  are  called  solid  or  rigid,  the  latter  flexible  bodies.  In 
truth  there  is  no  body  perfectly  flexible ;  many  of  them,  however, 
such  as  strings,  ropes,  cords,  &c.,  and  in  some  respects  chains  also, 
require  so  small  a  force  to  bend  them  that  they  may  in  many  cases 
be  regarded  as  perfectly  flexible.  Such  bodies,  which  are  moreover 
tHjextensible,  will  be  the  subject  of  the  following  investigations. 
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We  undentand  by  a  fdnicular  mscliine,  a  cord  or  a  connectioa 
of  cords  (the  word  cord  taken  in  its  general  aeme)  which  becomes 
stretched  by  Forces,  and  in  this  chapter  we  will  consider  the 
theory  of  the  equilibrium  of  these  machines. 

"Diat  point  of  a  funicular  machine  to  which  the  force  is  applied, 
and  where  the  cord  forma  an  angle  with  the  direction  of  the  force, 
is  called  a  knot  or  node.  This  may  be  either  fixed  or  moveable. 
Tension  is  the  force  which  a  stretched  cord  traosmite  in  the  direc- 
tion of  its  axis.  The  tensions  at  the  ends  of  a  straight  cord  or 
portion  of  a  cord  are  equal  and  opposite  §  83 ;  also  a  straight  cord 
cannot  transmit  other  forces  than  the  tension  acting  in  the  direc- 
tion of  its  axis,  because  it  must  otherwise  bend,  and,  ther^ore, 
cannot  remain  straight. 

$139.  KnoU  or  nodes.  —  Equilibrium  obtains  in  a  funicular 
machine,  when  there  is  equilibrium  at  each  of  its  nodes.  Hence 
we  mnat  next  find  what  are  the  relations  of  equilibrium  at  any 
one  node. 

Equilibrium  takes  place  at  a  node  K,  which  a  portion  of  a  cord 

rifi.  140.  AKB,  Fig.  140,  fonna,  when 

the  resultant  KS  of  the  tensions 

of  the    cord    KS^  =  Si   and 

KS^=8i  are  equal  and  opposite 

to  the  force  P  applied  at  the 

node  K,  for  the  tensions  S^  and 

82  produce  the  same  effects  as 

equal  and  opposite  forces,   and 

three  forces  hold  each  other  in 

equiUbrium,  if  one  of  them  is 

equal  to  and  acts  opposite  to  the 

resultant  of  the  othertwo  (§  75). 

The  resultant  R  of  the  force  P 

and  the  first  tension  8^  is  equal  and  opposite  to  the  second  tension 

8^  kc.     In  every  case,  this  equation  may  be  used  to  find  out  two 

of  the  quantities  to  be  determined,  viz.  the  tension  of  the  cord  and 

its  direction.     Let,  for  example,  the  force  be  P,  the  tension  S, 

and  the  z  between  the  two   AKPz=  190P—AK8=  180»— a,  we 

have  for  the  other  tension 


82=^^?*  +  St'-  2  PS,  cog.  a 
and  for  its  direction  or  deviation  from  KS,  BK8=fi,  and 
n       S,  sin.  a 


KNOTS   OB   MODK8.  12S 

Eramfle.  It  (be  eoni  jtXB,  Kg.  UO,  it  fixed  at  the  extrtmity  B,  and  at  the  extra. 
niHjr  J  itretched  bj  *  weight  G  =  135  lbs.  ud  the  middle  X  b;  t  force  P  = 
109  lb*,  which  pulli  upwirdi  ueder  »a  uigle  of  ZS' ;  requii«d  the  diiection  and 
tenmon  of  the  portion  of  cord  KB.    The  magnitude  of  the  teukiD  ii : 
S,=  ^109'+  IW  —  2 .  109 .  13S  cot.  (W— 26*) 

=  «^118B1  ■»•  18225— 29430  .  n».  6S*  =  */l766Bi3  -=  132,92  Ihi. 
For  the  usie  ^,  ^  p  -  ^^"°  '"13^2"'  ■   ^-  •*^  ^  =  0,964017  - 1, 
hence  p  =  67°  0',  and  the  iDclination  of  the  portton  of  the  oord  to  the  horiion 
=  «  +  P  — 90»=  6S"  +  67"— 90°  =  42". 

§  140.  If  the  node  A'  is  a  ruoning  or  moveable  one,  or  the  forec 

P  acts  by  means  of  a  ring  running  along  the  cord  AKB,  F^.  141, 

no.  141.  the  resultant  .Sof  the  tensions  iS|  and 

~      ~  5,  is  equal  and  opposite  to  the  force  P 

at  the  ring ;  besides  this,  the  tendons 

are  equal,  for  if  the  cord  be  drawn  a 

certain  space  j  through  the  ring,  each 

of  the  tensions  S^  and  S^  will  pass  over 

the  space  i,  and  the  fwce  P  over  a  space 

=  0;  consequently,  provided  there  is 

perfect  flexibility,  the  mechanical  effect 

P.O=Si.»— Si.«,  i.  e.  S^»=S^  and 

8^=  S^,  From  this  equality  of  the  tensions  there  follows  the  equality 

of  the  angles  AKS  and  ^^.S,  by  which  the  resultant  S  deviates  ftvm 

the  directions  of  the  cords,  if  we  put  these  angles  =  a,  the  reaolu- 

tion  of  the  rhomb  KS^SS^  gives 

S  =  P  =  2  8i  cot.  a  and  inversely 

A  and  B  are  the  fixed  points  of  a  cord  AKB  of  given  length 
no.  142.  (2  a)  with  a  moveable  node  K,  the 

place  of  this  node  may  be  found  by 
constructing  an  ellipse,  whose  foci 
are  A  and  B,  and  whose  major 
axis  is  equal  to  the  length  of  the 
cord  3  0,  and  if  a  tangent  is  drawn 
to  this  curve  at  right  angles  to  the 
given  direction  of  the  force,  the 
resulting  point  of  contact  is  the 
place  of  the  node,  because  the  nor- 
mal to  the  ellipse  KS  makes  equal 
angles  with  the  radii  vcctores  KA 
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and  KB,  as  does  the  reaultaiit  S  with  the  teiuioni  of  the  cord 
S,  and  Sy 

If  AD  be  drawn  parallel  to  the  given  direction  of  the  force,  and 
BD  be  made  equal  to  the  given  length  of  the  cord,  AD  bisected  at 
M  and  the  perpendicular  MK  be  raised,  the  place  of  the  node  K 
may  likewise  be  obtained  without  the  construction  of  an  ellipse, 
for  since  the  z  AKM=  i-  DKM  and  AK=DK,  it  follows 
that  L  AKSfi}ao=  l  BKS  and  AK+KB=  DK+KB=  DB. 

£nn9>fa.  Between  the  pdntt  J  >Dd  B,  Yig.  143,  ■  rope  of  9  feet  In  lengtb  it 
■tretcbed  by  ■  weight  G  of  170  lb*,  nupended  to 
it  bj  a  ling;  tlieh<iTiz<mtaldiila&ce^(7<rf  the  two 
point!  u  e§  ft..ud  the  veitictl  dialuice  fiC  =  2  ft  I 
«  find  the  poaHion  at  the  node,  the  tttuioni  and 
directiont  of  the  rope.  From  the  leogtli  JD  =  9  ft. 
u  hTpolhenote  ud  the  hnizontalliae  jfC-^Oift.; 
t  tbUowi  that  the  Tertiwd  CD  =  ^<^  —  6fi 
=  ^81  —"42^  ==  ^mTs  =  8.22S  feet;  and  . 
from  thii  the  btK  BDofthe  a^ailalanl  triangle  -4>'l 
BDK,=  CZt~'CB=:6,22b—2=4,22itLTbe  tiimlari- 
t J  of  the  trianglei  OKM  and  D-dC  ffvm  DK  =  BX 

folhnn,  that  AK^S  —  3,DS4=a,916  fe«t ;  and  for  the  angle  o,  b;  which  the  lada  <a 
the  rope  •»  inclined  to  the  vertical  :«>«.o  =  4^  =  5ii?i     =    0,6917;    hence, 

a-46<>14'i  and  lartl;,  the  tensioa  of  the  rope  &  >:<  ft  =,  — £_  =— -1^— 
'  "^^       ^       a«i». «       2.0,6917 

=  122,9  Ibi. 

^  141.  Funicular  polygon. — The  relations  of  equilibrium  in  the 
funicular  polygon,  t.  «.  in  a  stretched  cord  which  is  acted  upon  by 
...  forces  applied   to  di&rent 

points,  are  in  accordance 
with  those  of  the  equilibrium 
of  forces,  which  are  ap- 
plied to  one  point.  Let 
AKB,  Fig.  144,  be  a  cord 
stretched  by  the  forces  Pj, 
Pv  ^v  Pv  ^6  =  l«t  ''i  ">d 
P3  act  at  A,  P3  at  K,  and  P^ 
and  Pg  at  B.  Let  us  put  the 
tension  of  the  portion  AK 
=  S,  and  that  of  BK  =  8^ 
we  shall  then  obtain  5j  for 
the  resultant  of  P,  and  P^ 
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applied  to  A,  snd  if  we  carry  the  point  of  application  A  of  this 
tension  from  ^  to  £,  we  riiall  again  get  £g  for  the  resultant  of  5,  and 
Pj,  or  of  P„  P^  P^;  lastly,  if  we  transport  the  point  of  applica- 
tion of  8,  from  K  to  B,  we  shall  then  obtain  in  S^,  P^  and  P^,  or 
smceSj  is  the  resultant  of  P„  P^  P^,  also  in  P„  P^,  P,,  P^  P^  a 
•etof  forces  balancing  each  other.  We  may  accordingly  assert  that, 
tchen  certain  /orcea  P„  P3,  Pj,  *fc.,  Ao/rf  a  JuniciHar  polygon  in 
equiMrium,  they  will  hold  each  other  in  equilibrium  alio,  {f 
applied  at  a  tingle  point  C,  their  direction  and  tnagmtude  remain- 
ing invariable. 

If  the  cord  AKfK^ ...B,  Fig.  145,  be  stretched  at  the  poinU 


or  nodes,  K,,  K^  by  weights  G„  G, . . .  and  the  extremities  A  and 
B  by  the  vertical  forces  Vi  and  V^  and  the  horieontal  forces  /f, 
and  H',  the  sum  of  the  vertical  forces  will  be  :  K,  +  V„ — {C,  +  Gj 
+  G3  +  . . . )  and  of  the  horizontal  forces :  /f, — H^.  The  condition 
of  equilibrium  requires  that  both  sums  =  0 ;  therefore 

1.  K,+  r„=G,  +  Ga+G3+...ana 

2.  H^=H^;i.e. 

Jn  a  funicular  polygon  stretched  by  weights,  the  sum  of  the 
vertical  fircet  or  vertical  tentiona  at  the  extremities  or  pAnli  t^f 
nupennon.  i$  egmvalent  to  the  sum  of  the  suspended  weights, 
and  the  horizontal  tension  at  the  one  extremity  is  equal  and  oppo- 
titely  directed  to  the  horizontal  tension  at  the  other  extremity. 
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If  the  directions  of  the  tensions  S^  and  S^  at  tlic  cords  A  and  B 
be  prolonged  to  their  intersection  C,  and  the  points  of  application 
of  these  tensions  be  transferred  to  this  pointy  we  shall  then  have  the 
single  force  P=  K^-f  Vj^,  because  the  horizontal  forces  H^  and  H^ 
counteract  each  other.  Since  this  force  holds  in  equilibrium  the 
sum  Gi  +  O^-f  63+  ...of  the  suspended  weights^  the  point  of 
application  or  ofentre  of  gravity  of  these  weights  must  therefore 
lie  in  the  direction  of  the  same^  i.  e.  in  the  vertical  line  passing 
through  the  point  C 

§  142.  From  the  tension  81  of  the  first  portion  AK^  whose 
angle  of  inclination  S-^AH-^^a^,  the  vertical  tension  follows; 
V^^S^  sin.  Oij  and  the  horizontal  Hi  =  8i  eo9.  o^.  If  now  we 
transfer  the  point  of  application  of  these  forces  from  A  to  the  first 
node  K^f  the  wei^t  G|  acting  vertically  downwards  meets  these 
tensions,  and  now  for  the  following  portion  K^K^  the  vertical 
tension  V^^V^ — G^^B^  sin,  a^ — G„  for  which  the  horizontal 
tension  H^^H^^H  remains  unchanged.  Both  forces  united  give 
the  tension  of  the  axis  of  the  second  portion  8^^  '/VjTTP 
and  its  inclination  a^  by  the  formula 

"^  ^      H  81  COS.  €^       ' 

If  the  point  of  application  of  the  forces  V^  and  H^  is  transferred 
from  K^  to  K^  we  obtain  in  the  weight  6,  meeting  them  another 
new  vertical  force,  and  therefore  the  vertical  force  of  the  third 
portion  of  the  cord 

f"3=  V^—Q^^  V,-{G^  +  G^ = 8,  sm.  a,—{G,  +  G,), 
whilst  the  horizontal  force  H^  remains  =  H,    The  whole  tension 
of  the  third  portion  is 

S3  =  i/  V^  +  IPf  and  for  its  angle  of  inclination  a^  we 
have 

tana  a.-^=^i^5l^tz(^±^  i  e 

tang,  a,  =  tang,  a^ ^^• 

For  the  angle  of  inclination  of  the  fourth  portion  of  the  cord, 

tang,  a^^  tang,  a^ ^ — ^ ^,  &c. 

Besides,  the  tensions  Sj,  8^  8^  &c.,  as  well  as  the  angles  of 
inclination  a^,  a^  a^  &c.  of  the  separate  portions  of  the  cord. 
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may  easily  be  repTesented  geometrically.     If  we   make  the  hori* 
Eontal  line  CA=  CB,  Pig.  146,  =  the  horizontal  tension  /f  and  the 
j^g  vertical  CK-^  =  vertical  teasioa  V^ 

at  the  point  of  snapenrion  A, '  the 
hypothenuae  AK^  gives  the  whold 
tension  S^  and  tiie  f  CAK^,  also 
its  inclination  to  the  horizon  ;  if  now 
farther  we  apply  the  weights  G^ 
Gj,  Gj,  &c.  as  parta  K^K^  K^^ 
&e.  of  CK,  and  draw  the  trans- 
versal lines  AK^  AK^  &c.,  we  shall 
have  in  them  the  tensions  of  the 
aucceasive  portions  of  the  estrA^ 
and  in  the  angles  K^AC,  K^AC,  Sec.  the  angles  of  inclination  a^ 
%,  &c.  of  these  portiona. 

§  143.  From  the  investigaticKts  of  the  preceding  paragraph,  the 
law  for  the  eqnilibrium  of  cords  atTetched  by  weights,  cornea  oot 
thus: 

1.  7^  horizontai  lemion  it  at  aU  poi^t  of  the  cord  om  and 
the  game,  viz : 

H=8i  eo». ai= 8^eo*. a^, 
3.  7^  vertical  ietuion  at  antg  one  poitU  it  equal  to  the  vertical 
tentioH  at  the  other  extremity  above  it,  lets  the  turn  nf  the  inter- 
mediate tvtpmded  weighlt,  then^re 

r.=  ri— (G1  +  G3+  ...G^,)- 
If  the  angle  Oj  be  known  and  the  horizontal  tension  H,  the 
vertical  tension  at  the  extremity  ^  is  known ;  Vi=H .  tang,  et^,  snA 
accordbgly  that  at  the  extremi^  B  ;  F,  =  (Gj  +  G,  + . . .  +  GJ— F,. 
If,  on  the  other  hand,  the  angles  of  inclination  Oj  abd  a^  at  both 
points  of  auapension  A  and  B  are  known,  the  horizontal  and 
vertical  tensions  are  given  at  the  same  time,  vis : 

•sj=7-^    ,  and,  therefore, 
V^     tang,  Oj 

y^Vitang.a^ 

"       tang.Oi 

Since  Fi+F„=G,  +  Ga+  ...,  i.e. 

(^'"g-f'  +  ^'^-"°)r,  =  G,  +  G,...,  it  follows  that: 

y,^(Gi  +  Ga+...)fawg.Oi 
'  tat^.  a^  +  tang,  a^     ' 
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^»     — t^J^     ^iL       — ^>  and  from  this: 
tanff.  Oj  +  tang,  a^ 

If  both  sides  have  the  aame  incliaation  a„~ay,  then  f,=  P'^= 

— ^ '  2  '    ' ^'  *nd  "^l"*  one  extremity  A  supports  as  much 

as  the  other  B. 

For  the  rest,  these  laws  hold  good  also  for  the  funicular  polygon, 
eiffwcially  when  stretched  by  forces,  if  the  directions  of  the  forces 
are  substituted  for  the  yerticala. 

Bwwpfe-  The  fonirailir  palJE<"i  JlK^ICtK^,  Kg.  147,  ii  rtretched  by  three  weights 
G^  =  2(i,G^  =  30,uidC,^  16 
Iba.,  M  well  u  by  the  horizonUl 
fwce  H,  ^  Z6  Ibi. ;  required  t« 
find  the  teniioni  of  the  uii  uid 
the  ingle*  at  indinalioo  at  the 
ddet,  in  the  hypothesis  thst  the 
ends  of  the  string  hsve  the  sune 
iiiclinstion.  Here  the  vertio] 
tensions  sre  equal,  viz.  F,  ~  r^ 
_  Oi  +  C,+  g,       20  +  30+16 


=  33  lbs.  The  vertical  tension 
of  the  second  porlioD  irftbe  string 
U  F,  =  F,  —  C,  =.  SS  —  ao  =■ 
13  lbs.,  that  of  the  third  V,  =• 

f,— e,or{C,  +  O^F,)  =  33—16=  17  lbs. j  the  angles  of  inclination  a,  uidat 

of  the  ends  are  determined  by  tmig.  o,  =  Img.  a, 

second  and  third  porti<nub7  the /on;,  a,  =  iang.  a, 

/<nV.o, -(<«?■«.  —  §  -  1-32— i|  -  0,1 

27*  28'.  1^=34''  13' ;  lastly,   (he  teniionB  of  the  axis  are  5,-$,-  </y,*  +  U'  « 

v^+a5'-v'm4^41.40  Ibi..  ii=  ^K,>+  tfi=  ^13'+  :(&'=  ,/794'-28,181b»^ 

and  ^-  ^F,a  +  //»_  v'17'+!i6'-30,23  lbs. 

"••  »«■  §  144.  The   Parabola  a» 

catenary. — Let  us  suppose 
that  the  string  ACB,  Fig, 
148,  is  stretched  by  equal 
weights  Gj,  G^  Sk.,  sus- 
pended at  equal  horizontal 
distancesfrom  each  other.  Let 
as  represent  by  A,  the  hori- 
zontal distance  AM  between 
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the  point  of  suspension  A  and  the  lowest  C^  but  the  vertical 
distance  CMhj  a.  Let  us  put  further  for  another  point  O  of 
the  polygon,  the  corresponding  co-ordinates  ON=y  and  CN 
=x.    If  now  the  vertical  tension  of  ^  he  s=V,  that  of  O  will  be 


=  ^  •  F,  and  hence  for  the  angle  of  inclination  to  the  horizon, 

NOT=rROQ=:^<l^  of  the  portion  of  the  string  OQ,  we  shall  have 

V     V 
iang,  ^  =  t  •  jft  where  IT  is  the  eonstant    of   the    horisontal 

tension. 

Hence  QR  =  OR.  tang.  ^  =  ^^*  a  -  If^  the  vertical  distance 

of  two  adjacent  angles  of  the  funicular  polygon.  If  we  substitute 
for  y  OR,  2  OR,  8  OR,  &e.,  the  last  equation  will  ^ve  the  corres- 
ponding vertical  distances  of  the  firsts  second  and  third  angles,  &c., 
reckoned  from  below  upwards ;  then  if  we  add  together  all  these 
values,  whose  amount  may  be  =  m,  we  shall  obtain  the  height 
CN  of  the  point  O  vertically  above  the  lowest  point  C,  vis  : 

s=:CN=^.~{0R^20R'\'S0R+  ...-hm.OR) 
li       o 

^     ^14.24.8-1.  4.«^-'^     »»<"'  +  1)      Olfi 

^.  -^(1+2+8+  ...  +m)-^.       J    jj       .  -J-, 
in  accordance  with  the  theory  of  arithmetical  series. 
Lastly,  if  OR  be  put  =3  ^,  we  shall  have : 
^_V    m(m-hl)     3^ 

If  the  number  of  weights  be  very  great,  m  +  1  may  be  taken 
=m,  whence  we  shall  have : 

For  w^a,  y=b,  hence  also : 

a=-^ .  ^  and  more  simply  t 

Of      n* 

'=&  which  is  the  equation  to  a  parabola. 

a     or 

If,  therefore,  a  string  devoid  of  weight  be  stretched  by  infinitely 
many  weights  applied  at  equal  horisontal  distances,  the  funicular 
polygon  will  pass  into  a  parabola. 

For  the  angle  of  inclination  ^  we  have  besides ; 

9 
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tang.<t 


=rT=''!'-F=»!'p=F 


Therefore  the  tangent  OT  cnta  the  axis  of  the  abscissKi,  eo  that 
€T=^CN=x. 
If  the  chaiiu  and  rod*  of  a  chain  bri^,  Fig.  149,  were  without 

■      ■  ma.  l«. 


weight,  or  light  enough  in  respect  to  the  weight  of  the  loaded 
bridge  DEF,  which  only  is  to  be  taken  into  consideration,  then 
the  chain  ACB  would  form  a  parabola. 

Jlvm9>b.  The  whide  kMtd  of  ■  duan-brUgC  in  Hg-  1*9'  -  SSOCMM  Ibi.;  the 
■pui  AB  —  ^—  150  feet,  ind  the  height  of  the  arch  CM  —  a  "  IS  feet ;  to  Snd 
the  touiou  ud  other  rektknu  id  the  chiitu.  The  btcliutiouef  theeudi  of  the 
chain  to  the  faori«m  U  determined  bj  the  finnnU,  fay.  b  ■■  x'ts's""'^' 
theiefon  a— 21°  IB'.  The  Tfitied  teniian  at  Mdi  pmnt  of  niq^eniioB  ii  T,  —  }  the 
wdght  -  160000  lb*.i  the  hwiinitd,  ff  -  P,  m^.  a  -  16000O .  ^  -400000 lk.[ 
IwUy,  the  wbcde  l«Diioii  tt  one  end  i 

S  -  Vf^+ai  -  V  V  1  f  ee^.  (^  -  IGOOOO  .  \/'+  (4j)' 
-  160000  a/^  -  SOOOO  ^29  -  430B18  lb*. 

§  146.  Caienarjf. — When  a  perfectly,  flexible  andtitextensible 
string  suspended  ftvm  two  points,  or  a  chain  consisting  of  short 
linlcs,  is  stretched  by  its  own  weight,  its  axis  forms  a  curved  line, 
to  which  the  name  of  catenary  has  been  given.  The  imperfectly 
elastic  and  extensible  cords,  ropes,  bands,  chuns,  &c.,  met 
with  in  practice,  give  curved  lines  which  approximate  to  the 
catenary  only,  but  may  usually  be  treated  as  such.  From 
the  foregoing,  the  horizontal  tension  of  the  catenary  is  eqnaUy 
great  at  all  points,  on  the  other  hand,  the  vertical  tension  is 
equivalent  to  the  vertical  tension  of  the  points  of  suspensum 
lying  above  it,  leas  the  weight  of  the  ptntions  of  the  chain  above. 
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Since  thCj^sion  at  the  vertex,  vhrare  the  catenary  is  bomoBta),  is 
Dull ;  the  vertical  teaaioa,  therefore,  at  the  point  d  auspensioD 
is  equiralent  to  the  weight  of  the  chain  firom  that  point  to  the. 
vert^,  and  the  vertical  tension  at  eaeh  place  alao  equivalent  to  the 
weight  of  the  portion  <^  the  rope  or  chain  lying  below  it. 

If  equal  lengths  of  the  chain  be  equally  heavy  we  have  then  the 

conuoDQ  cat^ary,  whieh  only  we  will  now  consider.     If  a  pcvtioo 

of  the  rc^,  or  chain  csie  foot  in  length,  weighs  y,  and  if  the  arc 

corresponding  to  the  co-ordinates  CM=a  and  MA=b,  Fig.  150, 

ria;  150.  AOC=sl,  we  then  hKve  the 

weight  t^  the  portktB  of  the 

chain  40C=lyi  if,  on  the 

other  hand,  the  leQgth  of 

the  arc  (i)  eorresptMiding  ta 

the    eo-orinates     {CN=a) 

and  NO=y)  =;  we  have 

the   wei^t    of     this     arc 

=My.  If  we  put  the  length 

of  a  similar  portion,   whose 

wei^  =H,  =  c,  (the  hori- 

Eontal  tensioa)   we  have  further  H=ey,  and,  therefore,  for  the 

angks  of  inclination  a  and  ^  at  the  points  A  asd  0 ; 

ttmg.  a=tang.  SAH=-n=  -^=-  and 

tang.  *=tang.  NOT='-^=-. 
"  "  Cy     C 

„j,  j5,  $  146.  If  we  m^ke  the  horizontal  line 

Cff,  Pig.  15i,  =  the  length   c  of  the 

portion  of  chain    measaring    the  hori- 

Eontal   tension,   and  CO  =  the   length 

;  of  the  arc  of  the  chain  on  one  side, 

we  have,  in  accordance  mth  §   142,  in 

the  hypotfaenose  GHf  the  measure  and 

direction  of  the  fnnicular  tension  at  the 

point  .<4fLfor 

tarns.  CHG=^^— mA 

GH=  vc^+cn*=  ^T+?, 

or_S=  ^  (?  +  lP=-/TT^  .y 
=  GH.y. 

9* 
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If  now  w«  divide  CG  into  equal  parts  and  draw  firom  H  to  the 
points  1^  2,  8,  &c.^  straight  lines^  these  will  give  the  measure  an^ 
directions  of  the  tensions  of  those  points  of  the  catenary  which  we 
obtain  when  we  divide  the  length  of  the  catenary  srcJ^C  into  as 
many  equal  parts.  Soj  for  eacample^  the  line  HS  gives  the  measure 
and  direction  of  the  tension  or  the  tangents  at  the  point  (8)  to  the 
arc  AC,  because  in  this  point  the  vertical  tension  =  CS .  y^  whilst 
the  horizontal  tension  remains  the  same  ^  e  •  y,  therefore  for  this 

point  tang.  ^  = —ssj^,  which  the  figure  actually  gives. 

This  peculiarity  of  the  catenary  is  of  use  in  constructing  this  curve 
mechanically^  with  an  approximation  to  correctness.  After  the 
given  length  CG  of  the  catenary  arc  for  construction  has  been 
divided  into  very  many  equal  parts^  the  line  CH=^c  measuring  the 
horizontal  tension  is  applied  to  it,  and  the  transversal  lines  H\,  Hi, 
HS,  &c.,  drawn ;  if  a  part  CI  of  the  arc  be  placed  upon  CH,  and 
through  tile  point  of  division  obtained  (1)  a  parallel  to  HI  be 
drawn,  which  cuts  off  from  it  a  part  (12);  and  likewise  through 
the  point  (2)  another  line  parallel  to  HSl  be  drawn,  and  which  cuts 
off  from  it  a  point  (28)  equal  to  a  part  of  the  arc,  and  again 
through  this  (8)  another,  parallel  to  HS,  and  (84)  be  made  equal  to 
another  part  of  the  arc,  and  we  proceed  in  this  manner,  we  shall 
obtain  a  polygon  (C 1 2  8  4 . . .) ;  as  we  have  taken  these  sides  very 
smaD,  we  may  consider  it  as  a  curve  and  easily  find  the  curve  to  it, 
if  we  connect  the  middle  poiuts  of  the  small  sides  (CI),  (12), 
(28),  by  a  trace  or  line. 

For  practical  purposes,  a  finely  linked  chain  suspended  against 
a  perpendicular  wall  enables  us  to  determine  accurately  enough  a 
catenary  answering  certain  conditions,  as  those  of  given  length 
and  height,  or  of  given  width  or  length  of  the  arc. 

§  147.  In  many  cases,  and  also  in  applications  to  architecture 
and  to  machines,  the  horizontal  tension  of  the  catenary  is  very 
great,  and  the  height  of  the  arc  small  in  comparison  with  the  width. 
Under  this  supposition^  an  equation  to  this  curve  is  obtained  in  the 
following  manner. 

Let  s  be  the  length,  x  =  CM  the  absciss^  and  y  =  ^ilf  the 
ordinate  of  a  very  compressed  arc  AC,  Fig.  152.  If  we  make 
AK:=CK,  we  may  consider  this  arc  as  a  circular  one  described  from 
IT  as  a  ooitre.     Since  from  the  known  equation  of  the  circle  y*  =  x 

(2r — x),  it  follows  that  the  radius  CK  of  the  circle,  *^=2  +0* 
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vm.  192.  OT  more    edmply,    if   we    neglect  5  as 

Bm&U  in  GompariBon  with  n~  1  ^  ~  0  ' 
Por  the  angle  AKC  =  f°,  sabtended  at 
the  centre  byi'.^j*in.  ^  =-j-^=~= — ' 

and  the  arc  ^=m.  f  -t-^m.  f'  +  ^n 

tin,  ^'  + . . .;  if  we  have  regard  only  to  the 
two  firstmenWe,  it  therefore  f oUows  that : 

Now  the  arc  jJC=#s:rA=^.  «;  hence: 
^    2x   ^ ' 

But  inveraely,  j/  =  „     -^,  which  may  be  pnt :  >    '      ^ 

y  =  «  I  1 —  5  (jj )    I ,  and  on  the  other  hand : 

*  =  -V  2?  (»-?)■  ^,,/,  ..  ,^~m/^ 

JEMMftfe.  The  width  of  a  veiy  compreued  irc,  whoae  law  for  the  rett  ii  not  known, 
it  2  i  >  3,S  bet,  wtd  the  hdght  a  -:  0,ZS  feet ;  ita  length,  therefbie,  it : 

2i  =  3,5[l-t|.(J-!|.)']  =3,6Cl  +  ?.0,l43')-3,S  +  3,6.0,0l36-3,5«ft. 
§  148.  We  will  now  apply  the  formula  «  =  y  Fl  +  K^T 


for  the  length  of  a  compreaaed  arc  to  a  strongly  stretched  catenary 
ACB,  Pig.  153,  while  we  put  the  vertical  tension   at   a  point 
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O,  =^  V  :si  sy  =  y\  I  +H  (-)    I  •  7)  ^^^^  therefore  for  the  angle 

made  by  the  tangent  rOAr==^,/flfi5F.^=  -  =  |  I  1+  ^\mj  J. 

If  we  divide  the  ordinate  y  into  m  equal  parts,  we  find  the 
portion  RQ  =  NU  of  the  absciss  x  corresponding  to  one  such 

part  OR,  when  we  put  BQ=  OR  .  tang.  f^OR .  Hi  -1^^  T 

Since  x  is  small  in  comparison   with  y,  RQ  is  approximately 

y  y  •  y  ^v 

=  OR .  -.     If  now  we  put  0R=-^  and  successively  for  y:  ~,  — * 

3  y 

—  J  &e.,  we  obtain  by  degrees  the  several  parts  of  x,  whose  sum 

thereforeis*  =  i^,  (1  +  2  +  8  +  . . . +m)  =  y".  .  ?Li^±l^ 

(§  144)  =^>  ttud  which   corresponds  with  the  equation  to  the 

parabola. 

But  if   we  wish  to  attain    greater  accuracy,    we  must    put 

Qi2=  OR .  ~  I  1  +  q  (-)    L  substitute  for  x  its  value  last  found 
|-,  and  we  shaD  then  obtain : 

Let  us  again  successively  put  y=— ,  — ,  — ,  &c.,  and  for  OR 


m    rn     m 


likewise  ~,  we  shall  then  find  the  several  values  of  x,  and  the 
sum  itself: 

^=£ft(l+*+8+...+m)+^.(^y(l«+2»+8»+...+«,J)]. 

Now  for  a  very  great  number  of  mombors,  the  sum  of  the 


m* 


natural  numbers  from  1  to  m=-^,  and  the  sum  of  their  cubes 

m*  ;•'•"-  ^•• 

<^  ="2-,  accor<Mngly:  ^    ' 


'-^a^^iy- 
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strongly  stretched  catenary. 

By  inversion  it  follows  that  y*=2  ex — t^-s  =  2  c  a?  —  ,^   ^ 

a^ 

«=2ca? 5",  therefore: 

o 

2.  y=A/2car ^,  or  approxilnatdy=  i/2ca?  (l  —  12^)' 

The  measure  of  the  horizontal  tension  is  farther  given  : 

^     2»"^2^.12c«^2ip"^24^  •  y*^*'** 
The  angle  of  the  tangent  f  is  determined  by : 

Lastly^  we  must  here  place  the  formula  of  rectification  found  in 
the  former  paragraph : 

Example. — 1.  For  t  sptn  2  ^  »  16  feet  and  height  of  arc  a  »  2}  feet,  the  length 
2/i8»16ri  +  |^^\n  -16  +  16.0,065  -  17,04  feet,  the  length  of  the  portini 

b*     a    6i     5 
of  diain  which  measnrei  the  horisontal  teniion :  e— 7-+ ^b-t- +7^—12^ +0,417 

241     O       w       1« 

-13,217  ieet;  the  tangent  of  the  an^^  of  lospendon:  tmff.  a  ""7^+7(1)  J 

5ri^l/5\n     5.1,03255       ^^,,,        .v         ,^  ^       .t.._^. 

-g  I  1  +  =  [jsj  J- -^ 0,6453...,  the  angle  off  sospenaiony  therefore, 

a  —  32*  50'.— 2.  A  cham  of  10  feet  length  and  H  span,  has  the  height  of  its  arc 


*/ 1,7812  —  1,335  feet,  and  the  measnre  of  the  horizontal  tension : 

2«    6     2.1,335  6 
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3.  If  t  dO  feet  long  tnd  8  lb.  heayy  line  be  stretched  horizontally  by  a  force  cS 
20 lbs.,  the  vertical  tension  F  »  i  G  =  4  lbs.,  the  horizontal  force  H  =  VSfi^V^ 
=s  ^20*— 4'  =   \/384  =  19,596  lbs.,  the  tangent  of  the  angle  of  suspension : 

itmff,  ^  =a  ~»  inroA  ~  0,20412,  the  angle  ^  itself  =  IP  32< ;  the  measure  of  the 
ff       19,596 

H  8         30 

horizontal  tension  c  »  ^  »  ff—  »  --.  H  =«=  73,485   feet,     the    span    2  b 

,   ,     .      ,                                       n  .  „    xv             /3  29,792  . 0,208 
and  the  height  of  the  arc  a  =  /^^  *  (/-*)  =  /y  j        2.2 

=  v'29,792  .  0,078  =  1,524  feet, 

§  149.  The  higher  criculus  gives  the  following  general  formulse 
for  the  catenary,  and  which  held  good  for  aD  tensions. 

1.  *  =  \^2cx  +  «*,  and  inversely,  «=  V ^  +  ^  —  c  and 
«»  — ar« 


c  = 


2d7 


2  \e^ — ^  *)'  inversdy  y^cLn  I I,  where 

e  is  the  base:  2,71828  of  the  natural  system  of  logarithms,  and  L  n 
the  logarithm  =  2,30258  times  the  common  logarithm. 

8.  y=eLnl ^ \,  mversely  x=:^^ye' ^eyr-€. 


^       2  a?  V — ^'z 


The  use  of  these  formulas  is  very  troublesome,  especially  in 
complicated  problems,  where  a  direct  solution  is  generally 
not  possible. 

Sxan^k.  The  two  co-ordinates  of  a  catenary  are  jt  =s  2  feet,  and  y  =  3  feet ; 

required  the  horizontal  tension  e  of  this  curve?    Approximately  from  No.  3  of  the 

v^     .p    9    2 
former  paragraphs  e»|-4-7« 7  4-7  =  2,58.  From  No.  3  of  the  present  paragraphs 

aX    o    4    o 

-*i             w    /c  +  *+^/2c4?  +  ««\    .      -         ,    /c  +  2+V'47+4\       „^ 
y  IS  exactly  ^cIm  1 j,  i.  e.  3  ss  e  In  I y     "  c 

be  here  put  =  2,58,  we  then  have  the  error /=  3  —  2,58  Im  /l:5i±|^!l:5?\ 

(8  3642\ 
-j^f  =<  3  —  3,035  =  —  0,035 :  bat  if  e  be  pot  =  2,53,  we 

thea  teve  the  error/.  =  3  -  2,53  i,  (i52:tj^), 3-2,53 X«(2g5) 

»  3  —  3,002  =  —  0,002.    In  order  now  to  find  the  true  value  of  c ;  if  according 
to  a  kwiwn  nde  we  put 
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l6,S.e=c  \7,i.2fi3  —  2fia  =  41,69 1  Iheiefbrt: 
c=*Jg  =  2fi27t^. 

Xemari.  Pnctkal  applicitknu  ot  the  cateotrr  will  be  giTen  vben,  in  the  Second 
Pait,  we  oome  to  trait  of  the  conitntctkin  <rf  rault*,  ehain-bridgea,  &c 

^  160.  The  PvUey. — Ropes,  cords,  &c.,  are  the  uaaal  means  by 
which  forces  are  transmitted  over  the  wheel  and  axle.  We  will  here 
develop  what  is  most  general  in  the  theories  of  these  two  arrange- 
ments, without,  however,  taking  into  account  frictioa  and  rigidity. 

A  pulley  is  K  drenlar  disc,  ABC,  Fig.  154  and  Fig.  1 56,  turning 


about  an  axis  OD  whose  circumference  lis  a  cord  or  string,  and 
whose  extremities  arc  stretched  by  the  forces  P  and  Q.  In  a  fixed 
pulley,  the  block  in  which  the  axis  or  pivot  reposes  is  immoveable ; 
in  a  &ee  pulley,  on  the  other  hand,  it  is  moveable. 

In  the  condition  of  equilibrium  of  a  pulley,  the  forces  P  and  Q 
at  the  extremities  of  the  string  are  equal ;  for  every  pull^  is  a 
bent  lever,  the  arms  of  which  are  equal  in  length,  which  we  may 
obtain  if  we  let  &U  perpendiculars  CA  and  CB  &om  the  axis  C  on 
the  directions  of  the  forces,  or  of  the  strings  DP  and  DQ.  It  is 
clear  that  the  forces  P  and  Q  in  any  revolution  about  C  describe 
the  same  space,  viz.  rf,  if  r  be  the  radius  C^=CA  and  ^^  the 
angle  of  revolution ;  and  that  from  this  we  may  infer  the  equality 
between  P  and  Q.  From  the  forces  P  and  Q  there  arises  the 
resultant  CR=R,  which  is  taken  up  by  the  block  and  is  dependant 
on  the  angle  ADB=a,  which  the  directions  of  the  string  include; 
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and  moreover  it  gives  as  the  diagonal  of  the  rhomb  CF,  AQ, 

constructed  from  P  and  a :  R=  Z  P  co9.  ^ . 

§  161.  In  the  fixed  pulley,Fig.  154,  the  foree  QconaiBts  of  theweight 
to  be  overcome  or  raised  at  one  extremity  of  the  string;  her^  there- 
fore, the  force  is  equal  to  the  weight,  and  the  application  of  this 
pulley  effects  nothing  bat  a  change  of  direction.  In  the  moveable 
pulley.  Fig.  165,  on  the  other  hand,  the  weight  on  the  hook  R 
acts  at  the  extremity  of  the  block,  whilst  the  one  extremity  of  the 
string  is  fastened  to  a  fixed  object ;  here,  therefore,  the  force  P  is 

to  be  put  = ,    If  we  represent  the  ehord  AMBf  which 

corresponds  to  the  ore  over  which  the  string  passes,  by  a,  the 
radios  CA  =  UB,  as  before  =  r,then  a=Z  AM=2 .  CA co».  CAM 

=2  CA  CO*.  ADM=Zrca8.a,  hence  -  maybeput=: Zi'^^ 

P      r 

likewi8e-==-  .     From  this,  therefore^    the  power  in  the  fimed  -» 

puUey  it  to  the  weigM  aa  the  radiut  ef  thepviiey  to  the  ehord  of 

the  are  over  which  the  $tring  paasen 

...  If  8=3  r,  the  string  passes'  over  a  semicircle, 

Fig.  166,  the  force  then  is  at  a  minimnm ;  vie. 
P=\R',  ita=r,  that  is  60P  of  the  part  of  the 
pulley  over  which  the  string  passea,  we  have 
P=R;  the  smaller,  therefore,  a  becomea,  the 
greater  is  P,  and  for  a  infinitely  small,  the  force 
P  becomes  infinitely  great.  An  inverse  propor- 
tion takes  place  in  the  spaces ;  if  « is  the  space 
of  P,  which  corresponds  to  a  space  il  =  A/  we 

have  then  Pe  =  Rh,  therefore,  r=-. 
^  '  h    r 

The    moveable    pulley   is    thus  a  means  <tf 

modi^ring  force;   for  example,  a  given  weight 

may  by    this    means   be    raised   by   a  smaller 

force,  but  in  proportion  as  there  is  gain  in  force, 

th^fl  is  loss  in  space. 

Stmark.  We  ihall  treat  of  the  compoutioD  of  poUefB  and  ijitemi  of  pnlleyi,  *■ 
well  H  of  Uie  reaktucw  uniDg  fiom  fricfion  and  rigidity,  mciie  fuBj  in  a  ■nbMqnait 
Part. 
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^  152.  The  wheel  and  axle. — The  wheel  and  ucle  is  a  rigid  con- 
nection of  two  fixed  pollies  or  wheels,  capable  of  revolving  about  a 
common  axis  ABFE,  Fig.  157.     The  smaller  of  these  wheels  is 
no.  157.  called  the  axle,  the 

greater    one     the 
wheel.     The  roond 
extremities   E  and 
F,   on  which  this 
arrangement    rests 
are  called  gudgeons. 
The  axis  of  revolu- 
tion of  the  wheel 
and  axle  is    either 
horizontal,  or  verti- 
cal,    or     inclined. 
Here  we  shall  only 
speak  of  the  wbc^ 
and  axle  which  re- 
volves about  a   horizontal  axis.     We  shall  also  here  suppose,  that 
the  forces  P  and  Q,  or  the  power  P  and  the  weight  Q  act  at  the 
extremities  of  a  perfectly  flexible  string,  which  passes   round  the 
circumference  of  the  wheel  and  axle.  The  questions  to  be  answered 
are,  in  what  relations  the  powers  and  weights  are  to  each  other, 
and  what  pressures  the  gudgeons  E  and  F  have  to  sustain  T 

Let  us  ima^ne  a  plane,  a  horizontal  plane  passed  through  the 
axis  CD  and  the  points  of  application  A  and  B  of  the  power  P, 
and  the  weight  Q  transferred  to  this  plane,  and  therefore  P  and 
Q  applied  at  A^  and  By  If  the  angles  AAiC  and  BB^D,  which 
both  forces  make  with  ttie  horizon  =  a  and  ^,  these  forces  may  be 
replaced  by  the  horizontal  forces  R=P  cot.  a,  S=Q  cob.  A  wid 
by  the  vertical  forces  Pi  =  P  fin.  a,  Q,  =  Q  sin.  IS.  The  horizontal 
forces  are  directed  towards  the  axis,  and  being  applied  at  C  and 
D  become  perfectly  counteraeted  by  the  axis.  The  vertical  forces 
P,  and  Q„  on  the  other  hand,  tend  to  turn  the  wheel  and  axle 
about  its  axis.  If  £  be  the  intersection  with  the  axis  of  the  line 
connecting  the  points  A^  and  8,,  KA^  and  KB^  aie  the  arms  of 
Pi  and  Q],  and  equilibrium  subsists  about  K,  and  also  about 
CD,  if: 

P,.KA,=  Qi.KB,.  or,  since^f  =  ^^^,  it 
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P      CA 
P, .  C4i  =  Qi .  DJBi,  or,  as  y'^CA'  ^^ 

Q  ^DB,' 

P.CA     ^.  _Q.DB 

P.CA-Q.DB,  or  Pa=Qb, 

if  a  and  b  rqiresent  the  arms  of  the  power  and  weighty  or  the  radii 
of  the  wheel  and  axle.  In  the  wheel  and  axle^  therdFore^  as  in  every 
lever,  the  moment  of  the  power  is  equivalent  to  the  moment  of  the 
weight. 

§  158.  The  forces  P|  and  Qj  give  at  £*  a  vertical  pressure  P^  +  Q^ 
with  which  must  also  be  associated  the  weight  G  of  the  whole 
wheel  and  axle  applied  at  the  centre  of  gravity  S.  The  supports  of 
the  gudgeons  at  E  and  F  have  also  to  sustain  the  vertical  pressure 
Pj  +  Qi  +  G = P  m.  a  +  Q  wi.  /8  +  G.  If  we  put  the  whole  length 
of  the  wheel  and  axle  measured  from  E  to  F=^L,  the  part  EC=ili, 
CD=zl,  DF=:Lp  therefore  Lz^l-^l^-^-l^  and  the  distances  ES 
and  FS  of  the  centre  of  gravity  8  from  the  suppcMrts  d  and  d, 
therefore  also  L^dj  +  d^  we  shaD  obtain  since 

DK_    P,  njr-_PiL 

for  the  vertical  pressure  Xi  at  the  gudgeon  E : 
Xi.£P=G.PS+(Pi+Qi)Pir, 

Grf,+  (P,+  Q0(^  +  p^./) 
Xi  = -^ £l±i^i_/^  i.  e. 

On  the  other  hand,  for  the  vertical  pressure  X^Bt  F: 
X^.EF=G.ES+{P^  +  Q{)  EK,  i.  e. 

Gci;H-(P,H-Qj(/,-f^./) 
-*a T * —  >  »•«• 

»"  L 

The  horizontal  forces  R  and  S  have  the  moments  about 
F,  R.FC  =  R  {l  +  l^,  and  8 .  FD  =  8 .  l^  and  about 
£:£r.£2>  =  S  (/  +  /,),    and  R.EC=  iW, ;  if,  therefore,  we 
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put  the  horizontal  pressnrea  upon  E  and  F  eflfeeted  by  them 
=  F|  and  Y^  we  shall  obtain : 

Y^.FE:=^R.FC—S.FD,  as 
y_RiLL^=^,  and 

Y^.FE=8.ED—R.EC,  as 
Xj 2 . 

From  X|  and  Ij  the  total  pressure  at  JZ  is : 

Z|  =  i/JiTj^  +  Fj^^  and  likewise  firom  X^  and   Y^  the  same 
atF: 

Z^^i/X^^Y^. 

Lastly,  if  ^  and  ^  be  the  angles  whieh  the  directions  of  these 
pressures  make  with  the  horizon,  we  shall  then  hav6 

tang.  #=W  and  tang.  ^=^. 
•*i  ^^ 

Esvmpk.  The  weight  Q  of  t  wheel  and  axle  poUa  peipcniftcnlaiiy  downwards, 
and  amounts  to  3651118.;  the  radius  of  the  wheel  a  »  1| ft.}  that  of  the  axle 
6»|ft.;  the  weight  of  the  machine  itself  is  200 lbs.;  its  centre  of  gravity  i91ies 
distant  from  B  and  F^A^^  If,  and  i^  »  2|  ft.;  the  middle  of  the  wheel  is  about 
J^^ifft.  from  the  gndgiwn  ^  and  the  irertical  phme  in  which  the  weight  acts  is 
aboat  i^s2  ft.  from  the  godgeon  F.  Now  if  the  force  P  necessary  for  restoring  the 
equilibrium  at  the  wheel  inclined  to  the  horizon  at  an  ang^e  50®  "-a,  polls  down- 
wards, what  win  this  be,  and  what  will  be  the  pfessores  on  the  gudgeons? 
Q-365,  /3»90»,  consequently  QjaQitii.  J9»Q  and  5»Qom./3»0;  fbrther,  P 
being  unloiown,  and  aa>50<*,  consequently  P^^P  am.  aa0,7660 .  P  and  R^Peo9.a 

-0,6428 .  P;  bat  now  a-  If-f  and  »»},  it  foUows,  therefore,  P-  -  Q-f .  865 

a 

«l56,4Ibs.,  P|->119,R  and  Je-100,6.     Farther,  because  O-200,  ii;»f,  4^-4, 

h^it  ^-»2,  Xai4-f-4a4,  and  /«£— (^  4-^— 4v  "i»  >o  that  the  vertical  pressure 

at^iss 

X  ^gPO '  »+ (865  + 119,8)  .  2-H19,8  .  4    161935^  4^4^  j^^ 

4  4 

and  thai  at  Fi 

JL-  >00  *  4+  (^&  +  ^^^>8)  '  <  +  365  .  i    1119,85,  ^80,0  lbs. 

4  4 

Both  of  these  foraes  together  giye : 

Xi  +  l^«Q+<74-/»,-684,8Ibs. 
The  horizontal  force  at  ^is : 

y_  100.5  •(*+»)-0- 2,81,711,..,  uAibMttF: 
n-  0.  (♦  +  <) -100.5.  < 18^  j^ 

the  lam  of  these  ii  exactly  -A-t-5<-100,51bi. 
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T1i6  pvettuie  tt  J9  ia  inclinfed  at  any  angle  ^  to  the  horizon,  for  which  we  have 
ttmff.  ^  -  ^«^»  log-  '«V.  ^  -.  0.6?«^02»  ^  =  ^TS-  85'. 

The  preasure  itself:  Z^  -  -r^  =  413,0  lbs. 

On  the  other  hand,  for  the  inclination  ^  of  tho  preMure  at  F: 

tang.  +  -  ^=?^,  Log^Umg.^^  I,m00,  i^  -  86«,  9^,5 ; 

y 
and  the  pressure :  Z»  »  — tl^  »  280,6  lbs. 

cot,  y 


CHAPTER  V. 

ON   TBI    KKSUiAVCBS   OV   FKICnON   ANB   UOIDITT. 

§  154.  We  have  hitherto  assumed  that  two  bodies  can  only  act 
upon  each  other  by  forces  at  nght  angles  to  the  pkne  of  contact. 
If  the  surfaces  at  the  point  of  contact  were  perfectly  mathematicalj 
f.  e.  not  interrupted  by  the  smaDest  irregular  elevations  or  depres- 
sions^ this  law  would  also  be  fully  confirmed  by  experience ;  but 
because  every  body  possesses  a  certain  degree  of  elasticity  or 
softness^  and  because  the  surface  of  every  body,  even  if  it  is 
smoothed  or  polished  in  a  high  degree,  has  still  some  small  eleva- 
tions or  indentures,  and  in  consequence  of  the  porosity  of  matter, 
no  continuity;  therefore,  by  the  reciprocal  action  of  two 
bodies  in  contact,  reciprocal  impressions  and  partial  penetration  of 
the  parts  takes  place  at  the  point  of  contact,  by  which  an  adOtbesioa 
of  the  two  bodies  is  caused,  which  can  only  be  overcome  by  a 
distinct  force,  whose  direction  coincides,  with  the  plane  of  contact. 

This  adhesion,  produced  by  the  impression  and  partial  penetra- 
tion of  the  bodies  in  contact  and  the  resistance  on  the  plane  of 
contact  arising  from  it,  has  obtained  the  name  of  friction.  Friction 
presents  itself  in  the  motion  of  bodies  as  a  passive  power  or 
resistance,  because  it  only  impedes  and  checks  motion,  but  never 
produces  nor  promotes  it.  It  is  introduced  into  investigations  in 
mechanics  as  a  forde  which  is  opposed  to  every  motion,  whose 
direction  lies  in  the  plane  of  contact  of  two  bodies.  In  whatever 
direction  we  move  forward  a  body  resting  on  a  horizontal  or 
inclined  plane,  friction  will  always  act  opposite  to  the  direction 
of  motion ;  for  example,  it  will  impede  the  ascent  as  much  as  the 
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descent  of  a  body  on  an  inclined  plane.  The  smaUeat  addition  of 
force  produces  motion  in  a  system  of  forces  in  equilibrium^  so  long 
as  friction  is  not  called  into  action ;  but  when  the  same  exerts  its 
effect^  a  greater  addition  of  force^  dep^dant  on  the  friction^  is 
required  to  disturb  the  equilibrium. 

§  155.  On  overcoming  friction,  the.  parts  in  contact  are  com- 
pressed, and  those  which  protrude,  bent  down,  torn,  or  broken 
off,  ke.  Friction  is  not  only  dependant  on  the  roughness  or 
smoothness  of  the  surfaces  in  contact,  but  also  on  the  physical 
properties  of  the  bodies  themselyes.  Hard  metals,  for  instance, 
cause  less  friction  than  soft.  We  can,  however,  lay  down  no 
general  rules  a  priori  of  the  dependance  of  friction  on  the  physical 
properties  of  bodies;  it  is,  on  the  contrary,  necessary  to  make 
experiments  on  friction  with  bodiea  of  different  substances  in. 
order  to  find  out  the  friction  which  takes  place  under  various 
circumstances  between  bodies  of  the  same  substance. 

The  unguents  which  are  applied  to  the  rubbing  sur&ces  exert  a 
particular  influence  upon  the  friction  and  on  the  abrasions 
arising  from  the  contact  of  bodies.  The  pores  are  filled  up  and 
other  asperities  diminished,  and  in  general,  the  frurther  penetration 
of  the  bodies  prevented  by  the  fluid  or  semifluid  unguents,  such  as 
oil,  tallow,  fat,  soap,  &c.,  for  which  reason  these  occasion  a  con« 
siderable  diminution  of  friction. 

Friction  must  not,  however,  be  confounded  with  adhesion,  t .  e. 
with  that  holding  together  of  two  bodies,  which  takes  place  when 
they  come  into  contact  at  many  points  without  reciprocal  pressure. 
Adhesion  increases  with  the  size  of  the  surface  in  contact,  and  is 
independent  of  the  pressure,  whilst  the  contrary  is  the  case  with 
friction.  If  the  pressure  be  slight,  the  adhesion  wiU  be  considerable 
in  proportion  to  the  friction ;  but  if  the  pressure  be  considerable, 
then  it  will  constitute  but  a  small  part  of  the  friction,  and  therefore 
generally  may  be  neglected.  Unguents,  like  all  fluid  bodies, 
increase  the  adhesion,  because  they  increase  the  number  of  the 
points  of  contact. 

§  156.  Kinds  qf  friction. — ^Two  kinds  of  friction  are  distin- 
guishable, viz.  the  rolling  and  the  sliding.  Sliding  friction  is  that 
kind  of  resistance  which  is  given  out  when  a  body  so  moves  that 
all  its  points  describe  parallel  lines.  Boiling  friction,  on  the  other 
hand,  is  that  resistance  which  arises  from  rolling,  i.  e.  that  motion 
of  a  body  which  moves  progressively  and  rolls  at  the  same  time,  and 
whose  point  of  contact  describes  as  great  a  space  upon  the  body  m 
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motioD  as  upon  the  bo^  at  reat.  A  body  M  Bnpporting  itself 
upon  the  plane  HR,  Fig.  158,  for  instance,  moves  sliding  over  the 
plane,  and  consequently  has  to  overcome  sliding  iriction  when  its 
points  A,  B,  C  describe  pai«Uel  spaces  AA■^,  BB^,  CCj,  &e.,  and 


therefore  all  these  points  of  the  moving  body  come  into  contact 
with  others  <^  the  support.  The  body  M,  Fig.  159,  on  the 
other  hand,  rolls  apon  the  plane  HR,  and  has  to  overcome 
rolling  friction,  when  the  points  A,  B,  &c.,  of  the  surface  so  move 
that  the  space  ABi  =  AB  =  A^Bi,  likewise  AD  =  AE,  and 

The  iriction  of  axles  is  a  particular  kind  of  sliding  fiiction, 
which  arises  when  a  cylindrical  axle  revolves  in  ita  bearing.  We 
distinguish  two  kinds  of  axles,  the  gudgeon  and  the  pivot.  The 
gudgeon  rubs  against  its  support  or  envelop,  whilst  its  other 
points  always  successively  come  into  contact  with  the  same  points 
of  the  support.  The  pivot,  on  the  other  hand,  presses  with  ita 
circular  base  against  its  support,  where  its  points  revolve  in  con- 
centric circles. 

Further,  particular  frictions  arise  when  a  body  oscillates  upon  a 
sharp  edge,  as  in  the  balance,  or  when  a  vibrating  body  reposes 
upon  a  point,  as  in  the  magnetic  needle. 

Lastly,  we  distinguish  the  friction  of  quiescence  which  is  to  be 
overcome,  when  a  body  at  rest  is  put  into  motion,  &om  the  friction 
of  motion  which  opposes  itself  to  the  transmission  of  motion. 

§  157.  Lawa  of  friction. — ^He  general  laws  to  which  friction  is 
subject,  are  the  following  : 

1,  Friction  is  proportional  to  the  normal  pressure  between  the 
rubbing  bodies.  If  a  body  be  pressed  agiunst  another  by  a  doable 
force,  the  friction  is  as  great  again ;  three  times  the  ipreasnre 
^ves  three  times  the  friction.  If  in  small  pressures  this  law  varies 
from  observation,  it  must  be  attributed  to  the  proportionately 
greater  effect  of  adhesion. 

2.  Friction  is  independent  of  the  extent  of  the  surfaces  of 
contact.     The  greater  the  surfaces  arc,  the  greater  is  the  number 
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of  pfirts  which  rub  againat  each  other ;  the  smaUer  the  presanre, 
the  less  the  Miction  of  each  part ;  the  sum  of  the  frictions  of  all 
the  parts  is  the  same  for  a  greater  as  for  a  less  surface,  in  so  far  as 
the  pressure  and  the  other  circumstances  remain  the  game.  If  the 
aide  surfaces  of  a  parallelepipedical  brick  are  of  the  same  quality, 
the  force  necessary  to  push  it  along  a  horizontal  plane  is  the  same, 
whether  it  rest  upon  the  least,  the  mean,  or  the  greatest  surface. 
With  very  large  side  sur&ces  and  with  small  pressures,  this 
law  has  exceptions,  in  consequence  of  the  effect  of  adhesion. 

3.  The  friction  of  quiescence  is  indeed  generally  greater  than 
that  of  motion ;  the  last,  however,  is  indepeodent  of  the  velocity; 
it  is  the  same  in  small  as  in  great  velodtiea. 

4.  The  friction  of  greased  suriaces  is  generally  less  than  that 
of  ungressed,  and  depends  less  on  the  rubbing  bodies  than  on  the 
unguents. 

5.  The  friction  of  gudgeons  revolving  on  iheir  bearings  is  less 
than  the  common  sliding  friction ;  the  frietioD  of  rolling  is  in  most 
cases  BO  small,  that  it  need  hardly  be  taken  into  account  in  com- 
parison with  the  sliding  friction. 

§  158.  Co-egident  of  friction. — From  the  firat  law  laid  down  in 
,..  the  former  paragr^h,  the  following 

may  be  deduced.  A  body  AC, 
Fig.  160,  presses  againat  its  sup- 
port, first  with  the  force  N,  and 
requires  to  draw  it  along,  t.  «.  to 
overcome  its  friction,  the  exertion 
of  a  certain  force  F,  and  secondly 
with  the  force  N^,  and  requires  the 
force  F^  to  cause  it  to  pass  from  a 
state  of  rest  into  one  of  motion.     From  the  foregoing  we  have : 

.=.  =  >j- ,  and  therefore  F  =  ^  .  N. 

If  by  experiment  we  have  found  the  friction  P,  corresponding 
to  a  certain  pressure  N^,  we  hence  find,  if  the  rubbing  bodies,  and 
the  other  circumstances  are  the  same,  the  friction  F  corresponding 
to  another  pressare  N  when  we  multiply  this  pressure  by  the  ratio 

'  ^)  of  the  values  F^  and  JV^  corresponding  to  the  first  obser- 


(|)« 


vation. 

The  ratio  of  the  friction  to  the  pressure,  or  the  friction  for  a 
pressure  =  unity,  a  pound,  for  ioBtBOce,  is  called  the  co-efficient 
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offnctum,  aod  will  in  the  §equel  be  expreaeed  by  /,  wherefore  we 
may  generally  put  F^f.N. 

The  CD-efficient  of  friction  is  different  for  different  Buhstanees 
and  different  conditions  of  friction,  and  must  therefore  be  foond 
out  by  experiment  for  each  particukr  case. 

When  a  body  AC  is  drawn  a  distance  •  over  a  surface,  there  is  a 
mechanical  effect  Fi  to  perform ;  the  mechanical  effect  or  work 
required  to  overcome  friction  is,  therefore,  fNt,  equal  to  the  product 
of  the  co-efficient  of  friction,  the  normal  pressure,  and  the  ^^jatmnw 
along  the  plane  of  contact.  When  the  plane  is  also  moving,  we 
must  then  understand  by  »  the  relative  distance. 

finnvifr— I.  If  b;  ■  preuDre  of  260  Ibk  the  friction  amooiit*  to  91  lb*.,  the 
eonwpondingeo-effldentof  &ictioni«/=.^=,^=0,M.~2,  To  draw  ■  liOO  Iba. 
he«»y  iledge  ikinK  •  faorizontal  ud  ymj  tmootfa  nirbce  of  mow,  the  eo^effident  of 
frictian  ii/c=0,04,  the  teqnired  forae  F-'O.tH  .  SOO-iDlbt.— 3.  If  the  co-eOdent 
of  frictioii  of  •  eait  dimwn  over  k  piTed  road  ii  0,4S  uid  the  load  unoiiiiti  to  500  Ibi. 
the  mechuiical  efftet  required  to  dnw  ft  480  feet  u  -  /Tfi  -  0,46  .  500 .  480 
=  108000  fUlbi. 

§  159.  Ty>£  angle  of  Jriction  and  the  erne  of  fiction. — A.  body 
„„_  101,  j^C,    Fig.  161,  lies    On    an   in- 

clined plane  FH,  whose  angle  of 
inclination  FHR  ^  a,  its  weight 
O  reaolvea  itself  into  the  Bonaal 
pressure  N^  G  com.  a  and  into 
the  parallel  force  P  =  6  m.  a. 
From  the  first  fuee  there  arises 
the  friction  F  3=  fO  cof.  a,  which 
IS  opposed  to  every  motion  upon  the  plane,  where^we  the  farce;,  to 
push  it  upwards  on  thepIanes^+Ps/'G  eet,  a+0  nm,  «=■(»«. 
a+/eo*.  a)  G,  on  the  other  hand,  the  force  to  push  it  downwards 
is  =F—P=  [/cot.  a — m  a)   G ;  the  last  force  is  null,  i,  e.  the 
body  is  sustained  by  its  friction  on  the  plane,  when  9m.a=fco:  a, 
i.  e,  when  the  ti^,  a=f.    As  Icmg  as  the  inclined  plane  has  an 
angle   of  inclination,   whose   tangent   is  less   than  /,  the  body 
remains  at  rest  on  the  plane,  but  when  the  tangent  of  this  angle 
is  a  little  greater  than  f,  the  body  immediately  begins  to  slide 
down.     The  angle,  whose  tangent  is  equal  to  the  co-efficient  of 
friction,  is  called  the  angle  of  friction  or  the  angle  of  repose. 
The  co-efficient  of  friction  is  given  by  observing  the  angle  of  fric- 
tion p,  (for  the  friction  of  repose)  when  _^  is  put  =  /onjr.  p- 

In  consequence  of  friction,  the  surface  FH,  Fig.  162,  reacts  not 
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only  against  the  normal  presaure  iVof 
another  body  AB;  bat  also  against  its 
oblique  pressure  P,  when  the  deviation 
NBP=^  of  the  direction  of  this  pres- 
sure from  the  normal  £iV  does  not  exceed 
the  angle  of  friction^  for  since  the  force  P 
gives  the  normal  pressure  BN=i  P .  eos.f, 
and  the  lateral  or  tangential  pressure 
B8=s8=sp$in.  f,  and  there  arises  from 
the  normal  pressure  P  cos.  ^  the  friction 
fP  COS.  ^  opposed  to  every  motion  in  the  plane  FH^  8  will  there- 
fore be  unable  to  give  rise  to  motion^  and  will  remain  in  equili- 
brium so  long  as  /  P  cos.  f  >  P  sin,  f,  or  f  cos.  ^  >  sin.  ^  i.  e. 
tang.  ^is</or^<p.  If  the  angle  of  repose  CBD^p  be 
made  to  revolve  about  the  normal  CB,  it  will  describe  a  oone^ 
which  we  may  call  the  cone  of  friction  or  resistance.  The  cone  of 
resistance  includes  all  those  directions  of  force  by  which  a  perfect 
counteraction  of  the  oblique  pressure  takes  place. 

RranfUe,  To  draw  alllled  and  200  Iba.  heavy  cask  up  an  Indiiied  wooden  plane  of  50«, 
the  fofoerequindwith  a  co-eflicient  of  friction /« 0,48  ia  »  P  —  (foot.  a+im.  a)  <? 
-»(0,48  cot. 50»+«m.50»).200«(0,308  + 0,766). 200»215 Iba.;  to  let  it  down, 
or  to  prevent  its  diding  down,  the  force  reqnired,  on  fhe  other  hand,  ia: 
P=(/co». «— «i«.  a)  C—  (suL  50<»— 0,48.  cot.  50»)  200—  (0,766  —  0,308).  200 
-  —  91,5  Iha. 

§  160.  Experiments  on  friction. — ^Experiments  on  friction  have  been 
made  by  many  philosophers^  the  most  extensive  of  which  and  on  the 
greatest  scale^  are  those  of  Coulcmb  and  Marin.  To  find  out  the  co- 
efficients of  friction  for  sliding  motion,  these  two  made  use  of  a  sledge 
shding  on  a  horizontal  surface,  which  was  pulled  forward  by  a 
cord,  passing  over  a  fixed  pulley,  from  which  weights  were 
suspended  as  in  Fig.  168,  where  AB  represents  the  way,  CD  the 

FIG.   163. 


iu^^^' 


sledge,  E  the  pulley,  and  6 
the  weight.  To  obtain  the 
co-efficient  of  friction  for 
different  substances,  the  sur- 
faces in  contact,  not  only  of 
the  sledge,  but  also  of  the 
way  forming  the  support, 
were  covered  with  the 
smoothest  possible  pieces 
of  the  substances  under  experiment,  such  as  wood,  iron,  &c., 
&c.     The  co-efficients  of  the  friction  of   repose  were  given  by 
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the  weight  which  was  necessary  to  caose  the  sledge  to  pass 
from  a  state  of  rest  into  one  of  motion,  and*  the  co-efl5cient 
of  the  friction  of  motion  by  the  time  t,  which  the  sledge  required 
to  pass  over  a  certain  space  s.  If  6  be  the  weight  of  the  sledge 
and  P  the  weight  required  to  draw  it,  we  have  the  friction  =^/G, 

P  4-  G 

the  motive  force  =  P-^G,  and  the  mass  ilf  =• 


it  there- 


ff 


no.  164. 


fore  follows  from  §  65,  that  the  acceleration  of  the  uniformly  accele- 
rated  motion  arising,  is:jg=  p^p  g^  and  inversely,  the  co-effi- 
cient of  friction /=  ^ r^—  .  -£.    But  *=i  pfi  (§  11),  there- 

.            2*       ,    .    P      P  +  G    %8 
fore,p=;^,  and /=^ G"  gfi' 

To  measure  the  co-efficient  of  friction,  for  axle  friction,  a  fixed 
pulley  ACB,  Fig.  164,  is  made  use  of,  over  which  a  cord  passes, 

which  is  stretched  by  the  weights  P  and 
Q.  From  the  sum  of  the  weights,  the  pres- 
sure P  +  Q  is  given,  and  from  their  difference 
P — Q  the  force  at  the  circumference  of  the 
pulley,  which  is  in  equilibrium  with  the  fric- 
tion of  the  axle,  F=/  (P + Q),  if  now  04=0 
the  radius  of  the  pulley,  and  CD^r  that  of 
the  axle,  we  have  from  the  equality  of 
moments  (P—  Q)  a=Fr=f{P  '\- Q^  r, 
and,    therefore,    the    friction     of    repose; 

P—'O     a 

f  =x  .=- — ^  .  -,  on  the  other  hand,  for  that  of  motion,  if  the 
•^         P+Q    r'  ' 

weight  P  falls  a  space  s  in  the  time  {(),  and  Q  rises  as  much, 
•^"-VP+Q~^/r- 

Remark,  Before  Coulomb,  Amontons,  Camus,  Biilffinger,  Maaehenbroek,  FerguMMit 
Vinoe,  and  others  turned  their  attention  to  and  made  experiments  on  friction.  The 
results  of  all  these  investigations  are  of  little  value  in  practice,  because  they  were 
conducted  upon  too  small  a  scale.  The  experiments  of  Ximenes,  which  were  made 
about  the  same  time  as  those  of  Coulomb,  also  fail  in  this  respect.  The  results  are 
to  be  found  in  a  work,  "  Teoria  e  Pratica  delle  resistenze  de'  solidi  ne'  loro  attriti/' 
Pisa,  1782.  The  experiments  of  Coulomb  are  fiiUy  described  in  his  work,  "Thteie 
des  Machines  simples,"  1821.  The  latest  experiments  upon  friction  are  those  of 
Rennie  and  Morin.  Rennie  used  for  his  experiments  partly,  a  sledge  upon  a  hori- 
zontal surface,  and  partly  upon  an  inclined  plane,  from  which  the  bodies  were  aQowed 
to  slide  down,  and  by  which  the  amount  of  the  friction  was  deduced  from  the  angle  of 
friction.  Rennie's  experiments  extend  to  substances  of  various  kinds  met  with  in 
practice,  as  doth,  leather,  wood,  stones,  and  metals ;  thev  give  important  resulta 
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nptHi  the  ibnniHi  at  bodiei,  Imt  tout  the  ippanlut  uxl  the  node  of  conducting  tbcM 
experiment*,  we  caoaot  ttij  upon  them  An  that  ■ccnracy  which  tboee  of  Marin 
^ipeai  to  have  ittained.  The  eiperimenti  of  Reonie  tuc  to  be  found  in  the  "  Philo- 
tophicKlTnntactioiu"  of  1818.  The  nuat  eitennTe  experiments,  and  promiains  k 
high  degree  of  ■ccuiaej,  have  been  completed  by  Morin,  althou^  it  cannot  be 
denied  that  thej  leave  tome  doubti  and  oncertaintiei,  and  loniewhat  to  be  deaired. 
Thii  ii  not  the  place  to  deaoibe  the  method*  and  apparetiu  of  tbeae  experiments,  we 
can  ODlf  lefer  to  the  author*!  wiitinKi,  "  Nourelles  EipMeace*  inr  le  Prottement," 
p«i  Modn.  An  oedlent  article  on  Frictkn,  and  a  foil  description  of  all  the  experi- 
ments upon  it,  apeoally  those  of  Morin,  ii  girenbr  Brii  in  the"TrBnaBetioniof  the 
Sodetf  lor  the  pnHDotkm  of  Hanafactming  Indnatry  in  Prnsna,  16and  17  Jahigang, 
Beriin,  1837— B. 

§  161.  The  following  tables  coDtain  a  condensed  summary  of 
tlte  co-efficient»  ofJricHon  the  most  useM  in  pntctice. 
TABLE  I. 

CO-B77ICIBMT8   07   THX    FRICTION   OP   BBFOSE. 


Hetal  apou  metal 

Wood  upon  metal  ...... 

rieait, 
Hempen  ropes,  twiated  J  mean, 
armatted,  upon  wood  1  greatett 

npon  wood  or  iroi 
Blad:    ttrap    leather, /of w 

npon  pollcTi  I  of  inm. 

SttHies  or  briekt  i^on  Tleait, 

atone*  at  bricks,      I  greatest 

smooth  wotked  Lvalue. 

Stones  and    '"*'>«'<' J  ^^rteal 
Oak  upon  muschekalk     .    .     .     . 


i- 


0,16 
0,1B 
0,W 

z 

0,11 
0,12 
0,16 

0,10 

0,11 

- 

0,15 

0,60 

0,65 

0,10 

0,12 

0,12 

_ 

0,10 

0,50 
0,63 
0,80 

0,87 

0.4.1 
0,62 

0,62 
0,80 

0,12 
0,13 

- 

- 

- 

_ 

0.47 
0,54 

- 

- 

- 

- 

- 

0.28 

0,67 
0,75 

0,42 
0,49 

0,64 
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TABLB  II. 
CO-BVPlCIKNTa   OF   THZ    TSICTION    07    HOTIOM. 


riout, 
■  jgrMteM 


Hetaln] 


Wood  apoa  metal    .   J^ 

[v. 

Hemp,  cordi,  tviiU,    /  on 

Sole  leather,  emooth. 


0,201  —  —  0,06  0,06  —  — 
0,36  0,25  —  0,07  0,07  —  — 
0,48   —     —    0,07  0,08   —     — 

0,12 
0,15 
0,17 


Rrmart.  The  co-effideaU  of  Grictioo  for  ponnu  masM*  iriD  be  s"«d  in  the  Sccmtd 
Fart,  in  the  theory  tit  the  jRwnre  of  urth. 

^  162.  lacUned  Plane. — The  theory  of  aUding  fnction  has  its 
chief  applicatioQ  in  the  inveatig&tioii  of  the  equilibrium  of  a  body 
AC,  on  an  inclinecl  plane  FH,  Fig.  165.  If  in  accordance  with 
^  185,  FHR=a,  the  ai^le  of  inchnation  of  the  inchned  plane, 
and  POSi=ff,  the  angle  which  the  force  P  makes  with  the 
inclined  plane,  we  have  the  normal  force  arising  from  the  weight 
O  ctf  the  body,  N^6  com.  a,  on  the  other  hand,  the  force  for 
hiding  down ^S^G  mn.  a,  further  the  force  JVj  with  which 
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no.  lU.  P  KtrivtA  to  draw  the  body  dawn 

the  plane  is  ^  P  am.  ^,  and  the 
force  £r,  with  which  it  pushes  the 
body  up  the  plane  =  P  cm.  f3.  The 
remaining  normal  pressure  is  : 
N — Ni  ^  0  eo».  a — P  tin.  A  con- 
sequently the  friction  F^f  [G  cob. 
a — P  un.  0).  If  it  be  required  to 
find  the  force  P  drawing  ^e  body 
np  the  plane,  then  there  will  be 
faction  to  overcome,  and  it  must 
'therefiM»be£ri=S+f*,  t.  e. 

Peo».ff=Gan.a+/{Gco$a^Pim.ff). 
But  if  the  force  which  is  to  prevent  the  body  from  sliding  down 
is  to  be  determined,  then  friction  comes  to  its  assistance,  and  the 
force  is: 

8i+F=  S,  Le.  P €0$.  fi+/{Gcos.a—P tin. ^  =  G8in.a. 
From  this  the  toice  may  be  determined : 

For  the  firat  case :  P= a  .  e  • — s  •  G, 

■n     .1.  IT,    •»«■  o  —/cot.  a     _ 

Portheaecond:  P= q-- „■ . — 5  .  O. 

cot.  p—fnn.  p 

If  the  angle  of  friction  p  be  introduced,  whilst  we  put  /=  tang,  p 

'*"•?         1- 11    V.  ■    r,    tin.  a.co3.p  +  cot.a.tin.p    „       , 

~ 1,  we  shall  obtamP=-: — s ^ 5 — = — i-.G,  orfrom 

eot.p  tm>0.cot.p  +  e(^p.tm.p 

theknownmle8(^trigonometry:P= 7^=^  ■  ^»  ■***'  *^*  upper 

ngns  are  to  be  taken,  when  motion  is  to  be  brought  about ;  the 
lower,  on  the  other  hand,  when  motion  ia  to  be  impeded. 

The  laat  fcamula  is  found  by  a  simple  application  of  the  paralle- 
Ic^ram  of  forces.  Since  a  body  counteracts  that  force  of  another 
body,  which  deviates  by  the  angle  of  friction  p  from  the  normal 
to  its  Hur&ce  (§  1S9),  equilibrium  in  the  foregoing  case  can  subsist 
if  the  reanltant  OQ  =  Q  of  the  components  P  and  O  makea  with 
the  normal   ON  the  angle  NOQ  ^  f.     If  now  we  put   in   the 

general  formula  ^=^  p^%  GOK=  GON+NOQ=a  +  p, 
and  POQ  =  POSi  +  S,OQ  =0  +  W  —  p,    wc   then    have 
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P         tin.  (fl+p)         m.  (n+p)       J  -  i_-        ,        - 

7;  = T-i — '-^  = 73 — ^,  and  for  a  negative  value  of  p : 

°   »..(^-,+|)  '^"■'^-'■>  ^ 

■5=  = rr; — K,  quitc  m  accordance  with  the  above. 

If  the  body  reposes  on  a    horizontal  plane  a  =  o,  therefore, 

the  force  to  push  P  forward  is :  P= „  ,  -  . — a=^^ — ttt-A' 

*^  COS.  P+fnn.  P    COS.  09— p) 

If  the  force  acts  parallel  to  the  inclined  plane  then  fi=o,  and 
therefore,  P=(sm.a  ±/cos.  a)  G,  =  ^kt^ ,  q.  (compare 
§  159).     If  the    force  acts  horitontally  j8  ^  —  a ;  cos.  fi  =  eo$. 

,      .      a  .  .LP  T.         («*»•  a+feos.  a       „ 

a  and  sm.  B=  —  stn.  a,  therefore,    P  ^  -i ^h~. .    O 

'  COS.  a  +/•».  a 

Again,  the  force  to  push  a  body  upwards  is  least  when  the 
denominator  coi.  {0 — p)  is  greatest,  viz.^  l,therefore,  /3 — p^o, 
i.e.  j3 ^ p.  When,  therefore,  the  direction  of  force  deviates  by 
the  angle  of  friction  from  the  inclined  plane,  the  force  itself  is 
the  least  and  ^Hn.  (a+p)  ■  G. 
£(«Mpfe.  What  preuura  on  the  aiii  hu  ttie  prop  JE,  Fig.  166,  to  nuUin,  in 
„„   ,iu;  order  to  prevmt  b  blodi  of  (tone  (■  will)  JBCD, 

at  5000  Ibi.  weight  fkom  abpinng  dowD  the  indiiwd 
plane  CD,  inpponng  the  aiig^  of  the  ^op  to  the 
horizon  to  be  35",  that  of  the  inclined  pline  CD, 
50*,  and  the  co-elfident  of  frictiaa  f=i,1i  i    Hera 

O  -  &000,  a-5D°,   0  ^  35'  ~  50>  ^ IS*,  ud 

f^  0,75  ;  therefore  the  fonnnU  gives : 

.M56=?d?l.  6000  =  ^^  =  1234  lb.. 
0,966  +  0,194  1,160 

If  the  prop  were  horizontal,  we  ihonldhive^^ — 50*, 
and,  tang,  p  ^  0,Z5  ;  hence  p  i^  36*  52' ;  littly, 
P-  a  tang,  (a— p)^5000  tang.  (50* -36*  52')  =  5000  imy.  13°  S'-SOOO.  0,2333 
"1166  lbs.  Topudinp  the  ume  walTnpon  the  lupporting  one  by  a  horizontal  force, 
under  otherwiae  rimilar drcumitancei  tfatteP  would  beneccMary  —  Qtang.  (a+p) 
-5000  <i»v.  S6*5e'-500e.  18,2676-91236  Ibt. 

§  163.  Wedge. — In  the  wedge,  friction  exerts  a  considerable 
influence  upon  the  statical  lelations.  The  section  of  a  wedge  forms 
an  isosceles  triangle  f/TR,  Fig.  167,  with  the  oigp  FHR=a, 
the  force  P  acts  at  right  angles  to  the  back  and  the  weight  Q  at 
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i%ht  angles  to  the  side  FH.  If 
we  drive  the  we^  upon  tlie  base 
HR  a  space  t  =  FFi  =  HHi 
=  RRi,  the  weight  Q  is  raised 
through  a  space  CC,  =:  Db^ 
=  HL  =  HH,  .  tin.  HHi  L  = 
a  tin.  a,  and  the  force  passes  over 

HK^HHyCOt.H^  HK=geot.  |. 

according  to  the  principle  of 
virtual  velocities,  and  withont  regard  to  friction,  P  .  HK 
=  Q.DDi,  i.  e.  P»  cog.  |  =  QffMn.o,  therefore P=-5^?^2^ 


— =  3  Q  sin.^  which  also  follows  from  the  for- 


mnla  in  §  187,  if  we  put  in  it  tin.  j3  =  1,  and  eos.  (a — 8)  =  cot.  ^. 

Tha:«  are  now,  however,  tliree  fiictions  which  come  into  play,  vie. 
the  friction  against  the  sides  HF  and  HR,  and  the  friction  of 
the  body  ABCD  in  its  constrained  motion.  As  the  directions 
of  the  force  on  both  sides  of  the  wedge  deviate  equally,  the 
pressnre  against  both  is  equal,  namely  =Q,  and  the  friction 
arising  ^f  Q.  The  spaces  of  these  frictions,  however,  are 
different.  For  the  friction  upon  HRjS^HHi,  for  that  upon 
}fF^=  H^L  ^  $  cot.  a  i  accordingly  the  mechanical  effects  of  both 
frictions  are  :=/  Q  »+/  Qacot.  a=/  Q a  (1  +cot.  o)=2  /  Qa 

(eoa.  ^\  .  Lastly,  the  friction  between  CD  and  ^^ presses  npon  the 

body  ABCD  at  right  angles  to  its  direction,  and  there  produces 
the  friction  /,  ,fQ,  itfi  represent  the  co-efEcient  of  friction  for 
its  constrained  motion.  This  friction,  however,  has  the  same  space 
as  the  weight  Q,  viz.  DD,  ^  t  ain.  a ;  and  to  it  corresponds  the 
mechanical  effect  /,fQatin.  a.  In  order  now  to  find  the  extreme 
limits  of  the  condition  of  equilibrium,  we  must  put  the  mechanical 
effect  of  the  force  P  equal  to  that  of  the  weight  Q,  plus  the  mecha> 
nical  effects  of  the  friction,  thoefore, 

Pacot.^=Qiam.a+2Q/t(cot.^  ^-J,  Qa.am.a, 

and  we  obtain  the  force : 


P  =  2  Q  (sin.  l+fco3.^+ffi»in.l)- 

„o.  m.  In  a  wedge  ABC,  Fig.   168,  u  it  is 

used  for  the  flplitting  astmder  and  con- 
presnoD  of  bodiee,  the  force  at  the  back 
coireaponding  to  the  normal  pressure  Q 
against  the  aides  AC  and  BC,  is  P=8  Q 

(em.  s+Z^^'s)*  which  ia  given  if  we 

put  the  sum  of  the  vertical  components  of 

Q  andF=/Q,  i.  e.  3  r,  =  2Q  *i».| 

the  force  P.  and  3  T,  =  2/  Q  ««.  |  equivalent    to 

Sjrampk.  The  lotd  of  the  wedge  Q  in  Kg.  167  '  650  Ibi.,  the  etlge  a  ->  2G>,  the 
co-efBdent  of  frictkni  /,>e/_0,36.  Required,  the  loechiiik*!  efftet  necewai?  to 
move  the  load  Q  forwvd  abont  J  s  foot. 

The   force    it    P  -  2.650  [m.  12i>  +  0^6  cm.  12f  +  (0,36)*  im.  121°] 

'-1300.(0,2164  +  0,36.0,976340,1296.0,2164) 

-13O0.(O,2164  +  O^515  +  O.02ei)~<13O0.a,5»6O=>.774,81bt.    For,  to  the  ipKe 

of  the  load  CCi  —  {  foot,  coirespondi  the  (pace  of  the  force  HK  ^  *  "i^'  '  '"*'  S 
_ — -^—         aifij**  1>^65   feet;  therefne  the  meiluiucal  effbct  and  wogbt  it 


P»  -  774,8  .  1,155  -  895  ft  lbs.  Without  legird  to  friction,  it  t 
6B0.i— 325  ft.  Iba.  In  ooiueqiience  of  frictiim,  the  mechaiiical  e 
would  be  nearly  traded.  _ 

^  164.  Axle  firictum. — In  axles,  the  friction  of  motion  only 
is  of  importance,  on  which  account  experiments  on  this  only 
exist. 

From  the  following  table  very  important  results  for  practice  may 
be  drawn,  with  axles  of  vrrought  or  cast  iron,  moving  in  bearings 
of  cast  iron  or  brass,  coated  with  oil,  tallow  or  hog's  Isrd,  the 
co-efficient  of  friction  is 

By  continuous  greasing  =0,054, 
In  the  usual  manner  =  0,070  to  0,080. 
The  values  found  by  Coulomb  vary  partially  from  the  annexed. 
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TABLE  IIL 


CO-EFFICIENTS   OF   AXLE    F&ICTIONj    FROM   MOIUN. 


HA1IS9  OF  THB 
B0DU8. 


Ben  metal  on  the  same 
Cast  iron  upon  bell 

metal  •    •    •    •    • 
Wroaght  iron    upon 

ben  metal      .    . 
Wrought   iron  npon 

cast  iron  .    .    .    • 
Cast  iron  npon  cast 

iron 

Cast  iron  npon  beD 

metal 

Wrought  iron  npon 

lignnm  vitas  •    .    • 
Cast  iron  npon  Ug- 

nnm  vits  •    •    ■    ■ 
Lignnm  vitae   npon 

cast  iron  •    •    •    . 
Lignnm  vitae  npon  Ug- 

nnm  vitas  •    •    •    • 


Nature  of  the  surfooes  and  unguents. 


I 

m 


0^51 


0,194 
0,188 
0,185 


^1 


0,189 

0,137 
0,161 


9 


I 


0,079 


Oil,  taUow,  or 
lard. 


a 

S 


0,097 

0,075 
0,075 
0,075 
0,075 
0,125 
0,100 
0,116 


I 


0,049 
0,054 
0,054 
0,054 
0,054 

0,092 

0,070 


0,090 


0,065 


0,111 


0,109 


I 


0,137 
0,166 

0,140 
0,153 


Fio.  169. 


§  165.  If  we  know  the  pressure  JR  between  an  axle  and  its  bearings 
and  if  further  the  radius  r  of  the  axle,  Fig.  169,  be  given,  the 

mechanical  e£Pect  which  the  friction  of  the 
axle  counteracts  in  every  revolution  may  be 
calculated.  The  friction  F=fR,  the  space 
corresponding  to  it,  the  drcumference  2  ^  r 
of  the  axle;  it  therefore  follows  that  the 
mechanical  effect  lost  by  friction  in  each 
revolution  is  =  fR . 2 irr  =  2  ir/i? r.  If 
the  axle  makes  one  revolutionsper  minute  V, 
the  mechanical  effect  expended  in  each  second 

=  2,r/Br  .  ^=11^=0,105. «//lr. 

The  mechanical  effect  consumed  by  friction  increases,  therofot^. 
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with  die  pressure  od  the  axle,  in  proportion  to  the  radius  of  the 
axle  and  the  number  of  rcvolutionB.  It  is,  therefore,  a  rule  in 
practice,  not  to  augment  unneceBsanly  the  pressure  on  the  axis  in 
rotating  machines  by  heavy  weights,  to  make  the  axles  no  strouger 
than  the  sohdity  required  for  durability,  and  hkewise  oot  to  make 
a  great  many  revolutions  in  a  minute,  at  least,  not  unless  other 
circumstances  require  it. 

By  the  appUcation  of  friction  wheels,  which  are  substituted  for 

the  bearings,  the  meehanical  effect  of  friction  is  much  diminished. 

la  Fig.  170,  AB  is  a  wheel  which  reposes  by  its  axle  C££,  on 

Fi«.  170,  tt'^    circumferences    EH,    Ej^H^    lying 

close    to    each    other     of    the    wheels 

(friction  wheels)  revolving  about  D  and 

From  the  given  pressure  R  of  the 

wheels  there  follow  the  pressures  N=N^ 

=  -  ■    if  a  be    the  angle   DCD^  ' 

which  the  central  or  linea  of  pressnre 
CD  and  CD,  make  between  them. 
J  From  the  rolling  friction  between  the 
axle  C  and  the  circumferences  of  the  wheels,  these  latter  revolve 
with   the  axle,  and  there  arise   at  the  bearings   D  and  D,    the 

frictions  fN  and  /iVj,  which  together  amount  to ^.      If  the 

radius  of  the  wheelBE  =  D,E,  be  represented  by  a„  and  that  of  the 
axle  i)A^=  Biff,  by  r„  we  shall  have  the  force  at  the  circumference 
of  the  wheels,  or  at  the  circumference  of  the  axle  C  resting  upon 

fR        p^r,        /R 
these,  which  is  requisite  to  overcome -^  '» ""  ^  "  7, 

««.  2  ««•  2 

whUst  it  will  be  =/fl,  if  the  axle  C  rest  immediately  in  a  socket. 
If  wedisregardthe  weightsof  the  friction  wheels, the  mechanical  effect 

of  the  friction  by  the  appUcation  of  these  wheels  is  — "-^  times  as 

great  as  without  them. 

If  we  oppose  to  the  pressure  of  the  axle  R  a  single  friction  wheel 
GH,  Pig.  171,  and  prevent  any  accidental  lateral  forces,  by  the  fixed 
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no.  171. 


cheeks  /JCandL^  aszo,  cos,  ^  ^  ^»   ^^^  ^^ 
above  relations  =  -^. 


Sxan^le,  A  wheel  weighs  30000  lbs.,  its  radius  a » 16  ft. 
and  that  oi  its  axle  r  «  5  inches^  what  is  the  anurant  of 
force  at  the  drcmnferenoe  of  the  wheel  necessary  to  over- 
come, the  friction  of  the  axle,  and  to  maintain  it  in  unijform 
motion,  and  what  is  the  corresponding  expenditure  of  me- 
chanical  eflfect  if  it  makes  5  rerolntions  a  minute  ?  We  may 
assume  the  co-efficient  of  friction  /  here  «  0,075,  where- 
fore the  friction/it  »  0,075  .  30000  »  2250  lbs.    Since 


the  diameter  of  the  wheel  is 


16  .  12     192 


1-38,4  times  as  great  as  the  diameter  of 


5  5 

the  axle  or  the  arm  of  the  friction,  the  axle  friction  reduced  to  the  circumference  of  the 

wheel  »  Z4-"^  --  &8,59  lbs.     The  circumference  of  the  axle  is  ^'^'^ 
00,4       3o,4  1* 

» 2,61 8  feet;  consequently   the  path  of  the  friction  in  one  second  »    *    ° ■' 

«  0,2182  feet,  and  its  mechanical  effect  during  one  second-^  0,2182  .  / J2  »0,2182.2250 

B  491  ft.  lbs.  If  the  axles  of  this  wheel  rest  upon  friction  wheels,  whose  radii  are  5  times 

r       1 
as  great  as  those  of  the  axle,  and  therefore  -^-i-=-»  the  power  at  the  circumference 

Oi      o 

of  the  wheel  will  only  be .-- .  38,4  «  7,68  ft  lbs.,   and  the  mechanical  effect  of 

5 

friction  expended  only  .1^  «  98,2  ft.  lbs. 

5 

§  166.  The  friction  of  an  axle  ACB,  Fig.  172^  which  presses  on 


no.  172. 


its  bearing  in  one  point  A  only,  is  less  than 
that  of  a  new  axle  resting  on  all  points  of 
the  bearing.  If  no  revolution  takes  place, 
the  axle  then  presses  on  the  point  B,  through 
which  passes  the  direction  of  the  mean 
pressure  R ;  but  if  revolution  begins  in  the 
direction  AB,  the  axle  by  its  friction  will  rise 
just  so  high  in  its  bearing  until  the  sliding 
force  comes  into  equilibrium  with  the  friction.  The  mean  pres- 
sure jR  is  decomposed  into  a  normal  pressure  iV  and  a  tangential  fif; 
N  passes  into  the  bearing  and  gives  rise  to  F=fN,  acting 
tangentially ;  S  puts  itself  in  equilibrium  with  F;  ;S>  is  therefore 
=/i\r.  According  to  the  Pythagorean  doctrine,  IP  is  =  JV'+S*, 
therefore  IP  is  here=»(l  +/*)  iV ;  inversely,  the  normal  pressure 
R  ,  .,     ..  ..      ^_      fR 


N  = 


Vl+/« 


and  the  friction  F  = 


vT+T^' 


or,  if  the  angle 


■* » 


/■ 


K 


of  friction  p  be  introduced, /=  tang,  pj 
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F  =  - ,     "??'■■''=;  .  R  =  tone,  p  eo$.  p  R  =  R  tin.  p. 
vl  +  tanff,  p" 

If  the  axle  begins  to  move,  the  point  o(  pressnre  B  moves 
forward  in  the  bearing  hj  the  aofi^e  ACS  =  p  in  the  oppoate 
directioD. 

If  DO  forward  motion  took  place,  F  wonid  he  a  fR  =  R  tanff.  p 

= — ;  con§eqnently  the  frictioD  ia  the  eos.  p  times  as  great 

after  movit^  forward  as  before  the  motion.    Qenerally,/=  tang,  p 
not  quite  ^  and  cm,  p  >  0,995,  therefore  the  difference  is  not 

V^  Tfinn~g?in'  *^*'*'''"»  "•  ordinary  cases  of  application,  we 
need  have  no  regard  to  the  effect  of  this  motion. 

If  the  wheel  AB  revolves  in  a  nave  or  eye,  Fig.  173,  abont  a 

Tie.  173.  fixed  azia  AC,  the  firiction  is  the  aame  as  if  the 

axis  moves  in  a  roomy  nave,  only  the  arm  of 

the  friction  is  the  arm  of  the  nave,  not  that 

of  the  fixed  axle. 

§  167.  If  the  taie  hes  in  a  prismatic  bearing, 

ihete  is  greater  pressure,  and  consequently  more 

friction  than  in  a  round  bearii^.    If  the  bearing 

ADB,  Fig.  174y  is  triangolar,  the  axle  lies  on 

no.  174.  two  p<Hnt8  A  and  B,  and  at  each 

there  is  the  same  friction  to  overoomej 

the  mean  pressore  R  ii  deeomposed  I't 

into  two  lateral  fbroes  Qand  Q„^Bndt^"" 

each  of  these  gives  a  normal  pressun 

iV  and  N^,  and  each  a  tangeDtial  foree 

F=fN  and  i^i=/JVi  equal  to  the 

friction.    According  to  the  former  § 

'    these  frictions  may  be  pat  ^  Q  mm.  p 

and  =  Q]  n».  p,  we  have  then  die  whtAe  frictiwi  =  (Q+  Q,) 

am.  p.    The  forces  Q  and  Q,   are  given  by  the  resolution  of  a 

parallelogram  constnicted  from  Q  and  Q,  with  the  aid  of  the  mean 

pressure  R,  the  angle  of  friction  p,  and  the  angje  ACB  i=2  a, 

which  corresponds  to  the  arc  AB,  lying  in  the  bearing.     If  QOR 

=  ACD—CAO  =  a~p,  QiOR  =  BCD  +  CBO=a+p;  hwtly, 

QOQi=a — p  +  a  +  p  ^Za.     The  application   ctf  the  formida 

$  75,  gives: 
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Q=  ???i%t£)  .Band  Q,  =  ^!±M£l .  R; 

hence  the  friction  sought  is : 

F+F,  =  {Q  +  Q,)  «ii.p  =  («n.[a-p]  +m.  [a  +  p])  ^^. 


But  them,  (a — p)+«jn.  (a+p)  =  2  nn.  a  cos.  p  and  m.  2  a 

_     .                       ,«       *       Tt  .   Tt        2  «n.  a  i?  sin.  p  cos.  p 
=  2  «».  a  ca«.  a,  therefore  F+  F,  = tt—t 

=  -^ — ' — £•,  which  fifom  the  smaUness  of  p  may  be  put= ^. 

The  friction  of  a  triangular  bearing  is  from  this times  as  great 

as  that  of  a  cylindrical  one.    If^  for  example^  ADB  =  GOP,  ACB 
=  190P  —  60P  =  120P,  and  ACD=  a=60P,   we  then  have: 

— g  =  twice  the  friction  of  that  of  a  cylindrical  bearing. 

cos*  \j\m 

§  168.  With  the  aid  of  the  last  formula,  the  friction  may  be 

found  for  a  new  round  bearing  which  the  axle  touches  at  all  points. 

Let  ADB,  Fig.  175,  be  such  a  bearing.    Let  us  divide  the  arc 

Fio.  175.  ADB,  in  which  lie  the  axle  and  the  bearing 

into  many  parts,  such  as  AN,  NO,  %uc., 
which  have  equal  projections  on  the  chord 
AB,  and  let  us  suppose  that  each  of  these 
parts  supports  an  equal  amount  of  the  whole 

R 

pressure  R,  viz :  =  — ,  (n  being  the  number 

of  parts)  of  the  axle  on  the  bearing.  Accord- 
ing to  the  former  §,  the  friction  of  two  op- 
posite parts  NO  and  JNT,  O,  =  —  . hcTT^.     But    cos.    NCD 

*^       *^  *    *       n     COS.  NCD 

NP 
=  COS.  ONP  =  j^Ty  where  NP  represents  the  projection  of  the 

part  NO  and  NP  r=s  * :  it  therefore  foUows  that  the  fric* 

'^  n 

tion  corresponding  to  the  parts  NO  and  N^O^  = ' — ^ 

.  ^ — 5-== — ,   *  ,^. NO.    In  order  now  to  find  the  friction  for 
chord        chord 

the  whole  arc  ADB  instead  of  NO,  we  must  put  in  the  arc  AD= 
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ijilD^,  because  the  sum  of  all  the  frictioiis  is  —    *  ,  ^  times  the 
*         '  chord 

sum  of  all  the  parts  of  the  arc^  it  follows  that  the  friction  in  a  new 

bearing  is :  F=R  sin.  2  p .  --r — .    .j^,  or  if  we  put  the  angle  ACB 

subtended  at  the  centre  by  AB,  which  corresponds  to  the  arc  of  the 
bearing,  =  2  a%  therefore  the  chord  AB  =  2  AC.  sin.  a. 

FR  sin.  2  p       a  .     ^  ^    . 

= 7z — '  .  -: — ,  or  stn.  2  p  =  2  stn.  p 

taken  approximately 


Sim.  a 
From  this  the  friction   is  the  greater  the  deeper  the    axle 
lies    in   its   bearing.     If,    for  instance,  the  bearing  is  half  the 
circumference  of  the  axle,  a  is  then  =  ^  x  and  nn.  a  =  1,  we 

then  have  F=  -  .  U  sin.  p,  and  because  ^^  =  1,57,  therefore  1,57 

times  as  great  as  that  of  the  free  bearing.  In  an  axle  which  does  not 
rest  deep  in  its  bearing,  a  is  small,  therefore  the  m.  a  may  be  put 

=  a  —  g-=afl gY,  whence  it  follows  that : 

i?=(l-|-^jjR  m.  p,  or  =  il  sin.  p,  if  a  be  very  small. 

§  169.  The  axle  pressure  R  is  given  generally  as  the  resultant 
of  two  forces  P  and  Q,  directed  at  right  angles  to  each  other,  and 

is  therefore  =  v^P*  +  <?.     Provided  we  require  it  only  for  the 

determination  of  the  frictiony/l  =/i/P*-|-(?,  we  may  be  satis- 
fied with  an  approximate  value  of  it,  partly  because  the  co-efficient 
/can  never  be  so  accurately  determined  and  depends  upon  so  many 
accidental  circumstances,  and  partly  because  the  whole  product  <^ 
the  friction  fR  is  mostly  only  a  small  part  of  the  remaining  foroea 
of  the  machine  resting  upon  the  axle  bearing,  as  the  lever,  puD^^ 
wheel  and  axle,  ftc.    The  doctrine  which  teaches  us  to  find  an 

approximate  expression  of  ^P^-^^^t  is  known  under  the  name  of 
Poncelet's  theorem,  and  may  be  developed  in  the  following  manner : 

VWT^^TaJ  1  +  (D'  =  P  ^/irr?,  whereby  x  ^^.  ^ 

which  supposes  that  A  is  the  smaller  force,  therefore,  «  is  a  mere  i 

fraction.     We  may  now  put : 
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'•I  +  ^  =  /I  +  vd?^   and  determine  the  co-efficients  /a  and   r, 
answmng  certain  conditions.    The  relative  error  is : 

—  v^+^ — t* — ^^_T     ft  +  y^ 

For  the  smallest  value  of  d?,  vis.  a  =  o,  y  =  1  —  fi^  and  for  the 
greatest,  viz.  *=!,  we  havey=l — ^    -H.  If  we  make  these  errors, 

corresponding  to  the  limits  of  x,  equal,  we  then  obtain  an  equation 
of    condition  fi  =      j^  9  or  v  =  f*  V^ — ^f*  =  0,414  .  f*.     If  we 


take  a:  =  1,  the  result  is,  that  y=l—  \^fi^^^=—{  \^h^  +  >^— 1), 
as  a  negative  error,  is  greater  than  any  other  which  arises  by 
assuming  ^  =  -  +^  A,  that  is,  a  little  greater,  or  a  little  less  than 

- ;   for  in  the  latter  case  we  have 

y.. ^(^±^) 


» 

,   .'.:^    u 

0  ~ 

f    *    } 

«   1 

i--  1 

I      A 


/,/  (m»  +  v»±/*vA)»  a 

W  /i«+>^i2f*i.  A  +/i' A*         / 

If  now  we  make  this  greatest  n^stive  error  equal  to  the  greatest 
positive  error,  we  shall  then  obtain  the  following  second  equation  of 
condition : 


V^^« 4- V*— 1  =  1 — II ;  or  fi+  v^^8-f.^  =  2. 

But  the  first  equation  gives  v=0,414fc;  it,  therefore,  follows  that 

fi  (1+  i/l +0,414^)  =  2,  f.  e. 
2 


/*- 


1  +  -•1,1714 


=  0,96  and  V  =  0,414 . 0,96  ==  0,40. 


We  may,  therefore,  put  approximately  v^l  -|- a:* =0,96 + 0,40 .  ar, 
and  in  like  manner  the  resultant  R  =  0,96  P + 0,40  Q,  knowing  that 

11 


we  thereby  commit  at  moat  the  error  +  y^l  —  ^=1  —  0,96 
^  0,04  =  fonr  per  cent  of  the  true  value. 

This  detenumatioii  supposes  that  we  know  which  is  the  greater 
of  the  forces;  but  if  this  be  unknown,  we  may  assume  v'l+^ 

=  ^  (1  +  *),  and  80  obtain  y  ^  1     '  ..    Here  not  only  the 

V  1+ar 
limit  X  =ogivea  the  error  =  1 — ft,  but  also  the  limit  *^  oo,  the 

sameerror^I — —  =  1 — u;  but  if  we  put  *  =  — =  1,  we  then 
*  f 

obtain  the  greatest  negative  error  =  —  ( —JL — 1  )^ — 0*  V^ — I) 
and  by  making  these  errors  equal :  1  —  p  =l^  V^  —  1,  therefore, 

' = rhn = pri = lirs = "■«^' '"  """•'  "^  "'y  '^ 

put.     In  the  case  where  we  do  not  know  which  ia  the  greater  of 
the  forces,  R  may  be  put=0,83  {P+Q),  and  we  know  that  the 

greatest  error  committed  will  be  +  y=l — 0,83=0,17  per  cent  =  = 

of  the  true  value. 

If,  lastly,  we  know  that  x  does  not  exceed  0,2  we  may  disregard 
it  altogether,  and  write  v'P*+Q'=P,  but  if  »  exceeds  0,2,  then 
'/W+Q'  is  more  accurately  =  0,888  P+ 0,490  .  Q ;  in  both  cases 
the  greatest  error  ia  about  two  per  cent.* 

^  170.  Lever. — The  theory  of  friction  above  developed  finds  its 
appUcation  in  the  material  lever,  the  wheel  and  axle,  and  in  other  ma- 
chines. Let  ua  in  the  first  place  treat  of  the  lever,  and  take  the  general 
ca8e,vi!!.  that  of  the  bent  lever  ACB,  Fig.  176.  Let  us  rcpreaent  as 
Fio.  176.  before  (§  127)the  arm  C^  of 

the  power  P  by  a,  the  arm  CB 
of  the  weight  Qhyb,  and  the 
radiuB  of  the  axle  Cff  by  r, 
let  us  put  the  weight  of  the 
lever  =G,its  arm  C!£=t,and 
the  angles  APK  and  BQK, 
by  which  the  directions  of 
the  forces  deviate  from  the  horizon  =  a  and  ff.  The  power  P 
gives  the  vertical  pressure  P  mn.  a,  and  the  weight  =  Q  tin.  ^; 


•  PolytechuKhe  HiUheyunBen,  Heft.  1,  1B44. 
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the  whole  vertical  pressure  is,  therefore,  F=  G+P  sin.  a+Q  rin.  fi. 
The  power  P  gives  farther  the  horizontal  pressure  P  cos.  a,  and 
the  weight  Q  an  opposite  pressure  Q  cos.  fi ;  since  there  remains 
for  the  horizontal  pressure,  H^P  cos.  a — Q  cos.  fi,  we  may  put 
the  whole  pressure  on  the  axle : 

fi=:/i  V+yH=n{G'\-Psm.a+Qsin.ff)-^y{Pcos.a^Qcos.ff), 

of  which  the  second  part  y  (P  cos.  a — Q  cos.  ff)  must  never  be 
taken  negative,  and,  therefore,  in  the  case  where  Q  cos.  fiis  > 
P  cos.  a,  the  sign  must  be  changed,  or  rather  P  cos.  a  must  be 
subtracted  from  Q  cos.  fi.  In  order  to  find  that  value  of  the 
power  which  corresponds  to  unstable  equilibrium,  so  that  the  smallest 
addition  of  force  produces  motion,  we  must  put  the  moment  of 
power  equal  to  the  moment  of  weight,  plus  or  minus  the  moment 
of  weight  of  the  machine  (§  127)  plus  the  moment  of  firiction, 
therefore, 

Pa^Qb±Gs+fBr 

=  Qb±Gs-{-f  iJiV-k-vH) r,  from  which  foUows 

p^Qb'¥Gs-\-fhi{G-\-Qsin.k)  +  Qcos.p\r 

a — fifrsvn.a^yfr  cos.  a 

If  P  and  Q  act  vertically,  R  is  simply  ^P^-Q^-G,  therefore, 
Pa=Qb±Gs-k-f{P-{-Q^G)  r.  If  the  lever  is  one-armed,  P  and 
Q  act  opposite  to  each  other,  then  R=^P — Q  +  Gy  and  conse- 
quently the  friction  is  less.  Besides  R  must  be  put  constantly  posi- 
tive in  the  calculation,  because  the  friction  fR  only  impedes,  but 
does  not  produce  motion.  From  this  we  see  that  a  one-armed 
is  mechanically  more  perfect  than  a  two-armed  lever. 

Example,  If  the  amu  of  a  bent  lever, Tig.  176,  are :  a»6  ft.,  d»4  ft.,  «»i  ft.  and 
r»li  inch,  the  angle  of  inclination  aa70°,j3»50«,andfkirtherthe  weight  Q»5600 
lbs.,  and  that  of  the  lever  I?-* 900  lb.,  the  power  required  to  restore  the  mutable 
eqaiMbrinm  is  the  following.    Without  regard  to  friction  Pa  +  Crt  s  Qb,  therefore, 

p  ^Qh--09  _  5600 . 4 --900  .  i  ^  ^^^  ,^     ^  ^^  ^^  ^  ^  ^^^  ^^  v-0,40, 

a  6 

we  obtain  fi  ((7  -f  Qm.  ^)»0,96(900  +  5600  <m.  50»)«4982  lbs.,  v  Q0M./3 
»0,40 . 5600.  CM.  50»»1440  lbs. ;  fi  abn.  a»0,96.  «in.  7P»»0,902,  v  eoi,  a-0,40. 
eoff.  70<>B  0,137.  It  is  easy  to  see,  that  here  P  cot.  a  is  less  than  Q  cog.  p,  for  since 
approximately  P«3658,  we  have  P  cot.  a » 1251  lbs.,  and  Q  ew.  0»36OO  lbs., 
let  us  therefore  take  for  v   Q  cot,   ^,  and  v  cot,  a   the    lower  sign  and  put 

p  ^  5600 .  4^9^i:HA  (4982  ^- 1440)     Letu^fonhertakethe  co^sffident  of  fric- 
6— yr  (0,902— 0,173) 

3 
tion  /»  0,075,  and  we  shall  have  >?*»>  0,075 .  --  »  0,009375,  and  the  power  sought, 

11* 
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22400-450  4-60^   «?ll_3673Ib.  Hen  the  »itk>d  pn»n«,  if  we  mbrti- 
6—0,00083  S,9932  "^ 

tnto  the  -niat  P—Z66S  lb«.,  md  nej^  friction,  U  F— 3658  .m.  70>  +  SSOO  tm. 
W  +  900-3437  +  4290  +  900  =  S627  Ibi.,  on  the  other  hud,  the  borizontal  pmmre : 
^•.5600  CM.  50— 3eS8  eoi.  70-3600—1251  -1349  tbi. 
Heie  H'a  >  0,2  V,  therefore,  more  cotrectl;: 

A  -  0,888. /f+ 0,490  r=0,B88  .8627 +  0,490 .  2349='8B11, 
and  it  followi  thtt  the  moment  of  friction  -/r  £—0,009375.8811—82,6  ft.  lb*. 

■ud  lutlf,  the  power  i*  -  ^'*'*?~1^  t  ^M  -3672  Ibi.,  which  nine  vuk*  little 

fixna  the  above. 

§  171.  Pivot  friction. — 'When  in  tlie  wheel  and  axle  a  preaaure 
takes  place  in  the  direction  of  the  axis,  aa  in  the  case,  for  example, 
of  upright  axles,  in  consequence  of  their  weight,  there  is  a  fric- 
tion on  the  hase  of  the  one  axle.  Becanae  preasnre  is  there  exerted 
on  points  between  the  pivot  and  its  step,  ^s  fiiction  apprtsimates 
to  the  simple  sliding  friction,  and  to  the  axle  friction  which  we  have 
hitherto  considered,  and  we  must  put  for  it  the  co-efficients  of  fric- 
tion given  in  Table  II.  To  find  the  mechanical  effect  absorbed  hy  this 
friction, we  must  know  the  mean  space  which  thebase^ilB,  Fig.l77,of 
Fia.  177-        sojAi  an  upright  axle  describes  in  a  revolution.   Let 
ns  assume  that  the  pressure  R  is  equally  distributed 
over  the  whole  surface,  let  us  also  suppose  that 
on  equal  parts  of  the  bases  the  frictions  are  equal. 
Let  U8  farther  divide  the  base  by  radii  CD,  CB, 
&c.,  into  equal  sectors  or  triangles  DCS;  to  these 
will  correspond  not  only  equal  amounts  c^  fric- 
tion, but  also  equal  moments,  therefore,  it  will  be 
necessary  only  to  find  the  moment  of  friction 
of  one  of  these  triangles.     The  frictions  of  such 
•  triangle  may  he  regarded  as  parallel  forces,  for 
they  all  act  tangentially,  i.  t.  at  right  angles  to 
the  radius  CD,  and  since  the  centre  of  gravity  of  a  body  or  a 
Bur&ce  is  nothing  more  than  the  point  of  application  of  the  reanl- 
tant  of  the  parallel  forces  equdly  distributed  over  this  body  or 
surface,  accordingly  the  centre   of  gravity   8  of  the    sector  <»[ 
triangle  DCE  is  here  the  point  of  appli<»tioa  of  the  resultant 
arisiiig  from  its  different  fiictions;    If  now  the  pressnre  on  this 

JB  '■^ 

sector  =  — ,  and  the  radius  CD=  CB,  the  base  =  r,  it  fidlowa 
n 

that  (from§  104)  the  moment  of  finction  of  diis  sector  =  Cs/— 
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2     fit 

=  7  r  /^-^f  and  lastly^  the  moment  of  the  entire  friction  of  the  axle 
on 

Sometimes  the  rubbing  snrface  is  a  ring   ABED,  Fig.  178. 
Fio.  178.        M  its  dHaiotoig  are  CAssVi  and   CD^r^^  we  ^^^  ^^ 
have  then  to  determine  the  centre  of  gravity  8 
of  a  portion  of  a  ring^  and  from  §  109^  obtain 

the  arm  CSsrsS-^g — ^  therefbre^    the  moment 
of  friction  =  |/fl  (^l^^.    If  we  mtroduce 

the  mean  radius   ^  ^  ^  =  r,  and  the  breadth  of 
the  ring  Vi—^r^  =  6^  we  obtain  this  moment  of 
friction  also  =/R  f^'+To")- 

The  mechanical  effect  of  friction  for  a  revolution  of  the  axle  is  in 

2  4 

the  first  case  =  2  «• .  -^/R  r  =  5  t  f  R  r,    and    in    the   second 

o  o 

5  fr/R  1-^5 — ^).     Here  we  easily   see  that  to  diminish  this 


loss  of  mechanical  effect^  the  upright  axle  or  shaft  must  be  made 
as  light  as  possible,  and  that  a  greater  loss  of  mechanical  effect 
would  arise  if  under  otherwise  similar  circumstances,  the  friction 
were  to  take  place  in  a  ring  instead  of  a  complete  circle. 

Sapoa^le.  In  a  turbine  making  100  reroliitions  a  minute  and  1800  lbs.  weight,  the 
size  of  the  pftot  at  the  baae^  is  f  inch ;  how  mnch  meclumical  effect  does  the  friction 
of  this  pirot  consume  in  one  second  ?  The  oo-eiBcient  of  friction  being  taken  *-  0,1 
we  haTC  the   friction  /  J2  »  0,1  .  1800  »  180  lbs. ;  the   space   per    rcYolation 

»  ~  IT  r  MB  ~  .  3.14  .  JL   »  0,1745  fUibt.,  hence  the  mechanicsl  eflbct  per  revo- 
3  3  24 

lotion  a  180  .  0,1745  »  31,41  ft.  lbs.    But  now  this  machine  makes  in  a  second 

-----  8.  -.  of  a  revolution,  hence  it  follows  that  the  loss  of  mechanical  eflfiect 
60       3 

sought  «  ^^  -  52,3  ft.Ibe. 

§  172,  PabUed  axles.— If  the  axle  ABD,  Fig.  179,  has  conical 
ends,  the  friction  comes  out  greater  than  if  it  has  plane  ends, 
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because  the  pressure  of  the  axle  R  is 
resolved  into  the  normal  forces  JV,  iV„ 
which  produce  the  friction,  and  which 
together  are  greater  than  R  alone.  If 
the  half  of  the  convergent  angle  ADC 


=  BDC=a,  wehave2JV= 


rin.a* 


and 


consequently  the  friction  of  the  pointed 

axle=/-: — •    lict  the  radius  of  the  axle 
■'tm.a 

CA  =  CB  at  the  entrance  into  the  step  be 

represented  by  r^,  we  shall  then  have  aabeforc  the  moment  offriction 

,  Let  this  axle  dip  a  little  only  into  the  step,  the  mecba- 

this  axle  will  he  less  than  that  of  an  axle  with  a  plane 
this  acconnt  the  application  of  the  pointed  axle  is  of 


S-*  nn.ar' 


Kith^efore,  r^\  rnn.  a. 


base,  and 

service.     When,  for  example, 

the  pointed  axle  of  the  radioa  r,  causes  only  half  the  loss  of  mecha- 
nical effect  through  friction  which  the  truncated  axis  of  the  radius 
r  does. 

If  the  pivot  forms  a  troncated  cone.  Fig.  180,  friction  takes 
place  as  weQ  at  the  envelbp  as  the  truncated  surface,  and  the 

be 


moment  of  friction  comes  out  = 


if  r 


the  radius  of  the  place  of  entrance  into  the  step,  and  r,  =  DE 
that  of  the  base,  and  <^  the  half  i^  the  converg^t  angle. 


Lastly,  the  pivot  or  apright  axles  (Figs.  181, 182)  are  very  often 
rounded.  Although  by  this  rounding,  the  friction  itself  is  by  no 
means  diminished,  there  arises  nevertheless  a  diminuti(Hi  of  the 
moment  of  friction,  firera  the  extremity  not  dipping  far  into  the  st^. 


} 
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If  we  BuppoBe  a  Bpherical  rounding^  we  obtain  by  the  aid  of 
the  higher  calculus  for  a  semi-spherical  step,  the  moment  of  friction 

='^'^.i2r;  but  for  that  of  a  step  having  a  less  segment 

^Z  I  1  +0,8(-l- j    l^u  r  being  the  radius  of  the  sphere  MA 
=  MB,  r,  the  radius  of  the  step  CA  =  CB, 

Extm^le.  If  the  weight  of  the  anned  axle  of  a  hone  capstan  R  «  6000  Ibt.,  the 
of  the  conical  pWot  »  r  «  1  inch,  and  the  angle  of  convergence  of  the  cone 


2a  -  W^,  then  the  moment  of  friction  of  this  pivot  »  |./.  -pL  » | .  0,1  . 

o         ttn.  a      3 

6000       1        100         47^|ft.i|M.    This  axle  makei  during  the  lifting  up  of  ^  ton 


MI.450    12      3V| 

firomashaft  ormine»«»24  rerolations,  then  the  mechanical  effiect  which  is  expended 

at  the  piTot  hi  this  time  hy  friction  »  2irit.i/ J^   »  2  ir  .  24  .47,1  »  7103 

•tn.  a 

ft.lhs. 

§  178.  Points  and  kntfe  edges. — ^To  avoid  as  much  as  possible 
the  friction  of  the  axle,  rotatory  bodies  are  supported  on  pointed 
pivots,  knife  edgesy  &;c.  If  we  had  only  to  do  with  perfectly 
rigid  and  inelastic  bodies,  no  loss  of  labour  would  arise  through 
friction  by  this  method  of  support  or  suspension,  because 
no  measurable  space  here  is  described  by  the  friction;  but  since 
every  body  possesses  a  certain  degree  of  elasticity,  by  resting  of 
such  a  body  on  a  point  or  knife  edge,  a  slight  penetration  takes 
place,  and  a  rubbing  surface  is  thereby  caused,  upon  which  space  is 
described  by  the  friction  which  gives  rise  to  a  certain  loss  of  labour, 
although  very  small.  In  rotations  and  vibrations  long  sustained, 
bodies  supported  in  this  manner,  present  similar  surfaces  of  friction 
arising  from  the  abrasion  of  their  points  or  knife  isdges,  and  the 
friction  must  then  be  estimated  by  what  has  been  already  men- 
tioned.  For  these  reasons  this  mode  of  support  is  applicable  only 
to  such  instruments  as  the  compass,  the  balance,  ftc.,  where  it 
is  of  importance  to  diminish  the  amount  of  friction,  and  where 
motion  is  only  allowed  from  time  to  time. 

Experiments  on  the  friction  of  a  body  resting  upon  a  hard  steel 
point,  and  revolving  about  it,  have  been  made  by  Coulomb.  From 
these,  it  results  that  the  friction  increases  somewhat  more  than  the 
pressure,  and  varies  with  the  thickness  of  the  supporting  pivot.  It 
is  least  for  a  granite  surface,  greater  for  one  of  agate  and  of  rock 
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crystal,  greater  still  for  a  glass  surface,  and  greatest  of  aU  ftn- 
a  steel  one.  For  a  very  small  pressure,  as  in  the  magnetic 
needle,  the  pivot  may  be  pointed  to  10"  or  12"  of  convergence. 
Bnt  if  the  pressure  is  great,  we  must  then  apply  a  far  greater 
angle  of  convergence,  viz.  30**  to  45".  The  ftiction  is  less  when  the 
body  having  a  plane  surface  reposes  upon  a  foiat  than  when  it  lies 
in  a  conical  or  spherical  step.  Similar  relations  take  place  in  the 
knife  fdgn  aa  applied  to  the  balance,  and  the  beams  of  balances, 
that  are  intended  for  heavy  loads,  require  sharp  axes  of  90''  con- 
vergence while  an  edge  of  SO"  is  sufficient  for  the  lighter  ones. 

ff^  l«  Semart!.  If  we  Mttune  that  the  needle 

jtB,  Kg.  183,  reiti  on  the  point  DCS 
of  the  pTot  FCG,  of  the  heif^t  CM-M, 
and  ndiui  DM  •-  r,  ind  iBjqxae  that 
the  lolomei  irr'A  I«  prop«tionste  to 
the  preMore  R,  the  imount  of  frictun 
tokj  be  found  in  the  following  nuoiMr. 
If  we  put  4  irr't —  fi  R,  where  ft  ii  a 
number  nmlting  from  experience,  ud 
inbodnce  the  an^  of  Goareisence  DCE  —  2  a,  aai,  therefoTe,  pat  A  -^  r  colg.  a,  we 
obt*inthendiuoftheb«er.  .^^ f  * "°V^,  - y  i> -  -      »/3^>/-y.a 

.  S  4  (fay.  a)  i.    We  must,  theKfore,  iMome  tli*t  the  biction  on  the 
pivot  Inizeuei  equally  with  the  cubic  root  of 
"*■  the  fourth   power  of  the  preMure,  snd  the 

cubic  root  of  the  tangent  of  half  the  angle  of 
convergence.  The  amount  of  friction  al  a 
beam  JB,  Fig.  1B4,  which  oedUate*  on  a 
■harp  edge  CC,,  may  be  found  in  lika  man- 
ner. If  a  be  half  the  an^e  of  converg- 
ence DCM,  I  the  length  CC,  of  the  edge, 
i  the  pitaaore,  thii  amount  it  given 


-f<r-^ 


'¥ 
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§  174,  RoIIiaff  fiiclion, — ^The  theory  of  rolling  friction  is  by  no 
means  firmly  grounded,  we  know  that  it  increases  with  the 
pressure,  and  that  it  is  greater  for  a  smaller  than  for  a  larger 
diameter  of  the  rolling  body ;  but  in  what  algebraical  dependence 
this  friction  stands  to  the  pressure  and  diameter  of  the  rolling 
body,  cannot  as  yet  be  considered  as  determined.  CouUmA  made 
only  a  few  experiments  with  rollers,  from  two  to  twelve  inches  thick, 
of  lignumvitB  and  elm,  which  were  rolled  along  a  surface  of  oak,  by 
meana  of  a  thin  thread  passing  over  the  roller  AB  whose  extre- 
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mities  were  stretched  by  uneqoal 
weights  P  and  Q,  Fig.  185.  Prom 
the  results  of  these  experimetitH, 
rolling  friction  appears  to  increase 
directly  with  the  pressure,  and 
mversely  with  the  iimmtikme  of  the  yf^ttin^ 
roller,  so  that  the  force  uecessary 
to  overcome  this  friction  may  be 

eipressed  by /*=/.— ,    if  B  be 

the  pressure,  r  the  radius  of  the 
roller,  and  /  the  co-efficient  of 
friction  derived  from  experiment.  If  r  be  given  in  inches,  then 
from  these  experiments 

For  rolling  upon  compressed  wood/=  0,0189, 
„  „  elm/=  0,0310. 

These  formulas  suppose  that  the  force  F  acts  at  the  circumference 
of  the  roller,  but  if  the  force  be  applied  to  the  azu  C  of  the  rolling 
bodies,  by  which,  as  in  every  description  of  carriage,  axle  friction 
ensues,  the  required  force  ia  Z  F,  because  here  the  arm  CH  a  only 
half  that  of  KH  with  respect  to  the  point  of  ^plication  H. 

A  body  AB8  is  moved  forwards.  Fig.  186,  lying  ou  the  rollers 
no.  186.  C  and  D,  tiie  required  force 

P  here  comes  out  very  small, 
because  two  rolling  frictions 
only,  vu.  that  between  4B  and 
^e  rollers,  and  that  between 
the  rollers  and  the  way  HR  are 
to  be  overcome.  The  progres- 
sive space  of  the  rollers  is  only 
half  that  oftfae  load  Q,  and  on 
this  account  for  &rther  progression,  the  rollers  must  be  replaced 
under  it  from  before,  be^iuse  the  points  of  contact  A  and  B,  by 
virtue  of  the  rolling,  recede  as  much  as  the  axis  of  the  rollers 
.  advances. 

If  the  roller  AH  baa  revolved  about  an  arc  .^0,  the  roller  has 
then  moved  over  a  space  AAi  equal  to  this  arc,  and  0  comes  into 
contact  with  0„  the  new  point  of  contact  O,  has,  therefore, 
receded  by  AOi  =  AO  bel^d  the  former  [A).    If  the  co-efficients 
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itf  friction  are/and/,,  the  power  necesBary  to  draw  the  load  R 

forward  «  P  =  (/+/,)  ~. 

Ktmari,  Th«  extended  eiperimentt  of  Mori»  aa  the  mobUium  of  cairiigei  apon 
HMdi,  accord  with  tfae  Uw  by  whidi  thia  rcniUnce  inereMM  equally  with  the  pnm- 
wart,  and  iaTenely  with  the  t*'"*»T^*  of  the  roller.  Another  Preach  engiiwa, 
DapM,  on  the  coDtrary,  dedncei  from  hit  experitnent*,  that  rolUng  friction  incnaMi 
indeed  directly  with  the  preunre,  but  for  the  reat,  only  InTcnely  proportional  to  the 
aqnare  root  of  the  radiu  of  the  roller.  ParticnlaT  theoretical  riewi  i^ion  rolling 
btetfam  m^  be  found  in  Oertlntr'i  Heehanica,  «6L  1,  {  &37,  and  developed  in 
Brir't  treatiBe  npon  fiiction,  art.  6.  We  ihall  treat  thlt  more  fiilly  in  the  lecond 
part,  when  we  come  to  roads  and  railwayv 

""•  >«'■  §    175.   FHctUm    of  cordt.  — 

Wc  have  now  to  investigate  the 
friction  of  a  flexible  body. 
When  a  perfectly  flexible  cord  ia 
stretched  by  a  weight  Q  avex  the 
edge  C  of  a  r^d  body  ABE, 
Fig.  187,  and  thereby  deviates  from 
its  original  direction  by  an  ai^le 
DCB  =  a°,  there  arises  at  the 
edge  a  pressure  R  from  which  a 
friction  F  takes  place,  and  requires 

fo:  >le  equilibrium  that  the  force  P  should 

be  greater  or  less  than  Q.    The  pressure  is  {§  74) : 
R=  VP'  +  <^—2,PQco$.a, 

consequently  the  friction : 

F=f  v'P'+  <?— 2  PQ  CM.  a. 

If  further  we  put  P=  Q  +  jPand  f  approziiiiittely  =  Q*+2  QF, 


P=/ */Q»+2  QF+ Q»— 2  Q«  CM.  a-2  MJ  ««.  a 

=/  v'2  (1— ew.  a)  (Q»+  «F)=  Z/tin.  ^   VCt  +QF,     whidi  . 

again  may  be  put  =  2/m.g  (Q+i^^,  if  we  have  regard  to  the 
two  first  members  of  the  square  root  only.  Now  if  F—f  F  m.  ^ 
is   given  =:  2/Q«m.  s>    conscquratly    the     friction    sought  ia 
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which  generally  is  =2fQrin.^(\  +/tin.  ^ 
and  indeed  rery  often  =  2/Q  fin.  ^.     In  order  to  draw  the  cord 

over  the  edge,  aforceP=  Q  + /■=  I    1  + |     Q    a 

neoessary;  and  inTersely,  to  prevent  the  descent  of  the  weight  Q  by 
the  cord,  a  force  P,  =  Q  -^1    1  + I  is  requisite ;  there- 

fore  approximately  i»  =  Fl  +2/m.  |  ( 1  +/«».  | )  J   Qj      or 
■more  simply,  we  may  pot  P  =  (l-^Z/tm.^  Q  and  P, 
,  w  more  simply 


'l  +  2/«n.|(l+/«».|)' 
-=(i-2/««.|)q. 


l  +  2/« 

If  the  cord  passes  over  several  edges,  the  forces  P  and  Pj  at 
the  other  extremity  of  the  cord  may  be  in  like  manner  calculated 
no,  186.  by  the  repeated    application   of 

these  fbrmoke.  Let  us  take  the 
simple  case  of  a  cord  ABC, 
Fig.  188,  passing  over  a  body  of 
n  edges,  and  at  each  e^e  making 
the  same  small  angle  a.  The 
tension  of  the  first  portion  of  the 


cordwinbeQ,=(l  +  2/«».|)  Q, 

hat  of  the  ratremity    1 
hat  of  the  second 

8.=(l+2/m.|)<!, 
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=  (l+2/m.|Y  Q;  that  of  the  third  Qj  =  (l  +  ifrin.^  Q, 
=M+2/nn.^)  Q;  therefore,  the  force  at  the  remaimng  extre- 
mity P=(l+2fm.^\'  Q,  in  BO  far  as  motion  takes  place  in  the 
direction  of  the  force  P.    If  we  change  P  into   Q,  and  Q  into  P, 


direction  of  Q  is  to  be  prevented. 
The  frictiony=P— Qi8inthefir8tca8e=  F^l  +  2/»»«.^V— 1~|  Q 

and  in  the   second  =   Q  —  J>,   =   [(l+S/""-!)"— 1~]  ^i 

=  ri-(l  +  2/«a.)--]  0. 

The  BBine  formnlie  are  appli- 
cable to  a  body  winding  roood  a 
cylinder,  and  consistiDg  of  mem- 
bers, as  for  instance,  a  chain 
ABE,  Fig.  189,  where  n  is  the 
number  of  hnks  in  contact, 
the  length  AB  of  a  link  =  /,  and  ^ 
the  distance  CA  of  the  axis  ^  of  a 
link  from  the  centre  of  the  are 
covered  =   r,      we      then     have 

■     «-  L 
**^2       2r' 

&ampfe. — Wtuit  u  the  unauntof  Mclionktttafl  uko^Bftrenea  rf  ■  ^heal  4ftet  in 
diameter,  if  twenty  linki  of  t  chain,  five  inches  long  and  ona  inch  Qadi,  pwi  over  it, 
one  end  of  wMch  ia  fixed,  and  the  other  itret^ed  tf  >  force  of  SO  Ibi  ?  Ha«  P, " 
S01b.ii-20,«<».|--A.-- A,  let  lu  nowpntftu/the  mean  vtlm  DM,  we 
then  obtain  the  friction  vith  which  the  chaia  Kt«  agaln«t  the  wheel  in  iti  lerelntkm : 

..[(■....3..i)»_,]'»-[(-ia""-']-'« 
"[  (n)*"  —  '  1  •  S0-2,97<.«)=H9  lb*. 

§  176.  A  stretched  cord  AB,  Fig.  190,  lies  about  a  fizM  and 
cyliudrically  rounded  body  ACB,  the  friction  may  be  lilcnrtse  found 
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FIG.  190. 


firom  the  role  of  the  former  paragraph.  Here 
the  angle  of  deviation  jS2>J3=a^=the  angle 
ACB  at  the  centre  subtended  by  the  arc  of  the 
cord  AB;  if  we  divide  this  into  equal  parts^ 
and  consider  the  arc  AB  as  consisting  of  n 
straight  lines^  we  have  then  n  comers,  each 


(£ 


with  a  deviation  of  —i  and  ^Qnsequtntijr  the 


n 


equation  between  the  pow»?  atid  weight,  as         • 
in  the  former  §.:  P=fl  +  2/W.;^V  Q.  ^'^^-^ '' 


From  the  smallness  of  ;r-  we  may  put  them,  rr-  =::r-f  whence  ^^  '^ 
P=i  1 +— I  Q.  If  fiirth^  we  make  use  of  tilie  binomial  series,  we  •  -('"^  %c  ' 

{1^   W^ 


'^fl +— )  Q*  If  fiirth^  we  make  use  of  tilie  binomial  series,  we 


obtain: 


but  as  n  is  very  great,  therefore  n — 1  =  n — 2  =  n — 8  ....:=  n 
it  may  be  put. 

P=(l+/«+^  (/«)«+ y;i-g  .(/«)«+...)  Q. 

+  ....  =  e«,    where  e  denotes 


I 


J- 


oC 


But  now  l  +  «  + 


1.3  '  1.2.8 

the  base  2,71828...  of  the  hyperbolic  system  of  logarithms,  there* 

fore,  it  may  also  be  put : 

1  P 

P:=ze^.  Q,  as  also  Q^Ptr^,  lastly  a^r^kjfp.Log.-^ 

2,8026  ,r        D      r        n\ 

If  the  are  of  the  cord  is  not  given  in  parts  of  «-,  but  in  degrees. 


ci> 


we  have  then  to  substitute  a  =  tbkq*  ir  >  ^  lastly,  it  be  expressed 

by  the  number  of  coils  tf,  we  have  then  to  put  a^=2wu. 

The  formula  P^=e^.Q  expresses  that  the  friction  of  the  cord 
F=  P — Q  upon  a  fixed  cylinder  is  not  dependant  on  the  diameter 
of  the  same,  but  on  the  number  of  coils  of  the  cord,  and  moreover 
shews  that  it  may  very  easily  be  increased,  almost  to  infinity.  If 
weput/=-^,  we  have: 
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Pot  J  of 

I  winding 

P  = 

=  1,69Q 

,.    i 

„ 

P  = 

=  2,86  0 

„    1 

„ 

P  = 

=  8,12  Q 

..    2 

P  = 

=  66,91  Q 

»    * 

„ 

P  = 

=  4348,66  Q,  &c. 

""■  '"'■  Ktan^.  To  let  down  »  iluA  ■  lo^  P  o* 

1200  lbs.  from  k  certun  bcdgbt,  the  rope  to 
whidb  this  weight  ii  attached  ii  wrapped  If 
tinMa  about  a  romid  firmlr  damped  holder  AB, 
Hg.  191,  ud  tbe  other  extremitj  of  the  rope  it 
held  bj  tb«  hand.  With  what  force  most  thi* 
extremitf  be  itretdied,  that  the  load  maj 
dowly  ud  Qoiforml}'  deioend?  If  we  pnt 
/  —  03)  we  obtain  thii   power  Q  »  Pr-ja 

'1200.*  -1200.*       ,  tbaefixe, 

hfp.  Leg.  Q=-kgp.  Leg.  1200—  ^  w  -  7/>901 

—  2,S918  -  4,4963  .  Icy.  Q  ^c  1,0536,    Q 

-  89,0  lb«. 

§  177.  B^idUy  qf  chains. — It  ropee,  or  other  siinilar  bodies,  &e., 
are  ptacett  over  a  pulley,  or  on  the  drcumference  of  other  cylinden 
Terolving  about  an  axis,  the  cord  or  chain  friction  eonddered  in 
the  foregoing  paragraph  ceases,  because  the  circumference  of  the 
wheel  has  the  same  velocity  as  the  rope ;  but  now  the  force  (tf 
bending  by  the  winding  of  the  rope  about  the  pulley,  and  also  that 
of  unbending  by  the  unwinding,  becomes  perceptible.  If  it  is  a 
Fio.  192.  chain  which  winds  round  a  drum,  there 

arises  the  resistance  (^  the  winding  and 
unwinding  manifested  in  a  friction  of 
the  chain  pins,  while  these  last  are  re- 
volving through  a  certun  angle.  If  AB, 
Fig.  192,  is  one  hnk,  and  BG  the  one 
lying  next,  if  further  C  is  the  axis  of 
revolution  of  the  wheel  on  which  the 
chain  stretched  by  the  weight  Q  winda 
itself,  if  lastly  C3f  and  CiVarc  Ut  fall 
perpendicularly  to  the  longer  axes  of 
the  links  AB  and  BG,  MCN=d'  is 
the  angle  through  which  the  wheel 
revolves  whilst  a  fresh  link  is  laid  on. 
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FBO=^1SOP—ABE  is  the  angle  by  which  the  link  BG  with  its 
bolt  BD  revolves  about  the  link  AB.  If  now  BD=BE=r^  is  the 
radius  of  the  bolt^  the  point  of  friction  or  pressure  D  describes  an  arc 
DE^r^a,  and  the  mechanical  effect  of  friction/|Q  hereby  produced 
at  the  point  J9  is /|Q  •  r^ai  The  force  P|  expended  in  overcoming  this 
friction,  acting  in  the  direction  of  the  longer  axis  BG,  describes 
the  simultaneous  space  «=  CAT  times  the  arc  of  the  angle  MCN 
=  CN.  ay  and  the  mechanical  effect=P| .  CN .  a;  by  equating  both 
labours  we  have  P^  •  CN,  a=:/|  •  QtiO,  and  the  required  force,  if  a-C 
represent  the  radius  of  the  drum  CN  increased  by  half  the  thick- 
ness of  the  chain :  Pj  =/iQ  •  ~* 

Without  regard  to  friction,  the  force  for  a  revolution  of  the 
wheel  would  be  P=  Q,  having  regard  to  the  friction  in  the  wind- 
ing up  of  the  diain  P=Q+Pi  =  6+/i^)  Q.     If  the  chain  un- 

winds  itself  from  the  drum,  an  equal  resistance  takes  place ;  if 
therefore,  a  winding  on  one  side,  and  an  unwinding  on  the  other 

takes  place,  the  force  P=(l+/i  — )   Q,  or  approximately : 

Lastly,  if  the  pressure  on  the  axle  =  JZ,  and  its  radius  ===  r,  it  '^ 
follows  that  the  force,  taking  into  account  all  resistances,  is  :     -    '  ^  ^    < «      ^ 


p=(i+2/;^)Q+/^ii. 


Fio.  193.  ExasH^U.  What  is  the  magnitnde  of  a  force  P  at  the 

extremity  of  a  chain  passing  over  a  pulley  ACB^  Fig.  193, 
if  the  weight  Q  drawing  vertically  downwards  «  110  lh8.» 
the  weight  of  the  pulley  with  the  chain  50  Ihs.,  the  radius 
of  the  pulley  measured  to  the  middle  of  the  chain  »  7  in. 
that  of  the  axle  C  i  inch,  and  that  the  chain  holto^iin.? 
The  oo-effidents  of  firiction/» 0,075  and/,»0,15,  there, 
fore  from  the  last  formula  we  obtain  the  force : 

P  -  (l  +  2 . 0,15 .  JL)  .  110  +  0,075. g^(110  +  50  +  P), 

or,  if  we  assume  P  on  the  right  hand  nearly  »  110  lbs. 
P»l,016. 110  +  0,0067. 270»lll,76  +  l,81>113,6Ibfl. 

§  178.  BigidUy  of  eords.  —  In  bending  a  cord  over  a 
puUey  or  wheel,  rigidity  comes  in  as  a  resistance  opposed  to 
motion.  The  same  takes  place,  but  in  a  far  less  degree,  in  the 
unrolling  from  cylinders.    Amontons  and  Coulomb  set  about  mea- 
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flnring  the  amount  of  this  resistance  by  experiment.  The  resnlta 
obtained  by  them  are  by  no  means  satisfactory;  partly  becanae 
the^  are  not  in  sufficient  acccordance  with  each  other,  and  partly 
because  they  have  not  that  extension  so  desirable  fw  practical 
application.  The  experiments  of  Conlomb,  which  are  thoee  only 
of  whi«^  we  shaU  speak,  were  mostly  made  with  hempen  cords,  ot 
1  to  I  inch  thick,  and  with  polleya  of  from  1  to  4  inches  diameter. 
Other  experiments  must  be  made  before  we  can  know  what  is  the 
resistance  of  rigidity  of  a  hempen  rope  of  from  2  to  8  inches 
thick,  when  wrapped  round  a  drum  of  from  1  to  6  feet  in  faeigbtj 
and  also  what  is  the  amount  of  this  resistance  in  the  case  of 
the  wire-ropes,  now  come  generally  into  use,* 

no.  194.  Coulomb  made  his  experiments  in  two 

,  ways;  at  one  time  with  the  apparatus  of 

Amontons,  Fig.  194,  where  AB  is  a  rolla, 

with  two  cords  winding  round  it,  the  tensitm 

is  ^ected  by  a  weight   Q,  and  the  rolling 

down  of  the  cylinder  by  a  second  one  P, 

which  pulls,  by  means  of  a  thin  string  at 

this  roller ;  at  another  time,  with  a  cylinder, 

which   was    allowed  to  roll  upon  a  hori- 

Eontal  line,  and  round  which  a  cord  was 

wound,   and    from    the  difference  of   the 

weights  suspended  at  both  extremities,  which 

effected  a  slow  rolling  fWward,  and  after  abstraction  of  the  nJling 

friction,  the  resistance  of  the  rigidity  was  deduced. 

It  results  &om  tbe  experiments  of  Coulomb,  that  the  rigidi^ 
increases  equally  with  the  tension  of  the  winding  cord;  that  it 
consists,  moreover,  of  a  constant  part  K,  which  is  no  more  than 
might  be  expected,  because  a  certain  force  is  necessary  to  bend  an 
unstretched  cord.  It  also  appears  that  this  resistance  iucreasea 
inversely  as  the  diameter  of  the  pulley ;  that  it  is,  therefore,  wiUi 
twice  the  diameter  of  the  pulley,  only  half  as  great ;  with  three 
times  the  diameter,  one-third,  &c.  The  reUtion  between  the 
thickness  and  the  rigidity  of  the  cord  is  only  approximately  given 
&om  theae  experiments,  since  the  rigidity  depends  upon  the  quality 
of  the  materials,  the  twisting  of  the  strings.  Sec.  For  new  ropes, 
the  ri^dity  was  found  proportional  to  the  power  </'•',  for  old  */■•*, 
d  being  the  diameter  of  the  rope.  It  is,  therefore,  only  an  approxi- 
matiiHi,  when  some  assume  that  this  resistance  increases  ptopor- 


.V 
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tionally  with  the  thicknesB^  others  with  the  square  of  the  thickness 
of  the  rope. 

§  179.  The  rigidity  of  cords  may  be  therefore  expressed  by  the 
formulae: 

8  =  —  {K+vQ),  where  d  is  the  thickness  of  the 

cord^  a  the  radJL^is  of  the  pulley  measured  to  the  axis  of  the 
cord,  Hj  K  and  v^  numbers  from  experiment.  Prony  deduced  from 
CoulamVs  experiments  that  for  new  cords 

S  =  ^  (2,46+0,068  Q),  and  for  old 

5i  =  —  (2,46  +0,063  Q),  a  and  rf  being  expressed 

in  lines,  Q  imd  8  in  pounds.  These  expressions  refer  to  the 
Paris  measure;  expressed  in  SuUi.  inches  and  pounds,  thev 
become,  pn^smth 

S=^  (14,28  +0,295  Q)  and  S, =^  (6,83+0.141  Q).   ^  ^ 

As  these  iComphcated  formube  do  not  always  give  the  results  in 
accordance  with  experiment,  we  may,  until  other  experiments  super- 
sede them,  put  with  Eytehoein 

j«  if  O 

5=v,  — Q  =  QftonV  provided  that  a  be  expressed  in 

Prussian  feet  and  d  in  Prussian  lines,  Q  and  S  in  the  same  weight 
which,  however,  may  be  arbitrary.    For  the  metrical  standard 

8  =  18,6 . .    This  formula  as  might  be  expected  will  give 

satisfactory  approximative  results  only  for  great  tennons,  as  they 
generdly  occur  in  practice. 

The  rigidity  of  tarred  ropes  is  found  to  be  about  -J-th  greater  than 
that  of  untarred ;  for  wetted  ropes,  however,  there  is  no  determi- 
nate relation  of  this  kind, 

Exwmple.  ^th  s  temioii  of  350  lbs.,  and  a  ndiiu  of  the  pulley  of  2| 
inches,  the  rigidifty  of  s  new  rope  of  9  lines'" 0,78  (English)  inches,  tccMd- 
ing  to  Pnm^  U :  5  »  f  (|) * '^  14,23  +  0,295  .  350} -0,613  .  47,0  -  28,8  lbs. ;  (ac- 

cording  to  fytelwein  S^)  ^'f'^'j^^ -38,9  lbs.  Were  the  tension  Q  only  150  lbs., 

3500.5 

we  should  have  from  iVtmy,  S  -  0,613  .  23,4  »  14,34  lbs. ;  from  Bytttwem : 

12 
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-  — •      •     -  10,7  Ibi.,  therefore,  here  ■  better  MCordance.    We  tee  tnm  tbe*e 

exunplet,  how  tiul«  nliince  li  t«  be  jdaced  os  the  fmmultu 

Rtmork.  A  farther  exlendoD  of  thk  inl^ect,  tiz.  in  leipect  to  the  r^idit;  at  wire 
Topea,  will  be  giTen  under  the  wtide,  windUu  ud  o^Mttn. 

§  180.  Let  US  now  apply  the  fonnula  given  for  the  rigidity  of 
cords,  to  the  theory  of  pulUes.   The  radius  CA  of  a  fixed  pulley = a, 
no.  19}.  Fig  195,  the  radius  of  the  axle  ^  r,  the  thick- 

ness of  rope  ^=  d,  the  weight  Q  at  one  extre- 
mity of  the  cord  ^  G,  and  the  power  which 
most  be  applied  to  the  other  extremity  to  draw 
;   it  slowly  up  =  P.    Without  friction    on   the 
;   axle  and  without  rigidity,  P  would  be  =  Q, 
bat  because  the  axle  exerts  apreaaureP-l-Q+O 
against  its  bearing,  there  arises   a  fTicti(m  / 
(P+Q+6)  which,  since  it  acts  at  the  radius  r,  makes  an  increase 


must  be  added  to  this,  which  manifests  itself^thts  i^  that  the 
cord  does  not  at  once  take  the  curvnture  of  the  circumference  of 
the  pulley,  but  lays  itself  upon  the  pulley  with  an  increasing  cur- 
rature,  and  in  this  manner  canses  an  extension  of  the  arm  of  Q ; 
the  arm,  therefore,  of  the  weight  Q  is  not  CA  but  CD,  and  the 
force  at  the  arm  CB 

=  CA  =  a,  P_g  .  Q=(l  +g)Q=Q+feQ+^(K+.Q). 

The  complete  equation  between  the  power  and  the   weight  ia 
now 

P=Q  +  ^{K+yQ)-i-^  {P+Q+G). 

In  the  wheel  and  axle  the  power  P  acts  at  a  different  arm  a  to  that 

of  the  weight,  whose  arm  ^  b,  therefore, 

Pa=m  +  d''  (K+yQ)-i-fi-  (P+Q+G),  and 
P=^Q  +  ^{K+yQ)  +^  (P+Q+G). 

Hence  the  force 

„_[{>  + yd' +Jr)  Q+d'-K+frG 

froMpfe.— A  weight  Q  -  200  Ibi.  ia  to  be  rtised  with  the  wheel  uid  ule  b^  m 
|iower  P=blt  Ibi. ;  uippoM  the  wheel  to  be  1}  feet,  and  the  pivot  {  inch  rkdim,  utd 
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the  rope  Applied  i  an  inch  thick,  and  the  weight  of  the  whole  machine  70  Ihs.,  what 
radius  must  we  give  to  the  axle  ?  It  most  be : 

b^lPa-^d^  (K+vQy-fr  (P+  Q+  (?)]  :  Q, 
therefore,  in  numbers  if  we  put /«  0,075, 

*«[50  .  18— (i)i»» .  (14,23  +  0,295  .200V>0,075 . 4 .  320]  :  200 
»[900— 0,308  .73,23— 12]  :  200 « 865,4  :  200»  4,327  inches. 
Without  additional  reaistanoes  b  would  be 

^Pa  :  Q»75  :  200->0375  leet-4i  inches. 


CHAPTER   VI. 


ELASTICITY   AND   RIGIDITY. 


§  181.  ElasticUy.— The  parts  <^  a  rigid  body  adhere  to  each 
other  with  a  certain  force^  which  is  called  cohesion,  and  which 
must  be  overcome  when  bodies  are  changed  in  their  figure  and 
extension,  or  broken.  The  first  effect  which  forces  produce  in  a 
body,  is  a  change  in  the  position  of  their  parts  relatively  to  each 
other,  and  a  resulting  change  of  form  or  volume  of  the  body.  If 
the  forces  acting  upon  a  body  exceed  certain  limits,  a  separation  of 
the  parts,  and  a  brealdng  of  the  whole  body  ultimately  takes 
place.  The  capability  of  bodies,  which  suffer  a  change  of  form  by 
the  action  of  forces,  to  resume  perfectly  their  former  state  after 
the  withdrawal  of  the  forces,  is  called  elasticUy.  The  elasticity 
of  every  body  has  a  certain  limit.  If  the  change  of  form  or  volume 
exceeds  a  certain  amount,  the  body  retains  an  alteration  of  its 
volume,  even  when  the  forces  which  have  effected  it  cease  to  act. 
The  limit  of  elasticity  is  different  for  different  bodies.  Bodies 
which  suffer  a  considerable  change  of  form  before  this  limit  is 
attained,  are  called  perfect fy  elastic*  Those,  on  the  other  hand, 
in  which  there  is  scarcely  any  appreciable  change  of  form  pre- 
ceding the  limit,  are  called  inelastic,  although  in  reality  there 
exist  no  bodies  of  this  kind. 

It  is  an  important  rule  in  building  and  in  machinery  never  to 
load  the  materials  to  that  extent,  that  any  alteration  of  their  form 
should  attain,  much  less  exceed,  the  limits  of  elasticity. 

§  182.  Elasticity  and  strength, — ^Different  bodies  present  dif- 
ferent phenomena  when  their  form  is  changed  beyond  the  Umits  of 
elasticity.  If  a  body  be  brittle  it  flies  into  pieces.  If  it  be  ductile, 
as  many  of  the  metals,  it  will  admit  of  alterations  of  form  beyond 

the  limits  of  elasticity,  without  suffering  a  separation  of  its  parts. 

12* 
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Many  bodies  are  hard^  others  soft ;  the  one  opposes  a  great  resis- 
tance to  a  separation  of  their  parts^  whilst  the  others  easily  allow 
of  this  to  be  brought  aboat.* 

In  the  restricted  sense  of  the  word,  we  understand  by  eloiticiiy, 
the  resistances  which  a  body  opposes  to  a  change  of  form;  on 
the  other  hand  by  strength,  the  resistance  which  a  body  opposes 
to  a  separation  of  its  parts.  We  will  accordingly  consider  each  of 
these  in  the  following. 

According  to  the  way  in  which  external  forces  act  upon  a  body, 
and  change  their  form  and  dimensions,  we  distinguish  the  elasticity 
and  strength  of  bodies,  into : 

1.  The  absolute  resistance,     t-v  . 

2.  The  relative  resistance, 

8.  The  resistance  to  compression,  and 

4.  The  resistance  to  torsion. 
If  two  external  forces  act  by  tension  in  the  direction  of  the 
axis  of  a  body,  it  resists  by  its  absolute  elasticity  and  strength  any 
extension  or  rupture.  If,  on  the  other  hand,  these  forces  act  at 
right  angles  to  the  axis  of  a  body,  the  body  will  resist  by  its 
relative  elasticity  and  strength  any  bending  or  fracture.  If, 
further  two  forces  act  in  the  direction  of  the  axis  of  a  body  by 
compression,  so  that  the  body  becomes  either  compressed  or 
crushed,  then  there  is  the  elasticitt/  and  strength  of  com- 
pression  to  be  overcome.  If,  lastly,  forces  strive  to  turn  a  body 
in  opposite  directions  about  an  axis,  or  which  do  not  act  in  the 
same  plane  normal  to  the  axis,  than  there  is  the  elasticity  and 
strength  of  torsion  to  be  overcome. 

§  188.  Modulus  of  elasticity. — The  change  of  volume  within 
the  limits  of  elasticity,  t.  e.  the  extension  or  compression  of  a 
body,  is  pretty  nearly  proportional  to  the  force  exerted,  but  if  this 
change  exceeds  that  limit,  this  proportionality  ceases,  and  the 
change  goes  on  rapidly  to  that  of  rapture  or  crushing.  As  a 
measure  of  the  elasticity,  the  modulus  of  elasticity  E,  is  that  which 
expresses  the  force  which  is  necessary  to  elongate  a  prismatic  body 
of  a  transverse  section,  unity  =;  t .  e.  a  square  foot,  to  double,  or  to 
compress  it  to  anft  half  of  itft  ftFiginnl  length.  A  different  modulus  '^ 
corresponds  to  different  materials :  for  each  substance  it  must  be 
determined  by  experiment.  For  the  rest  we  must  bear  in  mind  that 
the  modulus  of  elasticity  only  holds  good  for  extensions  and  com- 

*  See  Appeodix. 
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pressions  within  the  limit  of  elasticity^  and  its  measure  is  one,  not 
of  observation,  but  of  hypothesis  and  calculation,  because  it  is  not 
Fio.  196.  easy  to  find  a  body  which,  without  ezoeedbig  the  limit  of 
elasticity,  allows  so  great  a  change  of  form  as  the  modu- 
lus of  elasticity  supposes.* 

A  body  AC,  Fig.  196,  which  has  the  initial  length 
AD=BC=^l,  and  the  transverse  section  1,  requires  for 
its  extension  DG^l,  the  force  E,  if,  however,  its  trans- 
verse section  is  F,  that  is,  if  it  consists  of  F  contiguous 
prisms,  this  force  is  then  F  .  E.  If,  on  the  other 
hand,  this  body  is  to  be  extended  a  length  DN=CM=  X, 
then  for  the  force  P 

P :  F.  JS=X :  /,  it  therefore  follows 

X  P 

FIG.  197.         1-  That  P=j  F.  E,  and  inversely,  2.  X=  pr^  .  /. 

The  same  formulse  are  also  applicable  to  a  body 
AC,  Fig.  197,  of  the  length  AD  =  /,  and 
the  transverse  section  AB  =  F,  if  it  become 
shortened  a  length  X  by  the  compression  of  a 
force  P. 

By  the  aid  of  these  formulse  we  may  calculate 
from  the  change  of  volume  (X)  the  corresponding 
force  P,  or  firom  the  force  P  the  quantity  of  the 
extension  or  compression. 

Sxa$Hpie.  If  the  modnlits  of  elasticity  of  brass  wire  amounts  to  14625000  lbs. 
wbat  force  is  necessary  to  stretch  -jV  inch  a  wire  5  feet  in  leng^  and  ^  inch  in 

thiduiess?     I  «   5  .  12  «=  60  inches,  \  ^  2l  inch,   consequently  ^  «>   ■--- 

further,  F  »  ^^  «  0,7854  f ^J    »  0,0218  square  inches,  the  required  force 

accordingly  is  P  «  ^i-  .  0,0218  .  14625000   »  442  lbs.  —  2.    The   modulus  of 

720 

elasticity  of  iron  wire  is  263250000  lbs. ;  if  an  iron  chain,  60  feet  long  and  0,2  inches 

thick,  be  stretched  by  a  force  of  150  lbs.,  the  same  wiU  be  increased  by  a  length 

150.  60.12  108000 


0,7854  .  (0,2)s     263250000       31416  .  263,25 


0,013  uu:hes  «  0,156  lines. 


§  184.  Modulus  of  working  load  and  strength. — ^The  force  T, 
which  a  body  of  the  transverse  section  unity  accumulates 
when  its  extension  attains  the  limit  of  elasticity,  is  easily 
determined  from  the  modulus  of  elasticity  E  and  the  elongation 


*  See  Api)endix. 
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X  corresponding  to  this  limit;  for  Ti  E=\ :  [/,  therefore,  7*=X£r  I 
This  is  the  strain  beyond  which  materials  used  in  constmction 
and  machinery  must  not  be  loaded  if  they  are  to  maintain  sufficient 
safety  together  with  durability.  If  the  transverse  section  of  a 
body,  which  has  to  sustain  a  tensile  strain  P  be  =  F,  we  have 
then 

1.  P=FT,  and  2.  F=^ 

The  force  T  by  which  we  judge  of  the  working  load  of  bodies, 
may  be  introduced  into  calculations  under  the  name  of  modulus  of 
working  had. 

The  modulus  of  strength  K,  which  expresses  the  force  by  which 
a  body  of  the  transverse  section  unity  becomes  rupturedj  is 
entirely  different  from  this  modulus.  If  the  transverse  section  of 
a  prismatic  body,  or  its  least  section  =  F,  it  follows  that  the 
force,  for  the  rupture  of  this  body,  is : 

1.  Pi=FK,  and  inversely,  2.  F=j^. 

Generally  the  strength  of  materials  of  construction  and  parts  of 
machines  are  calculated  by  the  co-efficient  K,  which  is  divided  for 
security's  sake,  by  one  of  the  numbers  8,  4  to  10.  This  makes  little 
difference  in  the  result,  as  we  may  see  from  a  comparison  of  the 
values  found  in  the  succeeding  table,  but  the  supposition  is  incor- 
rect, or  to  be  justified  only  in  so  far  as  the  modulus  of  strength 
is  from  8,  4  to  10  times  that  of  the  modulus  of  tenacity,  or  gene- 
rally bears  a  constant  relation  to  it. 

If  the  section  of  the  body  be  a  circle  of  the  diameter  dj  we  have 
therefore, 

^=F,  so  that  rf=^±?*=  1,128  ^•F=l,128^-£, 

and  hence,  from  the  load  or  strain  P  on  a  body,  and  the  modulus 
of  tenacity   T  of  its  material,  the  strength  may  be  found,  for . 
which    the   body    will    not    be   strained  beyond  the    limit    of 
elasticity. 

Example,  What  load  will  ft  colamn  of  fir  sustain,  if  it  be  5  inches  in  breadth  and 
4  inches  in  thickness  ?    The  modulus  of  tenacity  being  taken  at  3000  lbs.  and  the 
section  ^being  «  5  .  4  »  20  square  inches,  we  obtain  P  «  20  .  3000  »  6OOO0bs.^^ 
for  the  power  of  tenacity  of  this  column.    But  if  we  take  the  modulus  of  strength 

12000 
K  =12000  lbs.,  and  assume  a  triple  security,  we  obtain  P«20 .  ^"!:«  80000  lbs.; 

but  to  maintain  security  for  a  long  period,  we  must  only  take  one-tenth  of  K,  and  we 
shall  then  have  P  =»  20  .  1200  «  24000  lbs.— 2.  A  round  and  wrought-iron  pump- 
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rod  is  to  sustain  a  weig^it  of  4500  lbs. ;  what  diameter  ought  it  to  have  ?    Here 

T  -  20000  lbs.,  therefore,  rf  «  1,128  ^.^^-1.128.  y^/J  -  0,535  fcet.  t  " 

The  modidns  of  strength  for  wrought  iron  of  the  medhmi  kind  «  58000  lbs.,  and  if 
we   talie  one-sixth   for    the   secnrity,   we   then   obtain  K  m,    10000  lbs.   and 

/   450 |D 
d  a  1,128   a/iaaqo   »  0.756  inch,  the  reqoisite  thickness  of  the  rod. 

§  186.  Strangest  form  of  body.  —  If  a  vertically  suapended 
prismatic  body,  for  example,  a  pole  or  cord,  is  very  long,  its 
weight  O  must  be  added  to  the  force  of  rupture,  and,  there- 
fore P-\-  G  must  be  put  =  FT.     If  now  I  be  the  length  of  the 

body,  and  y  the  weight  of  a  cubic  inch  of  its  mass,  we  have  then 

p 

G=F/y,  and,  therefore,  P-F  {T—ly),  as  inversely  F=:j^. 

If  a  body  ABC, .  6,  Fig.  198,  consists  of  equal  portions,  each  of 

the  length  /,   its  successive  transverse  sections  are  as  follows. 

p 

The  section  of  the  first  portion  is  as  before  F^^s         -.    For  the 

second  portion,  whose  section  is  F^  and  weight/^y,  P+Fily-^-F^y  / 
=^,7;  hence  F,=^^^=F,  +  ^=l^j(l  +  ^j    For 

the  third   portion  it   follows  that  F^  =  F,  ^1  +  jr^)  =  ^i 

(l  +  A^''  ^'^  **  ^"""^^  ^*  =  ^»  (^  +  f=ry)  =  ^» 
( 1  +  —  ^ .  j ,    and    generally    for    the   nth   portion  :    Fa=Fi. 

(l  +  7?=^)"  *"  ^»=  7i=i;  (^  +  A^'  '  ^''^  co^fesponding 
section. 

If  /  is  very  small,  the  portions  therefore  very  short,  we  may 
then  put : 

If  the  number  of  portions  is  very  great,  or  if  the  thickness  of  the 
body  AG,  Fig.  199,  increases  uniformly  from  below  upwards, 
we  may  then  (from  the  reasons  in  §  175,  put  the  cross 
section 

p  rp^p        y       p        y 
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FIG.  198. 


FIG.  199.  ^here  e  represents  the  base  3,71828. . .  of 
the  Naperien  logarithms^  andZr  the  entire 
length  of  the  body. 

A  body  of  uniform  thickness  to  have  the 
same  tenacity  throughout,  must  have  a  trans- 

P 

verse  section  F=  ^    «.— >    If  Xry  is  small  as 

compared  with  T,  -^  is  a  small  fraction,  so 
that  we  may  put : 


1  + 


^-imi-^ 


further,  the  weight  of  the  first  body  is 
and  that  of  the  second  ^F  ,Ly 

hence  the  prismatic  body  is  heavier,  and  on  that  account  more 
costly  than  one  having  at  each  point  in  its  length  a  cross  section 
corresponding  to  the  load  it  has  to  bear,  and  which  may  therefore 
be  called  a  body  of  uniform  resistance,  or  a  body  qf  the  strangest 
form. 

ExanqflH. — 1.  What  croas  Bection  ought  a  ^nought  mm  shaft  to  haTe,  when 
beadc*  its  own  weight  it  has  to  sustain  a  load  P  ^  75000  lbs.  ?  The  modulus  of 
tenacity  or  strain  is  taken  at  7*  »  i  iT  «  10311  lbs.,  and  the  weight  of  a  cubic  inch 

7,60.52,4  75000  ^„^^ 

of  wrought  m>n  r  =    12.12.12    "^     103U - 12000  .  23046    "  9»W9  sqpaie 

inches,  the  section  sought  is  F  »  — — • ,  and  the  weight  of  the  shaft  (?  —  F .  Ly 

939 .  1200 . 0,23046  ^  2747  lbs.— 2.    If  we  were  to  give  to  this  shaft  Uie 
form  of  a  body  of  uniform  resistance,   we  should   obtain   for  the  least  sectaon 


^      T 


75000 
10311 


»  7,28  square  inches,  for  the  greatest  seetion  F^  «»  7,28  square 


inches  -  7,28  .  e®*^*^  •  ^^  «  7,28  .  J^^  -  9,73  square  inches,  and  the  weight 
=  /^2i±i!Z?^  .  2765  =  22502  lbs.  (approximately). 

§  186.  Numerical  values.— In  the  following  table  are  given  the 
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mean  values  of  the  different  moduli,  of  elasticity,  tenacity,  and 
strength  of  the  materials  most  commonly  occurring  in  con- 
struction. 


TABLE.  I. 


THE    MODULI   OF   ELASTICITY   AND    STBENGTH. 


NAMB8    OF   THB   8UB8TAMCB8. 


BoXy  oak,  fir,  firm  Scotch  fir    . 
Iron  in  wires     ...... 

Iron  in  ban 

Iron  in  plates 

Cast  iron 

Steel 

Hard  cast  steel 

Co^yper     ........ 

Copper  wire 

Brass 

Brass  wire 

Dell  metal 

Lead 

Leaden  wire 

Marble 

Ropes  under  1  inch    .... 

*t         I  **" "    t»      .... 

t,       above  3    },      .... 

Straps 


s'S 


1 


600 

1 
1250 

1 
1520 

1 
1200 

1 
835 

1 
4500 


1 
1320 

1 
742 

1 
1590 

1 
477 

1 
1500 


I" 


a 


"glf- 


1856005 


CO 


3094 


26808964   21650 


29902306 
26808969 
17528938 

30933420 


t 

e 

I 

s 

1 

o 


20622 


14436 


37120 


45369016 

98987 

97955830 

7218 

149511530 

20622 

48462358 

3093 

721779 

1547 

1031114 

722 

■ 

2680896 

12373 

87645 

59805 
56712 

19592 
123700 

150543 

38151 
75271 

18560 

75271 

35058 

928 

2062 

2062 
9280 
7218 
5156 


I 

J 

"a 


1237 

14436 

10311 
9280 

3094 
20622 

24740 

6187 
12370 

3093 

12370 

5774 

329 

351 

206 
3093 
2371 
1753 

299 


VY>' 


y 
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The  values  contained  in  the  second  Teitical  column  of  this  table, 
of  the  relative  extension  (-r-j  at   the  limits  of  clastidty,   give 


colunms.  The  sixth  column  is  derived  from  the  fifth,  if  we  divide 
the  woods  by  10,  the  metals  by  6,  and  the  cords  by  8.  The 
strength  of  wires  ia  always  greater  than  that  of  rods,  becanse  the 
enveloping  crust  of  wires  is  stronger  than  their  nucleus. 

§  187.  FUxure  of  bodie».—\  prismatic  body  ABCD,  Pig.  200, 
is  fixed  at  one  extremity,  for 
instance,  imbedded  in  a  wall, 
and  tkt  the  other  extremity  acted 
upon  by    a    force  P;    strains 
then  take  place  in  this  body,  in 
consequence  of  which,  one  part 
is  extended,  and  the  other  com- 
pressed, and  the  whole  becomes 
deflected.      If  we  imagine  the 
whole  body  to  be  decomposed 
into  thin  laminee  by  planes  parallel  to  the  axis,  and  at  right  angles 
to  the  direction  of  fierce,  we  may  then  assume  that  there  is  a  certain 
mean  lamina  KLM,  which  ia  called  the  neutral  narface  or  the 
neutral  onf  of  the  laminn,  which  is  not  strained  by  this  flexure, 
and  remains  unaltered  in  length,  while  the  laminie  on  the  convex 
side  undergo  an    extension,  and   those  on   the  concave   side  a 
compression.      Let  A  BCy  D^, 
Fig.  201,  be  the  longitudinat 
section  of  the  body,  KL  its  neu- 
tral  axis,  JVO,  an  extended  and 
I7F,  a  shortened  or  compressed 
lamina.    If  the  flexure  had  taken 
place  without  any  change    of 
volume,   KL  would  be  =  AD 
=  NO,  &c. ;  t.  e.  the  lAigth  of 
all   the  lamins  would  be  one 
and  the  same;  the   body   also 
would  have  the  form  ABCD, 
but  because  the  body  has  sustained  extenaigns  and  compressions, 
certain  laminie,  such  as  AD,  NO;  &c.,  have  undergone  the  elonga- 


♦  Sec  App«nrlu. 
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tiouB  i)i>i,  OOi,  &c.,  and  others,  aa  BC  and  UV,  the  compreasioiiB 
CC^,  VVi,  &c.,  and  the  form  of  the  hodjr  has  changed  to  that  of 
ABC^D^.  In  every  case  the  eloagations  DDi,  OOi,  and  the 
compresfflona  CO,,  Wj,  Sze,,  are  proportional  to  the  distwacea 
LD,  LO,  LC,  LV,  &c.,  &om  the  neutral  axia.  Bat  theBtrains 
in  the  direction  of  the  lainiaee  are  in  the  ratio  of  the  elongations 
and  compressions  effected  by  them ;  we  mnst,  therefore,  assume  that 
these  strains  are  proportional  to  the  distances  from  the  neutral  axis. 
If,  then,  we  put  the  strain  on  a  fibre,  or  layer  of  fibres,  of  a  traiu- 
verse  section  equal  to  unity  (a  square  inch),  and  at  a  unit  of  distance 
(one  inch)  &om  the  neutral  axis  =  8;  the  strain  for  the  distance 
KN=z  is  Sz,  and  for  the  section  F,  it  is  F8z,  If  now  the  experi- 
mental number  S  represente  both  the  extension  and  compression, 
we  know  the  sum  of  all  the  strains  =  (f  ,^,  +  F^^  + . .)  S,  where 
Fj,  F^  &c.  are  the  sections  and  z^,  z^  &c  the  distances  from  the 
neutral  axis.  In  order  that  the  tensions  may  produce  no  pressure, 
and  therefore  no  alteration  in  the  length,  at  the  extremity  K  of 
the  neutral  axis,  which  we  may  regard  as  the  fulcrum  of  a  lever, 
the  sum  of  the  tensions  (F,z,  +  F^^  +  ...)  S,  and  therefore  also 
FjZ^  +  F^j  +  ...  most  ht  =  0 ;  i.  e,  the  nmtral  axis  or  the 
neutral  Amtna  muBtpata  through  the  centre  of  gravity  of  the  cron 
section  of  the  body. 

We  may  now  compare  the  condition  of  the  body  with  the  equi- 
librium of  a  bent  lever.  The  force  P  acts  at  the  arm  KH=l,  the 
moment  is,  therefore,  M  =  PI,  and  balances  the  collective  forces 
of  extension  and  compression,  whose  moments  are  z^  .  F^Sz^. 
z^.F^Sz^,  &C.,  or  F,ji,*.S,  F^^.S,  &c.;  consequently  we  mnst  put 
M=  Pl=  (F,z,'  +  JVa'  +  ...)•  S. 

rra.  202.  This  formula  holds  good  for  each 

cross  section  of  the  body,  only 
for  I  we  must  substitute  its  dis- 
tance each  time  from  the  point  of 
application  L  of  the  force  P.  The 
factor  FiZi'  +  F^^  +  ...  is  depen- 
dant only  on  the  cross  section  of  the 
deflected  body,  and  may  be  repre- 
sented by  the  letter  tV.  Hence  we 
may  put  M=Pl=W8,  and  assert 
that  the  tension  or  strain  of  a  trans- 
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verse  section  is  proportional  to  its  distance  /  from  the  point  of 
application  of  the  force. 

^  188.  From  the  modulus  of  elasticity  E,  the  length  of  a  fibre  / 
at  a  nnit  of  distance  (an  inch)  from  the  neatral  axis,  and  the 
elongation   X   which    it    ondergoe*,    the    corresponding  tenaioD 

S  =  ^£  is  known.     If  now  ABCiD^,  Fig.  202,  is  a  short  portion 

of  the  deflected  body,  KL  =  I  its  length,  and  MK  =  ML  =  p  its 
radins  of  cnrvature,  we  have  then  Di), :  KL  =  LD :  ML,  and 
also  00,  •.Xi  =  LO-.ML;  i.e.  OOi  :  I  =  LO  :  p.  If  we  now 
assume    LO  =  1  and  00^  =  X,  we  obtain   X  :  /  =  1  :  p,  and 

hence  8  =  yE  =  — .     If,  finally,  we  substitute  this  value  of  .S 


invemely,  WE  =  Mp. 

The  product  WE  is  called  the  moment  of  flexure,  and  hmee  the 
product  of  the  moment  M  and  the  radius  of  curvature  p  is  equwa- 
leni  to  the  moment  of  flexure  for  all  cross  sections. 

If  we  divide  the  neutral  axis  KL,  Fig.  204,  into  «  equal  parts. 


ture  MLj  _  p„  Af,£,j  =  p^  &c.,  corresponding  to  these  parts, 
the  angle  of  curvaiuro  LMLf  =  ^^'>,  L^M^^  =  ^^,  &c.,  which 
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every  two  radii  of  curvature  include,  are  known,  viz.  LL^  =  - 

=  P,  ^1,  ijl-g  =  -  =  p,^  &c.,  and  therefore  ^   =  , 

tt  npj 

/  WE  ^       WE 

♦a  = ,  &c.     If,  further,  we  substitute  p.  =     -.  ,  iL  =-o^ 

&c,,  we  then  obtain  ^,  =  „'  i-  =  -^x»»  ^-  J  ^"^  ^y  t^i^ 
saminatioD  of  all  these  angles  we  find  the  angle  LOK  =  a'^,  by 
which  a  greater  portion,  or  the  whole  neutral  axis  is  deflected, 

§  189.  EIomHc  curve. — If  we  suppose  a  small  flexure,  we 
may  take  the  projection  CL  =  KH^,  parallel  to  the  initial  direc- 
tion of  the  undeflected  beam,  and  equal  to  the  length  of  the  beam 
itself,  and  likewise  the  projections  LZ),,  L^D^  &c.,  equal  to  the 

parts  LL,,  L,L„  &c.,  of  the  neutral  ans,  t.  e.  =  -,  and  we  obtain 

the  momenta  3f ,  =  — ,  M„  = ,  M,  = ,  &c.    If  we  sub- 

stitutc  these  values  in  the  formula  for  <pj,  ^  &e.,  then  the 
measures  of  the  angles  of  curvature  are  given : 

pp  zpp    ^       SPi*    B. 

*>  =  -^We'  *"  =  IFWE'  *>  =  l^WW'  ^■- 

and  by  addition,  the  measure  of  the  whole  angle  of  curvature 
KOL  =  0  of  the  neutral  axis : 

PP  PP  n*  PZ* 

"  = -^  <l  +  ^  +  »  +  -+")=-?OT  ■  f  =  2W- 

...  With  the  aBsistance  of  the  last 

fbrmola,  we    may  now    find  the 

equation  to  the  curve  formed  by 
the  neutral  axis,  KL  Fig.  806.  Let 
us  divide  the  ahseiaB  LN=  x,  com- 
mencing at  the  point  L,  into  m 
equal  parts  and  find  the  parts  of 
the  ordinate  NQ  =  y  correspond- 
ing to  them.  Since  the  radius 
of  curvature  QR  is  perpendicular 
to  the  part  of  the  arc  QQ-^,  the 
angle  QQJJ  =  QRK  =  a^  and 
therefore  the  part  QU  of  the 
ordinate  y,  =  Q,  (/  .  tar^.  Oj, 


$)*+  -y^mE  ["--©'  (i'+»'+»"  + 


. . .  +  w^ 
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or    QiU   being    put  =  — and /an$p.  a,  =s  o^  QJ7  —2..    Now 

it  foUowB,  therefore,  that  QCT  =  ^  .  ^^  (P— a?«).      If  for  a^ 

we  substitute  successively  (  —  1 ,  ( — j  ,  ( — j  ,  &c.,  we  then  ob- 
tain by  the  last  formula  all  the  parts  of  y,  and  by  the  addition  of 
these,  the  whole  ordinate  : 

V  _ 

By  this  formula  we  may  calculate  for  every  absciss  x  the  corres- 
ponding ordinate  y,  and  likewise  for  the  whole  length  CL=l,  the 
height  of  the  arc  CK^a.    This  last  is  : 

2  1VE\         8/    SrVB 

Therefore,  the  height  of  the  arc  increases  as  the  force  and  the 

cube  of  the  length. 

If  we  have  a  by  measurement,  we  may  find  from  this  formula  the 

PP 
modulus  of  elasticity,  ^=q  mt  • 

§  190.  If  the  whole  load  is  uniformly  distributed  over  the  beam, 
and  if  each  unit  of  length  sustains  a  portion  =  q,  therefore,  for  the 
whole  length  /,   Q=lq,   we  must  substitute   for  the  moments 

-  Ph  -  Pi,  -  Ph  &Cv  the  moments  iq  (A  ,  i?  [-^  ,  iff  (— j  , 

&c.,  because  the  centres  of  gravity  of  the  loads  q-,  q*  — ,  q  •  — , 

IS        ft         M 

7    2  /  8  /  / 

&c.,  lie  in  the  middle  of  -,  — ,  — ,  the  arms  are,  therefore,  i  .  -, 

n    n     n  ir 

4  •  — ,  i  .  — .     Hence  we  obtain 


a=: 
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And,  therefore, 


r 

■  vi  T    '    ■ 


If  again  we  take  x=l,  we  obtain  the  height  of  the  arc 


jths  as  great  as  if  the  load  Q  were  Buspeaded  at  the  extremity  of 
the  beam. 

If  the  beam  is  loaded  by  a  weight  Q,  uniformly  distributed  and 
by  a  force  P  at  the  extremity,  the  height  of  the  arc  is  then 
_    f f     .     Qft  _fP  .  Q\   f 
""3  ^£"'"8  H^~\3''"8>'H^' 

no.  206.  If  a    beam    AMB, 

Fig.  206,  is  supported 
at  both  extremities,  and 
loaded  in  its  middle  by 
a  weight  P,  both  the 
extremities  are  deflected 
upwards  by  the  reac- 
tions i  P  and  i  P,  as  was 
mthe  former  case  (§  1 89) 
the  one  extremity  downwards,  the  formula  then  found  here  holds 


RBCTANGULAR   BEAMS. 

207.  good,  if  instead  of  P,  we 

p 
put  ~s,  and  inatesd  of  the 

whole  length  LL=l,  half 


the  height  of  the  arc  is : 

„_*f-ay_.    pp 

"'  awE    ^'a  WE 

=  a    sixteenth   of    the 
height  of  the  arc  of  the 
beam,  which  is  loaded  at  its  extremity. 

If  lastly  the  load  Q=qliB  uniformly  distribated  oyer  the  body 
AB,  Fig.  207,  supported  at  both  extremities,  we  must  put  in  the 

formula  a  =  ^— +— j^^in  place  of /,  g,  in  place  of  P,  — ^ 

Q  Q 

and  Q,  —  ^,  because  with  respect  to  K,  the  weight  ^  at  the 

arm  -j  is  opposed  to  the  reaction  ^-^ —  at  the  arm  h-  Consequently 


/P+Q__Q\    P     _/       5     \_f_ 
V    6  IG/SfVE      \    ^S^/4SW. 


QP 
For  P  ^o,  a  =  I .  AoW-p '  *^^  '***^  *"•  therefore,  uniformly 

distributed  over  the  whole  arc,  and  the  height  of  the  arc  is  f  times 
as  great  as  if  the  weight  acted  at  the  middle  of  the  beam. 

§  191,  Reetanffuiar  beanu. — In  order  to  give  the  relations  of 
flexure  of  a  beam  or  other  prismatic  body,  and  the  elastic  curve 
formed  by  its  neutral  axis,  the  transrerse  section  of  the  body 
must  be  known,  and  the  moment  of  flexure  WE,  calculated 
from  it. 

If  the  section  of  the  beam  be  a  rectangle  ABCD,  Pig.  208,  of 
Fio.  208.  the  width  AB=CD=  b,  the  height  AD  =  BC 
=  A,  the  moment  of  flexure  WE  =  (^i«i*  + 
Fj!!^+  . . .)  E  will  be  known  if  we  decompose 
this  cross  section  by  -lines  parallel  to  the  neutral 
axis   NO  into  2  n  equal   lamine,  each    having 

the  area  b  .77-  =  ;^!  and  determine  the  moments 
xn    3n 
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these  laminae/ and  add  them  together.     If  we  put  eneoessiTely 

Z  *  o>  "  •  n>  ~  •  A  for  z  in  s-  '  ^  E,  yne  shall  then  obtain  the 
n     2  n     2  n     2  2n 

moments  of  the  laminae  on  one  side  of  the  neutral  axis ;  but  if  we 

double  their  sum^  we  have  the  complete  moment  of  flexure 

The  moment    of   flexure,  therefore^  of  a    rectangular   beam 

increa$es  as  the  width  and  the  cube  of  the  depth  qfthe  beam. 

pp 

If  we  put  this  value  of  FTE  into  the  formula  o=^^yyOf  §  189^ 

PP  1    PP 

we  shall  obtain  ass  4  .-rrrsb  but  if  into  the  formula  a  = 


PP 
of  §  190,  then  a  =  AAiiajg*   Inversely,  the  modulus  of  elasticity 

^PP 
foUows  from  the  height  of  the  arc  a,  JS7  ss      ^  for  the  one,  and 

PP 
E  =3    .    ,  ^  for  the  other  case. 

Ssampkj^l,  A  wooden  beam,  10  feet  »  120  inches  in  length,  8  inches  in  width, 

and  10  inches  in  height,  ii  to  be  supported  at  bothits  ends,  and  bear  a  uniform  load 

Q  B   10000  lbs;   what    flexure    will  it  undergo  ?     The  height  of  the  arc  is 

.      Oi"  .      10000  .  120»         50000 .  12»  1350000     „      „.   . 

"  A  •    Q    in.    ^    -       ^o    og      -  — 7-s—  Nowlfbcmg 


^  Abk^S         "       8.10*.ir  32.8^  4.^ 

pot  «  1800000  lbs.  tt  foUows  that  a  »     ^^      «   0,1875  indies.— 2.  If  a  rect. 

angular  east  iron  bar,  2  inches  wide  and  f  indi  thick,  has  been  deflected  i  inch  by  a 
weight  P  —  18  lbs.  lying  in  the  middle  of  it,  whilst  the  distance  of  the  supports 

amounts  to  5  feet,  the  modulus  of  ekstidty  of  cast  iron  will  be  JP  »    Aabifi 
«  ,  \^\f^,^  -  i^^5^  -  72,216000  =  15552000  lbs. 

§  192.  Reduction  of  the  moment  of  flexure. — ^If  we  know  the 
moment  of  flexure  of  a  body,  ABCD,  Fig.  209,  about  an 
axis  NiOi,  lying  without  the  centre  of  gravity,  the  moment 
about  another  axis  NO,  passing  through  the  centre  of  gravity 
8,  and  running  parallel  with-  the  former,  may  be  found.  If  the 
distance  HHi  s  KKi  of  both  axes  =  d,  and  the  distances 
of  the  elementary  surfaces  Fy,  F^  &c.  from  the  neutral  axis 
NO  =  Zy,  z^  &c.,  we  shall  have  the  distances  from  the  axis 

18 


194  BXDUCTION   OF   THE    HOKENT   OP    FLEZUSI. 

ZVgOi,  =  rf+Zi,  d+Zj,  &c,  and  the  moment  of  flexure  will  be 

=  [Fi  (<f»  +  2d2,  +  2*1)  +  F^  (d*+idst 

+  F,z^+..  .)+{FiZt*+F^,'  +  .. .)].    But 

Fi+F^+. . .  as  the  sum  of  all  the  elements 

=the  transverse  section  F  of  the  whole  body ; 

farther,  FiZi  + F^^+ .. .  as  the  sum  of  the 

moments  about  an  axis  passing  Uufougb  the 

centre  of  pavity  of  the  body  =  0,   and 

F^z^  +  ^9^/  + ...  is  the  moment  of  flexmv 

WE  about  the  neutral   axis  NO;   it  follows,    therefore,    that 

WiE  =  (F(P  +  W)E,  OT    W^  =  Ftp  +  W;    and    inversely, 

W=  Wi^FeP. 

Tht  meature  W  of  the  momxid  of  fiexure  about  the  neutral 
axis  is  equal  to  the  measure  W^  of  the  moment  ^f  flexure  about  a 
second  parallel  axis,  less  the  product  of  the  transverse  section  F  and 
the  square  (eP)  (fthe  diaiance  of  both  axes.  Hence  it  follows, 
that  of  all  the  moments  of  flexure,  tliat  about  the  neutral  axis  is 
the  least. 

The  moments  of  flexure  of  many  bodies  about  any  axis  may  be 
easily  found ;  we  may  therefore  avail  ourselves  of  these  to  deter- 
mine by  means  of  the  formuls  found,  the  moments  about  the 
neutral  axis. 

k  193.  To  find  the  moment  of  flexure  of  a  prism  having  a  trian- 
no.  210.  gular  transverse  section  ABC,  we  iroBtdecom- 

poae  this  section  by  lines  parallel  .0  the  base 
AB  inton  thin  laminn,  and  determine  the  mo- 
ments of  these  about  the  axis  NiO^  paasbg 
through  the  point  C  parallel  to  AB,  If  A  is 
the  height  CD,  and  b  the  breadth  AB  of  the 
triangular  section  ABC,  we  have  the  fa^jht 

of  these  Isminte  =  - ,  their  lengths  = — , 

2b 


From   these  the    areas  of    the  laminK    are 
iA» 
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F^^  =  2*  .  —J- ,  F^^  =  8" .  —J-,  &c.,   and  the    moment  ci 


about  the  axis  N^O^ : 
W,  =  -^  (l>  +  2"  +  3.+  ..+-')  =  ^- .  ^'  =    "  . 
The  distance  of  the  centre  of  gnvitf  8  from  the  point  C  is 


Ftp  =  ^  .  gA>  =  ^4^>  and  the  moment  of  flexnre  about 
the  neatral  axis  NO  sought  is : 

a  third  of  the  moment  of  flexure  of  the  rectangular  beam,  which 
has  the  aame  depth  and  width  as  the  triangular  one.  But  since 
this  beam  has  double  the  volume,  it  then  follows,  that  under  other- 
wise similar  circumstances,  the  triangular  beam  has  j  of  the 
moment  of  flexure  of  the  rectangular. 

no.  211.  Wfi  ™*y  flod  in  the  same  manner  the  mo- 

ments of  flexure  of  many  other  bodies  used 
in  construction.  For  the  tranarerae  section 
of  a  T-shaped  bod;  A^B^CD,  Fig.  211, 
whose  dimensious  are  AB  =  b,  AB  —  A^B^ 
=  AAi+BBy  =  Ai,  AD  =  BC  =  h  uaA 
ADi  =  BCi  =  BC-~  CCi  =  A„  the  mo- 
ment of  flexure  abont  the  lower  edge  AjB, 
:  the  moment  of  the  rectangnlar  figure 
ABCDy  less  the  moments  of  the  rectangles  ^,2>,  and  B^C^,  i.  e. 

"^^   ~    2   ■       12  2    • 12        -  8^'     "    '°'' 

lows,  if  we  consider  each  of  these  rectangles  oa  the  half  of 
rectangles  having  double  the  height  with  the  neutral  axis 
NiOi-      Now    the    area  AyCiB  =  bh  —  &,Ai,  and  ita  moment 

Frf  =  AA  .  y  —  i,A, ,  ^  =  y  (AA'— A,A,')j  hence  it  foUows  that 

the  arm  3fS  =  rf  =  ^T(^_fl. ,  the  moment  Fd*^\  (iA*-  *,A,>)' 

:  (AA — AjAi),  and  the  moment  of  flexure  about  the  neutral  axis 
passing  throng  the  centre  of  gravity  S : 

18* 
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=^  -  J  {bh>^bM' :  {bh-bA) 
_  4  (bl^—bM  jbh—bM  —  8  (Atf—  b^hi^^ 

12(M  — *,Ai) 
_  (Atf  —  i^Ai*)'  ~4>bh  ft,At  (A  —  A,)' 
12(AA— A,A,) 

§  194.  Hollow  beattu.— The  moment  of  flexure  of  a  hollow  rect- 
angular beam  ABCD,  Pig.  S12,  is  determined, 
if  we  deduct  irona  the  moment  of  the  complete 
beam  that  of  the  hollow  part.  AB  =  i  is  the 
external  breadth,  andSC=Athe  height,  and 
A^B^=b^\}l^  internal  breadth,  and£,C,=  A,  the 
height,  we  then  have  the  momenta  of  flexure  of 

'»"'  ^12  -"  T2-' 

get  the  moment  of  flexure  of  the  hollow  beam 


^^i^— AjV 


We  may  find  in  an  exactly  eimilar  manner  the  moment  of  flexure 
of  a  body  ABCD,  Tig.  213,  hollowed  out  at  the 
sides.  AB=b  is  thcoutcr  breadth  and  BC=h  the 
height;  and  if  AB—A^B^^b^,  and  £,C,=A„ 
the  sum  of  the  breadth  end  the  heights  of  both 
hollows,  by  subtraction  we  have  again  : 

Ay-AA' 

'^-        12       * 
The   moment  of  flexure   of  a  body   ABCD, 

Fig.     214,    of   a    cross-sh^>ed    section,     may 

be  obtained  in  the  same  manner.  ITcre 
AB=zb  the  width,  and  BC7=A  the  height 
of  the  middle  piece,  and  if  A^B^ — AB=b, 
and^iDi=A|  arc  the  sum  of  the  breadths  and 
the  height  of  the  aide  ribs;  by  addition  we 

I  have  the  moment  of  flexure :   1V= j    '  >  . 

It  is  besides  easy  to  see,  that  deep,  hollow, 
I  and  ribbed  or  flanged  sections  of  the  same  area 
have  a  greater  moment  of  flexure  than  square  sections.  Because 
this  moment  increasea  with  the  transverse  section  F  and  the  square 
{z*)  of  the  distance  from  the  neutral  axis,  one  and  the  same  fibre 
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affords,  therefore,  a  greater  reaiBtance  to  flexure,  the  further  it  is 
distant  &om  the  neutral  axis.  If,  for  example,  the  height  A  of  a 
massive  rectanguUr  beam  be  equal  to  double  ita  breadth  b,  Ub 

moment  of  flexure  will  be  either  W=    '^     '  =  4  i*  or  =  — =-^ — 

= ^  £*,  BccordiDg  as  we  put  up  the  beam  with  the  lesser  breadth  b,  or 
the  greater  2  &;  in  the  first  case,  therefore,  the  moment  of  flexure 
is  four  times  greater  than  in  the  second.  If  we  replace  the 
massive  beam  of  the  cross  section  bh  by  a  hollow  one,  whose 
hollow  bh  is  equal  to  the  massive  part  of  the  section  ft,A| — bh, 
if,    therefore,   *,A,— M=iA,   ».  e.  i,A,=3M,    or  b^=Wi  and 

A, = A  V'Z,  we  shall  obtain  the  moment  of  flexnre  of  the  last  '  -Tg — 
~ 12    =-A-  *"'  *•  *•  t""**  iaat%  aa  great  as  for  the 

§  195.  Cylindert. — The    moment   of    flexure    of   a    cylmder 
is  determined  in  the  following  manner.    Let  AOBN,  Fig.  215, 
be  the  circular  transverse  section,   and  NO  the  neutral  axis  of 
the   cylinder.    The   diameter  AB,   divides  thu  section  into  two 
equal  parts,  having  equal  moments  of 
FIB,  Hi.  flexure,  and   the  moment  of  flexure  of 

the  whole  may  be  found  by  doubling 
the  moment  of  the  half  ANB.  The  half 
may  be  divided  by  sections  DE,  FO,  &c. 
parallel  to  AB,  and  at  right  angles  to 
NO  into  thin  lamina,  which  may  be  con- 
sidered 88  rectangular.  The  moment  of 
flexure  of  such  a  portion  DEFO, 
^KL^DE^  Now  C^=CJV=r  the 
radios  of  the  circular  section,  a  quadrant  AN  has,  therefcnre,  the 
area-^,  and  if  we  divide  this  into  o  equal  parts,  any  such  part 

i)G=^.y  =  J^.  The  projection  parallel  to  CN,  GH=KL 
corresponds  to   this  part,  and  may  be   determined  by   putting, 


CG 
Hence  we  have  for  the  moment  of  flexure  of  the  part 
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DEFG=^^.  GK.  2^'=  JL  (GR)>. 

If  we  put  the  variable  angle  corresponding  to  the  section  GF, 

ACG=^°,  we  shall  obtain  the  ordinate  GK=rcot.f,  and  for  the  last 

^    in                »    J           .      "■     ^   8  +  4co«.24  +  «w.44 
moment  of  flexure  =  5-  r*  cot.  *  =n~  ^  • r ^• 

The  moment  of  flexure  of  the  half  cylinder  will  be  now  found,  if  for 

*  we  succeseivdy  put  the  values -=r> --^. --S.   &c->    to -.3,   and 
■'  *^  n  2'  II  2'  M  3'         '        «  2' 

add   the   results.      But   = —  ,  5  =  jr-r-  is  a  common  ftctor,  we 

have,  therefore,  only  to  consider  the  sum  of  such  values,  as 
8  +  4ca».2f+co».  4^.  The  nimiber  3  added  n times  gives  8  « ; 
the  sum  of  all  values  of  the  coa,  2  ^  which  present  themselves, 

when  f  is  made  to  increase  &om  0  successively  to  a,  ^nd,  there- 
fore, 2  4>  from  0  to  it,  equal  to  0,  because  the  cosines  in  the 
second  quadrant  are  equal  and  opposite  to  the  cosines  in  the  first ; 
lastly,  the  sum  of  all  the  cosines  of  all  angles  from  0  to  2*-=0, 
hence  the  sum  of  all  valuesof  3+4co<.  2^  +  co*.4f  taken  between 

the  limits  0=0  to  0==  u  =  Sfii  and  the  measure  of  the  moment 

of  flexure  of  the  half  cylinder  =  ^^  .3  »  =  -^,  and,  lastly,  thiA  of 

the  whole  cylinder: 

^=^=0,7854^*. 
4  ' 

Por  a  tube  or  hollow  cylinder  with  the  outer  radiua  r^  aii4  the 

inner  r^ 

Tofindthcmoment  of  flexure  of  abody  havinga  semi-circulartrans- 
vio.  216.  verse  section  ADB,  Pig.  216,  we  m^ 

I  make  use  of  the  rule  found  iu  §  192, 
from  which  the  moment  about  the  axis 
NO  passing  through  the  centre  of  gra- 
vity S  is  equivalent  to  the  moment 
about  the  diameter  AB,  considered  as 
a  second  axis,  less  the  transverse  section 
F  {=\  xT^  times  the  square  of  the  distance  CS  of  both  axes. 
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§  196.  Relative  strength. — ^When  we  know  the  moment  of  flexure 
of  a  prismatic  body^  we  may  determine  from  it  by  simple  multipli- 
cation the  working  load  and  the  absolute  strength  of  the  body.  K 
a  single  fibre,  or  layer  of  fibres,  is  extended  or  compressed  to  the 
limits  of  elasticity,  the  body  has  then  attained  the  limits  of  its 
tenacity.  If  we  again  represent  by  T  the  modulus  of  tenacity  and 
the  distance  of  the  furthermost  fibre  from  the  neutral  axis  by  e. 


we  shall  have  7=  ^jBand  j,    or  the  relative    elongation  =  ~, 

hence  — =— .    If  we  substitute  —for  —  t»  the  formula  for  the 

P      e  e         p  *^  " 

moment  of  flexure^  it  will  then  give  the  statical  moment  of  the 

tenacity.    We  have  Pw^SW^ ,  therefore,  also,  P^= . 

It  is  evident  that  this  moment  is  a  maximum  when  :r  =  /,  or 
when  the  arm  =  / ;  from  this  we  may  conclude,  that  at  the 
extremity  where  the  beam  is  fixed,  the  greatest  flexure  ensues, 
and  the  limit  of  elasticity  is  first  attained.  Accordingly,  the  working 
load  of  a  beam  is  determined  by  the  formula  ^ 

TW 

In  like  manner,  the  strength  or  the  resistance  to  rupture  of  the 
beam  may  be  determined.  If  a  fibre  is  strained  to  the  point  of 
rupture,  the  breaking  of  the  whole  beam  takes  place,  because  the 
beam  has  now  a  section  smaller  by  the  section  of  these  fibres  and 
therefore  a  greater  defiexion  ensues,  and  thus  a  rupture  of  the 
succeeding  fibres  or  layer  of  fibres  follows.  If  we  put  the  modulus 

E    K 

of  strength  =    JST,   we  have    — =— ,  and,  therefore,  the  force 

p     e 

for  the  rupture  of  the  beam : 

el 

In  a  uniform  rectangular  beam,  the  distance  of  the  outermost 

h 
lamina  of  fibres  from  the  neutral  axb=^,    hence  the  formula 

P/=— .  Yo  (§  191)  giv^s  the  resistauce  to  rupture 
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^^  h   la/'or^' 

If  the  beam  is  hollow,  as  in  Kg.  218,  we  have  P=  — ^  j]^  .  JST,   so 

that  the  formula  also  holds  good  for  a  body,  as  in  Fig.  213,  hol- 
lowed out  at  the  sides. 

In  a  prismatic  body  of  a  triangular  cross  section,  as  in  Fig.  210, 

e=|  A,  hence  P  =  tt- o5^=irri*  -^*    According    to  this,  rect- 

angular  beams  for  a  similar  section  have  twice  the  tenacity  of 
triangular  beams. 

For  a  cylinder  of  radius  r,  e^r,  therefore, 

r   4         4 
If  the  cylinder  is  hollow,  we  have  ^'=a("^ ^)  ^' 

If  we  substitute  the  modulus  of  the  working  load  T  for  that  of 
the  strength,  or  for  JiT,  an  aUquot  part,  t .  e.  T^th,  the  working  load 
is  given  by  the  formula  already  found. 

§  197.  Experunentt*. — ^To  find  the  deflexion  and  tenacity  of 
beuns,  we  may  make  use  of  the  experimental  values  for  E  and 
7^  in  §  186  j  but  as  concerns  the  strength  of  beams,  it  is  safer 
to  replace  the  modulus  of  strength  there  given  and  derived  from 
experiments  on  tensile  strain  by  those  values  of  JiT  which  have  been 
found  from  experiments  on  compression.  A  perfect  accordance 
cannot  exist  between  the  moduli  found  by  these  two  methods, 
because  in  rupture,  not  only  an  extension,  but  ako  a  com- 
pression takes  place,  and  both  of  these  not  only  in  the  direc- 
tion of  the  axis,  but  ako  in  the  transverse  section,  though  here  not 
to  the  same  amount.  Besides,  many  other  circumstances  aflfSect 
the  elasticity,  tenacity  and  strength  of  bodies,  on  which  account, 
considerable  variations  in  the  results  always  present  themselves. 
Timber,  for  example,  is  stronger  at  the  core  and  at  the  root  than 
at  the  sap  and  the  top.  Timber  will  also  bear  a  greater  strain 
when  the  force  acts  perpendicular  to  the  annual  rings,  than  when 
paraUel  to  them.  Lastly,  the  soil  and  the  situation  where 
it  has  grown,  temperature,  dryness,  age,  &c.,  afiect  the  resis- 
tance of  woods.  Besides,  the  deflexion  of  a  body  after  it  has  been 
loaded  for  a  long  time  is  always  somewhat  greater  than  on 
the  immediate  application  of  the  load. 

*  See  Appendix. 
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Experiments  upon  elasticity  and  strain  were  made  by  Eytelwein 
and  Gerttner,  with  the  apparatus  represeoted  in  Fig.  217.  AB 
^,B,   are  two  tressele,  C  and  C,  two  irtra  supports.     DD,   the 


rectangular  beam  for  experiment  resting  upon  them.  The  load  P 
for  the  flexure  of  the  body  lies  upon  a  scale-pan  EE,  sus- 
pended to  a  Btirmp  MN,  whose  upper  and  rounded  extremity  lies 
in  the  middle  M  of  the  beam.  In  order  to  find  the  deflexion  corres- 
ponding to  a  load  P;  Ej/tebt?ein  applied  two  fine  horizontal 
threads  .FT*,  and  GO,  and  likewise  a  scale  M  resting  npon  the 
middle  of  ^e  beam ;  von  Gerttner,  on  the  other  hand,  availed 
himself  of  a  long  one-armed  delicate  lever  OK,  whose  fulcrum 
was  at  M,  and  whose  extremity,  like  the  hand  of  a  watch,  indicated 
upon  a  vertical  scale  KK^  the  deflexion  of  df  to  fifteen  times  its 
amount. 

Remark.  Experimeiiti  on  eUttidt;,  &&  h&ve  beea  lude  by  Buki,  Birlow,  Bnflbn, 
Burg,  Gbbeb,  E^rt^lwein,  KdcImii,  tdii  Gentaer,  G*utbe]',  MiMcbenbroek,  Benoie, 
Rondelet,  Tredgold,  &c.  An  ample  1111111007  "^  these,  sod  beudei  &  theor;  lome- 
what  dUfcrent  from  tbe  ibove,  it  preu  bjr  Biug  in  the  IStb  wul  10th  voL  of  Uie 
"  Jahvbfidier  dei  pcdrtechnwehen  IiutihiMi  in  Vien."  The  experimenta  of 
Ejtelwdn  ud  tod  Oentner  «e  dsKcibed  in  ETtelweln's  "  Huidbnch  der  SUtIk 
f^t«T  ItSrvBi,"  vA.  8,  ind  in  von  GoMner'*  "  Hendbodi  da  Hechuik,"  toL  1. 
Tlie  Treetite  printed  IWim  tlie  tTMiuctioni  nT  tbe  Awociation  of  Proniui  Indnatiy, 
"  Blementare  Beredum^  de«  Widentande*  priinutiicher  KArptr  gegea  Bkgang," 
I7  Brix,  hu  been  n*ed  bx  tba  prepantion  of  the  foregtnng  article. 

§.  198.  Modulus  of  relative  gtrength. — The  following  table 
contains  the  mean  values  of  the  modulus   of  rupture  for  several 
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bodies  met  with  in  the  arts.  To  find  with  the  assistance  of  these^ 
the  pressures  which  bodies  can  sustain  with  safety  for  a  long 
duration^  we  must  put  for  wood  the  tenth,  for  metals  and  stones, 
from  the  third  to  the  fourth  of  K.^ 


TABLE  II. 

THE  MODULUS  OF  FBACTUEE  OR  MODULUS  OF  STRENGTH  FOR  THE 

FLEXURE  OF  BODIES. 


Names  of 
Sabetanoes. 

ModnlnBof 
Fkactore  K* 

Names  of 
Substaaoes. 

Modolwof 
Fraetnre  K. 

Box 

Oak 

Pine     .... 

10000  to  24000 
8000  „  24000 
8000  ,,  13000 
7000  „  17000 
7000  M  14000 

Elm.    •    •    •    • 
Castlron  .    .    . 
liraestone.    •    • 

6000  to  12000 

24000  „  56000 

700  .,    1700 

Scotch  Fir.    .    . 
Deal     ...    . 

Sandstone .    .    • 
Bride    .    J   .    . 

600  „      800 
180  „      340 

According  to  this  we  may  assume  for  wood  as  amean  K  =  12000 
and  for  cast-iron  iSTss  40000  pounds,  and  we  shall  then  obtain  for 
a  rectangular  beam  imbedded  in  a  wall  at  one  extremity  and 
loaded  at  the  other : 

\.  Pl  =  200 .  bli?,  if  it  consist  of  wood  and  tenfold  security  be 
allowed, 

2.  PI  =  1000 .  bh\  if  the  beam  be  of  cast-iron  and  fourfold 
security  be  given. 

If  the  body  be  cylindrical,  we  then  have  for  wood 

8.  PI  =  950  f^,  and  for  cast-iron 

4.  P/=4700r». 

Pj  I,  by  h,  r,  have  the  denominations  hitherto  nsed. 

For  wrought  iron  K  is  taken  20  per  cent  less,  because  this 
bends  more  than  cast  iron,  here  therefore  we  must  put 
P/=800ftA»  =  8600r». 

If  the  load  Q  be  uniformly  distributed  over  the  beam,  the  beam 
will  bear  as  much  again,  wherefore  the  above  coefficients  must 
be  doubled.  If  the  beam  rest  at  its  extremities  on  points  of 
support,  whose  distance  is  I,  and  if  the  load  P  act  in  the  middle 

PI 

wherefore  PI  becomes-^,  and  the  tenacity  quadrupled.  But  if  the 

load  between  the  points  be  uniformly  distributed  over  the  beam,  we 

*  See  Appendix. 
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st  a  point  of  sapport,  the  moment  'q-  ■  -q-  !  ■""1  'o'  *^  oppo- 
site prewore  —  —  as  the  half  of  the   load  pulling  downwards 

Q      I      I  Qt 

at  the  centre  of  gravity,  the  moment 2"  2  "  F  ~ 8~  ' 

hence  there  will  remain  as  the  prewore  for  ruptnre  at  the  middle,  the 
moment  ^  _  ^  =  ^,  and  therefore  QI  =S,^K,  alw 
=  9.^ir^K,  therefore  the  strength  or  tenacity  is  twice  as  great 
as  if  the  load  acted  at  the  middle,  and  eight  times  as  great  as  if  it 
pulled  downwards  at  one  extremity  whilst  the  other  remained 
fixed. 

If  a  beam,  Fig.  218*,  is  embedded 
in  a  wall  at  both  extremities,  or  if 
its  extremities  sre  fixed,  then  the 
beam  sustains  as  much  again  as  if 
it  rested  freely  at  its  extremities ; 
for  in  this  case  the  greatest  fl^mre 
is  not  only  in  the  middle,  but 
lihewise  at  the  extremities;   the 
beam,    therefore,   breaks   at  the 
same  time  in  the  middle  and  at  the  extremities ;  whilst  at  the  inter- 
mediate points  C  and  D,  where  the  convexity  passes  into  concavity, 
no  flexure  at  all  ensues.     Consequently,  for  a  portion  AC,  the 

P  I  P      I      PI 

pressure  =  -5-,  the  arm  =  -j-,  and  the  moment  5=  -5  .  -t-=-s-- 

If,  finally,  in  this  last  case  the  load  Q  is  uniformly  distributed  over 
the  beam,  the  moment  presents  itself  =t^>  because  we  may 
suppose,  that  the  one  half  of  Q  is  immediately  sustained  by  the 
points  of  support,  and  that  the  other  half  acts  in  the  middle 
of  4    !/■.     £  -■ 

The  weight  (7  of  a  beam  acts  exactly  as  if  the  load  Q  were 
distributed  unifonnly  over  the  beam ;  for  a  beam  fixed  at  one 
extremity,  therefore,   the  moment = P/+ 4  C/;  but  for  a  beam 


*  See  Appendix. 
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resting  on    both  extremities  and  loaded  in  the  middle,  it  is 

ExampU. — 1.  A  rectangular  beam  of  fir,  7  inches  thick  and  9  inches  in  depth,  is 
to  rest  on  both  its  extremities,  so  that  the  distance  of  the  points  of  support  may 
amount  to  20  feet ;  what  load,  suspended  from  the  middle,  will  it  sustain  ?  ^  »  7. 
A  »  9,  /  »  20  feet  »  240  inches ;  hence  240  .  /»  -»  4  .  200  .  7  .  9* ;  consequently 
this  load  />  »  70  .  27  «  1890  lbs — 2,  A  round  wooden  water-wheel,  and 
its  axle,  10  feet  long,  is  to  sustain  at  the  wheel,  together  with  its  own  weight, 
a   uniformly  distiibuted  load   Q  »  10000  lbs. ;   what   diameter  must  the  wM 

have?  Q/  »  10000  .  120  «  1200000,  »  8  .  950  .  r>,  or  r>  »    .rT^^  157,9; 


hence  the  xadins  sought  r  ■»  v057,9  »  5,4  inches,  and  the  diameter  of  the  axle 
2  r  »  103  inches,  for  which  we  may  assume  one  foot. — 3.  To  what  height  may  the 
corn  in  a  granary  be  heaped  up  if  the  bottom  rest  upon  beams  of  25  feet  in  length, 
10  inches  in  breadth,  and  12  in  -depth,  the  distance  between  the  axes  of  any  two 
beams  »  3  feet,  and  one  cubic  foot  of  com  weighs  48,5  lbs.  ?  If  we  apply  the 
foimuk  Qi^  16  .  200  .  ^A>,  we  must  put  3  =  10,  A  s=  12,  /  =  25  .  12  =i  300; 

,    ^       16.200.10.144         ,.♦-*,.         *  «,    .     , 

consequently  Q  = rjr= =  15360  lbs.     A  parallelepiped,   25  feet 


k^  ,  yi^         long,  3  feet  broad,  x  feet  deep,  weighs  =  25  .  3  . «  .  48,5  lbs. ;  hence,  if  we  put  this 
^    ^  value  «  Q,  it  follows  that  jr  ».------- B  4,22  feet,  the  requisite  height  to  which 

the  grain  may  be  heaped  up. 


§  199.  StrongeH  beams. — Bodies  of  equal  section  very  often 

K 
possess  different  relative  strengths^  the  fonnula  Pi=-g-  •  bh?  shews 

that  the  strength  increases,  as  the  breadth,  as  the  square  of  the 
depth,  and  inversefy  as  the  length  of  the  beam.  The  depth  has  con- 
sequently a  greater  influence  upon  the  tenacity  than  the  breadth ; 
a  beam  of  double  the  breadth  bears  twice  as  much^  i.  e.  as  much  as 
two  single  beams;  on  the  other  hand^  a  beam  of  double  the  depths 
four  times  that  of  a  beam  of  the  same  depth.  For  this  reason 
beams  are  made^  namely,  when  they  are  of  cast  iron,  much  deeper 
than  broad,  they  are  hollowed  out  near  the  middle,  and  what  is 
taken  away  replaced  by  parts  at  a  greater  distance  from  the  neutral 
axis ;  but  this  rule  must  beparticularly  attended  to,  vis«  always  to 
lay  the  beam  4^  on  the^de,  or  rather  so  to  lay  it,  that  the 
pressure  may  act  in  the  direction  of  the  greater  side. 

The  strength  of  the  round  trunk  or  of  any  other  cylindrical  body 

ir  r* 
is  P=^2'l  ^^  ^^^  ^  ^  square  wMh  equal  breiulths  and  depths 
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..  r,rsP^  = ^ — 1-.  S""^'  T     '      ^®  compare  both  pressures 

with  each  other,  — =^,  -  =  0,588  ;    the   cylindrical    body   has, 

therefore,  only  about  59  per  cent.,  the  strength  of  a  beam  having  a 
square  transverse  section.  Wooden  beams  are  hewn  or  cut  from 
round  trunks  of  trees,  and  thereby  are  much  weakened.  But  the 
question  now  is,  which  is  the  strongest  form  of  beam  that  can  be 
cut  from  a  cylindrical  trunk  ? 
Let  ABDEy  Fig.  219,  be  the  section  of  the  trunk,  .^1D= Jits 
no.  219.  diameter,  further  ABz:^DE=b  the  breadth, 

and  AE=BD=hihe  depth  of  the  beam. 
Then  A»+A«=rf»,  or  Ji?^fi—l^,  and  the 
moment  of  rupture  ■     ^^ 

The  problem  amounts  to  making  b  (dP — ^ 
^bdP — V  as  great  as  possible.     K  instead 
of  i,  we  put  b±je,  where  x  is  very  small,  we 
then  obtain  for  the  last  expression 

{b±x)  d^—{b±xf=bd?—lf^±{d^—i  A»)  a^-«  &r», 
provided  we  neglect  a^,and  the  difference  of  the  two  =  (_+ rf* — 8  A»)« 
4-  3  &v*.  That  the  first  value  bd* — d^  may  in  every  case  be 
greater  than  the  last,  the  difference "+  (rf* — 8  ft')  j?+ 8  te*  must  be 
>ut  positive,  whether  we  take  b  greater  or  less  than  x.  But  this  is 
jnly  possible  if  d* — 3  4^ = 0,  for  the  difference  then = 8  fio?*,  there- 
fore positive,  whereas,  if  d* — 8  ft',  is  a  real  positive  or  negative 
value,  8  fto?'  may  be  neglected,  and  the  difference  may  be  put 
='+"(d* — 8  ft*)  X,  which  if  x  has  the  same  sign,  is  at  one  time 
positive,   at  another  negative.    But  if  we  put  rf* — 8  ft»=0,  we 

obtain  the  breadth  sought  ft= J  V^f  and  the  corresponding  depth 
h^  ^/d* — ft^ssrfv'j;  therefore,   the  ratio  of  the  depth  to  the 

breadth  :  t=  ^_ = l,414orabout  |-.  The  trunk  must  beso  fashioned 

that  it  shall  produce  a  beam  whose  depth  to  its  breadth  is  as  7  to  5. 
To  find  the  section  corresponding  to  greatest  strength,  let  us  divide 
the  diameter  AD  into  three  equal  parts,  raise  at  the  points  of 
division  M  and  N  perpendiculars  MB  and  NE,  and  finally  connect 
the  points  of  intersection  B  and  E  by  the  circle  with  the  extremities 
^  and  D  by  straight  lines.     ABDE  is  the  section  of  greatest 


/> 
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reristance;  for  mce  AM:  AB==AB:ADmd  ANiAE-AE :  AD, 
AB-b^  VAM  .  AD  =  y/\d  .d  =  d^\  md  AE  =  h 

=  VAN.AD=i  V\  rf.rf=^i/|^  therefore  j  =  — y— ,  which   is 
actoally  requisite. 

IT  K 

Remark,  The  teimk  has  the  moment  of  mptnre  PI »  -^  •  t^,  but  the  besm 

£■  —  £■ 

of  neatest  resistaDoe  formed  from  it  PI  =  7   ,d  ^x .  i  d*  ss ■  .  <P 

^  ^243 

=  r»i  the  tnmk,  therefore,  loses   by  squazimr  about  1  -^ — .   ^ 

^/243  •-*     -o  ^2^  J      — 

B  1  —  0,65  =s  0,35,  t.  e.  35  per  cent,  of  its  strength.  To  spare  this  loss,  the  tnmk 
is  often  hewed  not  quite  square,  bat  the  eomen  roonded  oit    A  beam  with  a  square 

ST  Jit 

section  formed  from  the  same  tnmk,  has  the  moment  />/  s .-  .  if  v'f .  ^^  because 
here  the   bieadth  =  the   depth  «  d  v^  =  0,707  d;   henee  the   loss   heie 

§  200.  HoUow  and  eUipfical  beams. — ^Very  frequently  bodies  are 
hoUowed  at  the  inside  or  outside,  and  provided  with  ribs  or  flanges, 
either  with  a  view  to  save  material^  or  what  comes  to  the  same 
thing,  to  gain  in  strength.     For  a  hollow  rectangular  beam  of  iron 

P  =  1000  . TX^^'  ^^^  hollow  may  be  of  the  depth  A,  and 

breadth  dp  made  within  or  without  at  the  sides.     For  a  hollow 

^4 ^4 

cylindrical  body  P  =  4700  .  -^ — ^ .    In  such  cases  the  thick- 

ness  of  the  soUd  part  r^  —  r^  is  commonly  made  =  f  of  the  outer 
radius  r^ ;  whence  it  follows : 

P  =  4700 /^*-y*--)*=  4700.  g^g^  =4090  li!  . 


An  equally  heavy  solid  cylinder  has  the  radius  r  =^  Vr^ — r^ 
=  Vr^  —  0,86  r-^  =  0,8  r^ ;  hence  its  moment  of  resistance 
=  4700  .  (0,8  rf  =  2406  7^,  namely,  about  41  per  cent,  less  than 
that  of  the  hollow  cylinder. 

We  gain  also  in  strength,  when  instead  of  a  cylinder  we  apply  a 
prismatic  body  with  an  elliptical  section,  and  place  its  greater  axis 
upright  or  parallel  to  the  direction  of  the  pressure.  If  we  suppose 
a  circle  AO^BN^  whose  radius  CA=CB^a  the  semi-axis  major, 
described  about  this   elliptical  section   AOBN,    Fig.   220,   the 
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FIG.  220. 


strength  of  resistance  of  the  body havingan  el- 
liptical section  may  be  calculated  simply  from 
that  having  a  circular  section.  The  length 
of  any  element  DE  of  the  elliptic  elements 
parallel  to  its  minor  axis  N0=2  b  is  always 

-  of  the  length  of  the  circular  element 
a 

D^E^ ;  but  now  the  elasticity  and  strength 

are  proportional  to  these  dimensions  singly ; 

therefore,  also,  the  strength  of  the  elliptic  element  to  that  of  the 

circular  element,  is  as  6  to  a,  and,  finally,  the  strength  {(x  the 

whole  ellipse  =  -  times  the  strength  of  the  whole  circle,  t.  a. 

PI  =  j.-.«»jr=  ^ba^K,  for  cast  iron=:4700  a*  b. 

4  a  4  ' 

If  now  it  be  an  elliptical  hollowing  whose  axes  are  a^  and  b^, 
there  will  remain 

Plzzz-T . L-i-  x,  for  cast  iron. 

4  a 

=  4700.5fc2l!*l. 


no.  221. 


If,  lastly,  a  body  haying  a  rectangular  section 
ABCD  =  bh,  Fig.  221,  be  hollowed  at  the  flanks 
by  the  semi  ellipses  EFO,  HKL,  and  if  the 
semi  axes  of  these  are=a|  and  b^,  we  shall  have 
then 

^.%K   ^irb.al  ^      2i*»— Ox&,a»    „ 


PI 


6 


4^1 


12  A 


for  cast  iron  ^u.^^ 


frampfev. — 1.  A  transverse  beam  of  oak,  9  indiea  broad  and  11  incbes  deep, 
of  known  sufficient  tenacity,  is  to  be  replaced  by  a  hoDow  cast  iron  beam,  of 
5  incbes  in  onter  breadtb  and  10  in  deptb ;  of  wbat  tbidoMss  of  metal  most 
it  be  cast  ?  Let  this  thickness  =  «,  we  hanre  tlwn  for  the  breadth  of  the 
hoUowing  =5  —  x,  and  its  depth  =  10  —  x\  consequently,  for  the  hollow 
beam  ft,  V  —  *i  V  =  5  .  10»  —  (5  —  *)  (10  —  «)»=*:  2500  ar  —  450  j?>  + 
35  jr* — 4r*.    Since  the  moment  of  resistance  of  the  wooden  beam  =  200  .  9  .  11* 

s  217800,  we  shaU  haye  to  put:l^  (2500  x— 450  j^  +  35  «>— 4r«)==217800,  or 

U'  2178 

2500  X  —  450  «3   ^r   35  jr*  —  4^  s  21W.    As  a  first  approximation  x  =  ^555 


«<  =  0,7 ;  we  nuy  theicfor«  put :  r  =.  ^  —  „„ 

*^  2500  2500 

=  1,01  inch  for  the  reqniiile  thickneu   of  Iran.— 2.  Ifin  »T-aIupcd  girderof  esrt 

iron,  tb«  bi««dth  ^B  -^  CD  ^  6  il  equil  to  Ibe  depth  * 

no.  222.  ^j  tbethidmeM^,  fl,  =  CC,=i»,  theirfor«*,  =  J*, 

"  tnd  A,  "it;  we  ihall  then  b«ve  (<»  the  moment  of 

reiUtuce  (f  193) : 

PI-  L     ('^P-'i*i')*— «  ft**i*i  (A-*.)*. 
12'  (4»— *,*,)« 

V      V  .-.    ■  I     4*'— e,V 

or  by  lubatitutiiiB  •  =  4  .  — — — ; '  *-  , 

6    '  tV—tiii' 

,f^    (*>-0,Sl24>)'  — 4.0,64*M*— M^* 
'""■^ i>  -  0,518  »> 

4  het  in  length,  rest  Ml  both  it«eiti«mitie»,  Midi*  to  beiT  ■  loidiDiti  middle  of  7400 
nM.,P/wonkitbeD  -  7400.4.  12  -  36&20a,  and  therefore,  4  .27ai'-  355200 1 


kod  the  thkluai  of  iron  i  i  •-  1,35  incbea. 

201.  OMigue preuttre.^K  the  pressure  P  act  obliquely  to  the 

axis  of  a  beam,  which  for  example,  is  inclined  to  the  horizon  whilst 

the  pressure  acts  vertically,  we  have  then  only  to  take  into  accouut 

its  components  directed  at  right  angles  to  the  axis.  If,  for  example, 

,,^  J23.  ^^^  inclined  stretcher  AB,  Fig.  228, 

supports  an   accumulated   load    Q, 

this  may  be   decompoaed  into  the 

components  Q,   and  N,  and  for  an 

inclination  a  to  the  horizon  of  the 

stretcher,  the  pressure  Qj,  counter- 

acted  by  the  9tretcher=  Q .  cos.  a,and 

the  pressure  N  counteracted  by  the 

lateral  wall  BC=  QtM.a.     Taking 

the  friction   into   account#Q|  =  Q. 

(cot.a—f»in.a)   and  hence    iot    a 

round  stretcher :  Q  {cot.  a— /am.  a) 

=8 .  — -. — ,  r  being  the  radius  and 

I  the  length  of  the  stretcher. 

If    the    pressure  P   be  applied   directly  to    the  beam.     AB, 
Fig.  224,  deviating  from  the  axis  by  the  angle  PAR  =  a  two 
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componenta  present  themBcIvefl  N=P  ain.  a  and  R=Pcoa.a, 
of  which  the  one  brings  into  play 
the  relative,  and  the  other  the  jwo- 
lute  elasticity  of  the  beam.  If  F 
be  the  cross  aection  of  the  beam, 
every    unit    of     it    is     stretched 

by  the  force  — w~~'  ^^^i  t''*'^ 
fore,  the  uodulas  of  rfoetioity  K 


K,    K p""'  whence  it  follows  that : 

therefore,  for  a  rectangular  beam  P  *m.  a=(K p~~)r7» 

and  the  pressure  for  rupture :    ^  =  2 


K 


=  9(y,  «tn.  a  =  1,  coi.  a  =  0, 

«m.  a  =  0,  CM.  a  =  1,  hence  P  =  KF,   as  it  should  be,  for  we 
have  here  only  to  consider  the  absolute  strength. 

AoMfrir.  Vhit  diitaoce  from  etch  othei  muit  the  lO-inch  itretchen  of  ASB, 
'  ng.  22Xbelud,if  ithe4jfe«tiridG,  udnrnforeOfeetnpBTeinhtvingkBlopeor 
ineliution  of  70° ;  the  weight  of  •  cable  fbot  of  the  gnMrnd  to  be  mqiported  beuig 
69  Ibi.,  the  co-effldeot  of  friction  upon  the  lOi^Mirt*  it  taken  at  -( ?  Let  c  fteet  tw~" 
the  diitance  of  two  raflen,  the  ire^t  untuned  by  one  rafter  =  4^  .  60  .  65  Jr 
=  17&50.f  lb*.,  aadfromtbe  tbeorr<rf  the  inclined  plane,  tbia  rafter  will  have  only  to 
■mtain  the  prewure  Q,  -  (»m.  70° -*  cm.  70).  I7S50*  =  (0,9397  —  0,1140). 
175S0jr  =  0,8267  .  17M0r'^  14492  flb«.     Bnt  the  nfter  ■wtaini  B  .  9&0 . -7- 


in  interval  between  any 

^.  202.  LoM^ig  beyond  the  middle.  —  If  a  pressure  P 
acts  upon  a  beam,  supported  at  both  ends,  not  at  the 
middle,  but  at  a  point  D  at  distances  DA  =  /,  and  DB  =  /, 
firom  the  points  of  support,  the  beam,  then  can  bear  a 
greater  load.  According  to  the  equality  of  certain  statical 
moments,     the     point    of     siipport    A    sustains    the    pressure 

(,  +  (, 
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hence  the  moment  of  niptvire  at  the  point  of  application  D = DA .  P, 

"»•  325.  =DB.P^  =  J-i^ .  For  any  other 

-  h  +  'a 

I  point  E  this  moment  EB ,  P,  is 
leas,  becaose  the  arm  EB  is  less 
than  the  arm  DB=l^;  the  great- 
est deflexion  also  takes  place  at  D, 
and  fractnie  first  occurs  at  this 
PL  r 
point.  Accordingly  wemost  put  .—^ 
'i  +  fj 

=  ~7-,  or  the  whole  length  /,  +  J^  being  represented  by  /,  —j^ 

K  ± 

IB  moreover  =^%'hen  ^i  or  ^  yCTy-BMrly=0,  and  is  infinitely  less, 
the  more  /,  and  ^  approach  to  equality.  If,  lastly,  li  =  l^  i.  e.  if 
the  pressure  P  acts  in  the  middle  vX  the  beam,  P  becomes  a 

minimum,  because,  ^  we-pofr  h™  a  f  "  -""  *a— 9 

-a*  is  ahntys  less  than 

^,  whether  ■=  be  made  somewhat  {x)  greater  or  lesaj    A  beam, 

therefore,  supported  at  its  extremities,  sustains  least  when  the 
load  is  applied  at  its  middle,  and  one  bo  much  the  greater  the 
nearer  the  load  approaches  one  of  the  points  of  support. 

If  a  load  Q  be  uniformly  cUstributed  over  the  length  c,  the  centre 
of  which  is  l^  and  ^  distant  from  the  points  of  support  A  and  B, 
Fig.  326,  we  shall  then  have  to  take 
na.  226.  QJ  l.      O 

the  diflFerence  il^— |- .  -|-  for  the 

moment   of   ruptore,    because    the 

pressure  Q|  =  — j^   at   the   arm    ly, 

and  half  the  weight  -5- acting  at  the 


arm  -y  is  opposed  to  it.     Therefore 
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Bxaa^h.  What  locd  doci  ■  boHow  nat  iron  beam  nuUio,  If  its  outer  depth  and 
breadth  tmount  to  8  idcb«a  and  4  incbea,  tod  inner  breadth  and  depth  6  ioche*  and 
2  uK^ei  i  and  if  further,  the  middle  of  the  load,  unifonnlr  distributed  over  3  feet  in 
length,  ii  dlttant  from  one  pcant  of  nipport  4>  and  from  the  other  2  feet  ?    It  ia 

W-W  .  '""-'M  .  202  ,    to,W,  H-  1  -(U-  -  i)  12 

»j  8  (8\o8/ 

— _  inches ;  hence,  —  Q  -  1000  .  202 ;  and  conseqiientjf,  Q  =  1756!>  lbs. 

§,  203.  Plane  of  rupture. — If  the  beams  are  not  priBDiatic, 
if  they  hare  diSerent  transrerae  sectiona  at  different  places,  the 
plane  of  mpture,  i.  e.  the  plane  in  which  rupture  will  ensue,  will 
no  longer  be  the  same  as  prismatic  bodies,  because  this  place  is  not 
only  dependent  on  the  arm  x,  but  also  on  the  transverse  section.  If 
we  suppose  a  rectangular  section  of  variable  breadth  w,  and  height  z, 
and  assume  the  beam  to  be  fixed  at  one  extremity,  and  at  the 
other  acted  upon  by  a  pressure  P,  and  the  distance  of  the 
traoBverae  section   wz  firom   the  extremity   where   the    pressure 


Tfdne  of  —  in  order  to  determine  the  weakest  part,  or  plane  of  rup- 
ture of  the  beam. 

Here    many    cases    present    themselves  ;     let     us     consider 
227  *"^y   ^^^    followii^.     Let 

the    body     ABEG,     Pig. 
227,      be      a      truncated 
wedge,  or   bare   the  form 
of  a   prism  with   a  trape- 
zoidal base,  let  the  breadth 
DE^FG  at  the  estremity 
=  b,   the  depth   EF=DG 
=h,  and  the  distance  VK 
of  the   edge   cut  off  from 
the  terminating  surface  EG,  =  c.     Let  us  now  assume  that  the 
plane   of  rupture    NL   is  distant    UV=x    from   the  terminat- 
ing surface,  we  shidl  then  obtain  for  it  the  depth  ML=z=h  +  -h 

=  A  n  +  -Y  whilst  the  uniform  breadth  is  MN=  w=b.     The 

Talue  =  —  ( 1  +  -)  =  MM-  +  -  +  -r)    increases    and 

diminishes  simultaneously  with  -  +  -^,   and  is,    therefore,  also 

a  minimum,  when  this  latter  4erm  is.  of  the  last  value.     But  if  in 

'-      '  '  ■'  14* 
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place  of  Xy  we  put  c  -h  «,  where  t«  is  a  small  number,  we  shall 
then  obtain  for  it : 

1  c-f «  __        1  .liJL 


=  ~(2 f--3  —  •••)+75  =  "  +  ;5-    -^  ^^^  ^  ^'^^  ^^ 

expression  u  appears  only  as  a  square,  it  follows  that  every  other 
value,  which  is  obtained  when  the  distance  x  is  assumed  greater 
or   less    then  c,    gives  a  greater  value    than  for  Ar  =  c,  that 

1  X  ID  S^ 

consequently  for  x  =  Cj  -  +  -. ,  and,  therefore,  also =  bV 

X         Cr  X 

(-  +  -+-)  = is  a  minimum.     From  hence  it  follows, 
c      c      c;         c 

that  the  magnitude  of  the  surface  of  rupture  =  d .  2  A  =  2  M, 
and  is  distant  from  the  terminating  surface  EG  =  bh  ss  much 
again  as  the  edge  fUTof  the  portion  cut  off. 

In  a  similar  manner,  the  distance  of  the  plane  of  rupture  firom 
the  tennmating  sor&ce  of  a  truncated  pyramid  or  truncated  cone 
is  equal  to  half  the  height  of  the  supplementary  pyramid  or 
supplementary  cone. 

204.  Beams  of  the  strongest  form, — ^A  beam,  which  opposes 
an  equal  resistance  to  rupture  throughout  all  its  sections,  of 
which,  therefore,  each  may  be  considered  as  a  plane  of  rupture,  is 
called  a  beam  of  the  strongest  form.  Of  all  beams  of  equal 
strength,  the  body  of  equal  resistance  at  each  point  of  its  length 
has  the  least  quantity  of  material,  and  is,  therefore,  the  most 
suitable,  and  that  which  should  be  selected  for  architectural  con- 
struction,  and  for  machines,  not  only  out  of  regard  to  economy, 
but  also,  that  the  weight  may  not  be  increased  unnecessarily. 

If  we  put  the  distance  of  a  plane  of  rupture  from  the  furiha 
extremity  =  x,  and  the  measure  of  the  moment  of  flMcurc  for  that 
section  =  W^  we  then  have  the   pressure  requisite  for  rupture 

P= •    As  JT  is  a  constant  factor, 'a  beam  of  the  strongest 

ex  '^  ° 

W 

form  —  must  be  constant  also,  f ,  e.  it  must  be  of  the  same  value 
ex 

for  every  possible  section.     If  for  a  beam  of  a  rectangular  section 

the  variable  breadth  =  ti,  and  the  depth  =  t; ;  but  the  breadth  at 

the  origin,  or  end  supposed  fixed  s=^,   and  the  depth  there  sA, 
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we  have  geBerally  W=  ^,  ttaAe  =  ^,  bence  P  =  — .^,andfor 

_    K 

I   •  6' 
If  we  make  these  two  y&luea   of   P  equal,    we    obtain     the 

equation  —  =  -j-  for  the  beam  of  the  strongest  form.     In  a  beam 

of  equal  breadth  u=b,ia.—  =  -n  therefore,  •n  =  -r,  which  is  the 
-XI  hi 

equation  to  the  parabola  (§  35,  Remark),  and  points  out  that  the 
no.  328.  longitudinal     section      ABE, 

Fig.  228,  must  have  the  ftma  of 
a  parabola  whose  vertex  is  the 
extremity  or  point  of  suspensioii 
E  of  the  load.  If  the  beam 
AB,  Fig.  239,  rests  upon  its 
extremities,  and  sustains  a  load 
in  its  middle  f7,  or  if  a  beabi 
AB,  Fig.  230,  is  supported  in 
its  middle  C,  and  two  pressnres, 

balancing  each  other,  are  applied  at  the  extremities  A  and  B,  then 
rre.  229.  na.  230. 


the  longitudinal  profile  has  the  form  of  two  parabolas  meeting  in  the 
middle.  The  last  case  occurs  iu  balances,  which  as  they  are  wadiened 
by  the  holes  at  the  points  A,  C,  B,  are  provided  with  ribs,  or 
Iwve  a  middle  piece  AB  given  to  them.  If  the  depth  v=h  b  con- 
stant -  =  T  or  T  =  7.  for  the  breadth  u  is  proportional  to  its  distance 

from  the  extremity,  the  horiiontal  projection,  therefore,  of  the 
beam  ABD,  Fig.  231,  forms  a  triangle  BCD,  and  the  whole  beam 
a  wedge  with  a  vertical  edge  coinciding  with  the  direction  of  force. 
If  the  body  ABD,  Fig.  232,  is  to  have  similar  transverse  sections,  we 
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ahallthen  have ,  =i  -j-,  hence  —^ —  =  -r-.  »•  «■  tt  ^  n    therefore, 
h      b'  ¥x  i  '         b'       V 

the  breadth  and  the  depth  iccreaae  as  the  cube  roots  of  the  corres- 
ponding arms.  For  example,  a  section  eight  times  forther  from 
the  outer  end  than  a  given  section,  would  only  have  double  the 
height  and  breadth  of  that  of  the  given  section. 

fk;    2ni.  rv3.  232. 


If  a  beam  be  uniformly  loaded,  we  have  the- variable  load  Q=gx,  and 
its  arm  =  ^,  hence,  instead  of  Px,  we  must  put  gg  .  -  =   ■^, 

whence    ■—■  =  uV .  -^  and  also  -^  must  he  taken  =  bh*  s,  and 
2  6  2  6' 

consequently   -^  =  ■^,     Were  the  breadth   invariable,    that  is 

u  =  b,    we     should     have    7^  =  t.  therefore,  also  t  =  tj   and 
ff       p  hi 

therefore,  a  triangle   ABE  for  the   longitudinal   section,  and  a 

wedge  ABED,  Fig.  288,  for  the  body  of  the  etoongest  form.    If 

we  take  a  uniform  depth  v^cA,  we  then  obtain  ^  =  -^,  and,  there- 
no.  233.  no.  234. 


fore,  for  the  plane  a  surface  BDC,  bounded  by  a  parabolic  arc,  as 
in  Fig.  234.     If  we  again  make  similar  tranaverse  sections,  then 

-^  =  5-,  so  that  we  have  both  in  the  vertical  as  in  the  horizontal 
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pn^le,   a  cabic  parabola,    in  which   the  cubes  of  the  orcUnateB 

increase,  as  the  squareB  of  the  absdoseB. 
If  a  body  AB  mpported  at  both  extremitieB,  Pig.  285,  is  uni- 
formly loaded  over  its  whole 
length,  we  have  for  the  moment 
of  rupture  at  a  distance  from  a 
point  of  support  AO^x : 

on  the  other  hand  for  the  middle 
point: 

2'2       2'4~  8         8' 
If  we  suppose  the  body  to  be  of  uniform  breadth,  we  have  to  put 

i?  ' 

orr'  =  (T-.J   (to — Ji^.    Were  A=l/,  i^  would  be  =  to — «■',  and 

therefore  the  longitudinal  section  would  be  a  circle  ADyB  described 
witl^/  as  a  radius,  but  because  to — x*  must  still  be  multiplied  by 

1^-1  in  order  to  obtain  the  square  v*  of  every  onUnate  OM,  this 

circle  passes  into  an  eUipse  ADB,  whose  eemi-azes  are  CA=a=\l 
and  CD=ff=h. 

The  same  relations  exist  for  bodies  with  circular  sections  as  foe 
those  with  similar  rectangular  sections.  In  the  case  of  a  beam 
embedded  in  a  wall   at  one  extremity,   and  loaded  at  the  other 

—=Y,  *•  «■  the  radii  increase  as  the  cub^  of  the  distances  from 
the  point  of  application. 

^  205.  TV  thickneu  ofaxUt. — In  the  parts  of  machines,  as  the 
shafts,  axles,  fee.,  flexures  may  prejudicially  affect  the  work- 
ing of  machines,  by  giving  rise  to  vibrations  and  shocks ;  and  it 
is  here,  therefore,  often  more  desirable  to  determine  the  sections, 
not  according  to  their  strength,  but  according  to  their  degree  of 
flexure.  Geratner  and  Tredgold  maintain  that  a  beam  of  wood, 
supported  at  both  extremities  and  loaded  in  the  middle,  may  suffer 

a  deflexion  1=^^  •  '  without  disadvantage,  and  that  such  a  beam 
of  cast  or  wrought  iron  can  only  undergo  a  deflexion  or  height  of 
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1  PP 

arc  «=Tq7j  •  '•    But  im>w  from  §  190 :  a  =aq  mpf  *^d  ^o™ 

bh*  PI* 

§  191 :   ^=  To >  hence  follows  the  height  of  arc :  a  =  .  , . ^  „ 

we  obtain  for  wooden  beams  the  tenacity  or  strength  at  the 
middle : 


^""f      P      "288*  I* 


mil 


=  25000  .  ^. 


For  cast  iron  T=2SiV  "''^  £=17000000,  hence : 
p-^.  Z^  .  17000000= 142000 .  ^. 


t.T 


If  further  we  take  for  oast  iron  -r= 


/     480* 
we  obtain  for  a  rectangular  beam  of  this  material : 


and  £=29000000  lbs.. 


P=242000. 


/' 


The  co-efficients  25000,  142000,  242000  must  be  multiplied 
by  3  IT =9,42,  and  h  and  b  be  replaced  by  r,  for  cylindrical  beams 
as  round  axles,  &;c.  The  following  table  gives  the  dimensions  of 
the  transverse  sections,  /  being  expressed  in  feet,  6,  A,  r  in  inches, 
and  P  in  pounds. 


Substances. 

Rectangular  section. 

Circular  section. 

Wood     .... 

PP 
***-    170 

1600 

Cast  iron    .    .    . 

PP 

**•-  ^0 

9250 

Wrought  iron  .    . 

PP 

^^  •"  1680 

15800 

If  the  load  Q  be  uiiif«pmly  distributed  over  the  beam,  P  must 
be  replaced  by  i  Q;  §  190,  and  if  the  weight  of  the  beam  be  taken 
into  acoQiimt  by  P,.  P+i  G,  If  it  be  the  case  of  a  beam  which  is 
fixed  at  one  extremity  and  loaded  at  the  other,  P  and  /  must  then 
be  doubled,  therefore,  PI*  to  be  multiplied  by  eight ;  if,  lastly,  the 
beam  fixed  at  one  extremity  sustains  a  load  Q  uniformly  distributed, 
for  Pl\  we  must  substitute  i  .  8  Qf>=8  Qi*  for  PP. 
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Exampki.'^L  What  loafl  will  a  wooden  beam,  20  feet  long,  7  incbes  thick  and 
9  deep,  repodng  on  both  its  extremities,  sustain  for  a  length  of  time  ?    This  load  is 

bk^  7    OS  729 

P«170.-p-=  VO.-^  =  1190  .  -^Q'^  2170 lbs. 

In  $  198  P  was  found  «  1890  lbs.— 2.  What  thidmess  must  an  Iron  axle,  12  feet 
long,  be-east,  if  the  same  has  to  sustain  a  unifonnly  distributed  load  Q  »  40000  lbs., 

without  any  detrimental  flexure?  H  =  -L£L ,  therefore  here  H  =  *  .  ^00^0  -  ^  2* 

15800  8  15800 

»  228,  and  r  »  y^  228  «  3,89  inches ;  consequently,  the  thickness  of  the  axle 

2  r  «  7,78,  or  about  7i  inches.    By  the  formula  for  strength,  if  the  modulus  of 

tenacity  of  wrought  iron  be  taken  at  y  times  that  of  cast  iron :  r"  »  ^ ^ 

'^8^4^4700'""*®'^'  hence,  r  «  ^T^Bfi  =  4,62  inches,  and  2r  =  9,24 
inches. 

§  206.  Ilig)ture  by  compression, — ^If  prismatic  bodies  are  so 
strongly  compressed  in  the  direction  of  their  axes,  as  to  amount  to 
rupture,  their  resistance  to  compression  has  to  be  overcome. 
This  rupture  may  take  place  in  two  ways.  If  the  body  be  short, 
if  it  approximates  to  a  cube,  it  will  fall  to  pieces  without  under- 
going flexion,  but  if  the  body  is  longer  than  it  is  broad  and  thick, 
jfloaiop  nimihip  tn  ♦hwi  whiah  tokoo  plooo  will  prceedo  the  rupture. 
The  one  kind  of  rupture  consists  in  a  crushing,  bruising,  trans- 
verse strain,  or  splitting  asunder  of  the  body  or  its  parts ;  the 
other,  in  a  firacture  or  destruction  of  a  section  of  the  body.  Hence 
a  distinction  is  made  between  the  cruslAng  strength  and  strength 
of  rupture  wider  compression. 

The  resistance  to  crushing  is,  for  similar  sections ,  proportional 

to  their  areas;  for  regular  sections,  however,  somewhat  greater 

than  for  irregular,  and  greatest  of  all  for  circular  sections.     It 

is  besides  independant  for  the  most  part  of  the  length  of  the  body. 

Short  wooden  prisms  split  asunder  in  the  direction  of  their  length, 

or  form  a  bulge ;  stones  break  into  several  pieces  or  separate  along 

an  inclined  plane.    Ten  times  the  absolute  strength  is  given  to 

wood  and  stones;  to  iron,  only  one  of  five  times;  and  to  walls  of 

rough  stones,  twenty  times.     If  £^  be  the  modulus  of  resistance 

to  crushing,  and  jP  the  transverse  section  of  the  bodies,  the  working 

load  will  be 

p 
P=^FK^  and  F=-j^-,  where  for  K^,  -^K  to-^  K  must  be  sub- 

stituted. 
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TABLE 


OT  THE    MODULUS  OF  BE8ISTANCE   TO  CBU8HIN6. 


Names  of  sabctances. 


Basalt  . 
Gneiss  . 
Granite. 
Limestone 
Marble  . 
Mortar  . 
Sandstone 


Modulus  K, 


27000 
5100 

6000  to  11000 
1500  „  6000 
3200  „  12000 
450  „  900 
1400  „  13000 


Names  of  substances. 


Brick  .  . 
Oak  .  . 
Pine  .  . 
Fir.  .  . 
Cast  iron. 
Wrought  iron 
Copper    •    • 


Modulus  K, 


580  to  2200 
2800  „  6800 
6800  ,,  8000 
2000 
146000 
72000 
60000 


The  values  of  K  contained  in  the  preceding  table  are  not  unfre- 
quently^  especially  for  wooden  columns,  applicable  even  when  the 
bodies  are  very  long,  only  it  has  been  found  necessary  to  diminish 
these  values  by  one,  two,  or  three  sixths,  when  the  columns  are 
twelve,  twenty-four  or  forty-eight  times  as  long  as  they  are  thick. 
Accordingly,  for  a  column  of  oak,  one  foot  thick  and  twenty-four 
long,  K  must  be  taken  at  from  2800  (1  — ^)  =  1900  lbs.  to 
6800  .  1^=4500  lbs.  The  formulse  developed  in  §  185  for  the 
transverse  section  of  bodies  of  considerable  weight  and  of  bodies 
of  the  strongest  form  here  find  their  application.* 

Exmi^plet. — 1.  What  load  can  a  round  column  of  fir,  12  feet  long  and  11  inches 

lis 
diameter,  sustain  ?  F  »  — '-: —  »  95  square  inches ;  if  we  now  take  fat  K  k  mean 


value  B 


6800  +  8000 


B  7400,  and  diminish  the  value  one-sixth,  because  the  length 

is  13  times  that  of  the  thickness,  and  therefore  put  r  «  7400  .  \  i  6200  lbs.;  and 

6200    P 
give  a  ten-times  secoritjr,  we  shall  then  have  P« r^^ —  «  620  .  95  «  58900  Iba. 

— 2.  How  thick  must  be  the  foundation  walls  of  a  massive  building  of  20000000  lbs. 
vre^|pht,  60  feet  outer  length,  and  40  feet  breadth,  if  for  this  purpose  we  use  well  finished 
Modes  of  gneiss  ?  Let  x  be  the  requisite  thickness,  60  —  at  is  the  mean  length,  and 
40 — w  the  breadth;  therefore,  the  mean  perimeter  2  (60 — dr+40 — dr)»200  —  ix\ 
if  we  multiply  this  by  x,  we  obtain  the  base  of  the  walls  (200—4  x)  x  square  feet 
s  144  (200—4  x)  X  ^  576  (50 — x)  x  square  inches.    For  a  twenty-fold  security, 

a  square  inch  of  gneiss  sustains  a  pressure  >»  -^^x-  »  255  lbs. ;  hence  we  have  to 


20 


put  255  .  576  (50— «)  x  »  20000000,  or  50 


20000000 


136.    Now4r 


136  +  :ra 
50 


',  or  about  x 


136 
50 


146880 
2,7  feet     Now  j^  being  put  «  2,7'  «  7, 


*  See  Appendix. 
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mor«  wcuntelr  x  -  ^1-  .  -*^  -  2^S  fset,  for  which  we  dm;  take  2,9  bet, 
-aslaeho. 

§  207.  Bxplwe  under  con^sremon. — If  a  prismatic  body  jJ£CZ>, 
Fig.  236,  be  fixed  at  one  extremity,  and  at  the  other  be  acted  on 
by  a  presBure  P,  which  acts  in  the  direction  of  the  axis  of  the  body, 
the  relations  of  defiexion  will  exaat  out  otherwise  than  when  the  pres- 
snre  acts  perpendicular  to  the  axis.  The  neutral  axis  KL  assumes 
another  form,  becanee  the  arms  of  the  pressure  P  arc  not  formed 
by  the  abscisses,  but  by  the  ordinatea,  as  HK.  From  §  188,  we 
have  for  the  angles  of  curvature  LML^,  L^Sf^L^  tie.,   of  the 


neutral  axis  KL,  FJg.  287,  ^=^1^^,  ^==^'^fS  & 
but  here  the  momenta  are  Af)  =  P  .  DiLj,  M^=P  .  DJj^  & 


hence  we  have  the  measures  of  the  angles :  0, 


P .  J,A  •  J*^ 

WE 


-jp.jp——  ,  Sec.     If  we  introduce  the  tai^;ential  angles 

LiLDi=KOL=a,  L^E^    =  a,=o— <^,  i,Lafi3=a3=a, — 4>^ 
=a — 1^ — 03,  &c.,  and  if  we  sappose  only  a  small  curvature,  we 

may  then  write:  ii,=^  i,i.=^^=^,  iA=^^ 

&c. ;  if  further  we  divide  the  entire  height  of  the  arc  CK=-a  into 
tt  equal  parts,  we  may  then  put :  i>,L,  =  CC,=£^3=C,Ca,  &c. 
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=-,  but  7>gi^3= ,  2)3^3= ,  &c.,  and  by  the  substitution 

of  these  vbIucb  it  follows  that : 

*  B*  n  o         Pa'        ..         '    «   '  n  a,  _    2  Pa* 
*i  = = ■*'= -  — 


WE      -WE  M'o'  ^~         WE  WE n'a, ' 

.         8  Pa'        „  ,    .       Pt^        .      ,    2Pg' 

*^=-^E^'  *"■'  °'"  ^^''=WE^>  '^^=WE^' 
=       3  Pa*     ^ 


~H^P — i-s'=  o'tyF'  ^"^  """y  ***  *'*'*  found,  if  abe  divided 

into  m  equal  parts,  and  any  such  part  — ,  be  put=  ^|  =  0,=^  &g. 

We  shall  then  obtain  ^ia-\-d,^i~  +  ^M~+  . ..——  .a-i — (a 1 

+  —  (a— 1+  ...H — .  — ,  by  takine  out  the  common  factor 

m\  m  /  mm'  ° 

(—\  ,  and  writing  it  in  an  inverse  order  =  (  —  1  (l  +  2  +  ...+m) 
=  — ,  .  "H-  =  H-j  ("id  by  makiDg  these  two  sums  equal  to  each 

other  a'=-=j=^  an  equation  between  the  an^e  of  cnrvature  LOK 

=<^,  and  the  height  of  the  arc  CK=a.. 

„„  ,,n  For  the  equation  of  the  elastic 

line  LK,  Fig.  238,  let  ua  take 
LN  =  X  and  JVQ  =  ^  as  co- 
ordinates, and  put  the  corres- 
ponding angle  of  curvature 
LMQ  =  Oj.  In  the  last  equa- 
tion, if  we  put  a  for  if,  and  y  for 
a,  we  then  have  to  replace  the 
sum  0,0  +  ^a,  +  ■^30,+  .  .  . 

by 1— J   hence,   if  we 

represent  the   supplementary   angle   QSK  =  a  —  a^   by   o^   we 
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afterwards  obtain 


m  a«  —  oj*  =  1^, 


We'  °'  "»'  ~  "^  —  WE ' 


t      —      <«• 


and  so 


"*«""  a/ipe 


-v^^-K 


we  have 


J  J         ^n  m       '^  Q       element  3  of  the  ordinate  y 
and  tang.  QQ,T  =  j^^  =  dement  e  of  the  abscUa  «' 

4  =  V 


FIG.  2S9« 


If  in  a  rectangular  triangle  ABC,  Fig. 
289,  the  angle  CAB  increases  with  the 
hypothenuse  AB  =  a,  and  cathetus 
BC  =  y  by  a  small  amount  BAB^  =  \IP, 
the  cathetus  y  decreases  by  the  amount 

DB,  =  Vfor  which -^  =  -3F'**-^ 
= ^  :  and  hence  -7-  =  -/a*  —  y*. 


By  comparing  the  two  expressions  —  =  A/  "^tJi  •    v^  a* tp 

and  —  =  \/^a* — y*,  we  obtain  the  equation  ip  =  c/W  ■Jpp^  *  ^' 
-T"  =  a/  — p- .    Therefore  the  ratio  of  the  element  e  of  the 


fVJE 
absciss  to  the  element  of  the  arc  ^  is  invariable,  and  =:  /\/  — ^, 

and  hence,  also,  the  ratio   of  the   absciss  x  to  the  whole  arc 


=  a/- 


JTJS* 


If, 


.        /We  .     X         /WE     .  .  f 

A  =  /^  — p-,  »•«•]!»  /y/  ""p"'  and  -4  =  x/s^  • 

finally,  we  substitute  this  value  of  ^  in  the  equation  BC  s=  AB 
rin.  A;  i.e.y  =^  a  sin.  A,  we  obtain  the  equation  sought : 

y  ^asin.{^x  A^^jf^. 

With  the  assistance  of  this  last  formula  we  may  find  the  ordinate 
NQ  =  y  corresponding  to  any  absciss  LN  =  x,  Fig.  240.  If 
in  this  we  put  x=^l  and   y=^  a,    we    thai  obtain  a=sa  sin. 


v« 


,^-i„dp_(i)W. 

240.  A^   this    formula    does    not 

contain  the  height  of  the  arc 
a,  it  follows  that  the  force  P 
is  capable  of  maintaining  equili- 
brium for  every  deflexion  of  the 
body.    This  remarkable  circum- 
stance is  explained  by  the  fact 
i  that  an  increase  of  the  ann  or  of 
I  the  statical  moment  is  combined 
with    an   increase  of  the    de- 
flexion.    Hence,  therefore,  the 
force  for  rupture  is : 

'■=(£)''^«- 

§.  208.  Co/iOTuu,— If  we  put  in  the  formula  P  =  (^X  .  WE 
for  W=-r^,  we  then  obtain  id  P  the  reeisting  strength  of  a 
rectangnlar  column  P  =  ^q  ■  "S"^' 

The  strength,  therefore,  of  a  paralieUjnped  mcretues  tu  the 
breadth  or  greater  dimetuion,  and  the  cube  of  the  thicknega 
or  leu  dimeimon  of  the  transverge  tectum,  and  inversely  as  the 
square  o*  the  length. 

If,  on  the  other  hand,  we  put  W=  ^,  then  for  a  cylindrical 

column  we  have  P  =  j^.-~-. 
16     f 

The  strength  of  a  cylinder  increases,  therefore,  as  the 
fourth  power  of  the  diameter,  atid  mversehf  aa  the  square  of  the 
length. 

For  a  hollow  column  with  the  radii  rj,  and  r, 

'^  ~  16  ■         ?       ■ 

If  the  column  be  not  fixed  at  the  lower  extremity,  itwiH  aesDme 
a  currature  BAB,,  Pig.  241,  by  which  the  lower  half  wUl  be  as 
strongly  deflected  as  the  upper,  and  the  greatest  curvature  take 
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place  in  the  middle.     Therefore  this  beam  must  be  regarded  as 

the  doable  of  one  imbedded  in  a  waU,  and  for  I,  =  mnat  be  sabsti- 

na.  241.  tnted,  BO  that  for  the  rectangular  and  for 

the  cylindrical  colnnms, 

in  both  cases,  however,  there  is  a  fbnrfold 
tenacity.  These  formnlie,  when  the  oo- 
Inmn*  are  not  very  long,  give  generally 
8  greater  tenacity  than  the  formula  for  the 
cnuhing  8tr«mgtb,  wherefore  the  ratios  of 
the  sections  are  often  determined  from  the 
last.  It  is  at  least  advtsableimlytoiu^use 
of  the  formtda  for  rupture  undw  compres- 
sion when  the  length  is  at  least  twenty 
tuoes  that  of  the  thickness,  and  then 
farther  to  allow  a  tweaty-fold  security.* 

SMMtf>Je«/— 1.  fat  a  oolamn  of  fir,  12  fe«t  long    ind    11   incbM  thick,      the 

•»*"■-  Sp-£  -  "-(My-i^  - "  ■»■""■»«" 

-  123000  n».;  in  Example  No.  1,  trf  }  206,  S8900  lb*,  onlf,  therafbre  mboot  i  of 
the  abore,  trw  fonnd. — 2.  How  thidi  mmt  ■  ediinui  ol  oik,  SO  feet  high  be  io 
ords  to  be  lUe  to  beir  ■  faMd  of  60000  nn.  ? 

i  4   i    

^  _    /4 .60000 .(30 .12)*  . ^s-e.aeo', ,  ,  j,,^ 

«*«       ^         31 .1800000  ^   SI.  18  ■".f"""-! 

20 
coMeqaently,  the  thiekneu  of  ibout  21  inebe*.    Tbe  itrength  ot  onihiog  require*, 

if  r  i«  p«  .  f, .  I . 'J!li»!  -  3!^  .h. .™.™  «*.  r  . -2252- 

-  1S8  tqnare  ioche*;  whence,r  =   \/— ^W  ■  "»***  ~  '•'  ind".  «Ddthe 

thit^eu  abcmld  be  Hi  inche*.    Tor  thii  cue  the  Snt  nine  muit  bo  taken. 

§  209.    7br«o».— When 
""  ^  a  body  ABC,   Pig.   242, 

I  fixed  at  one  extremity,  is 
I  acted  upon  by  a  force  whose 
I  direction   lies  in  the  plane 

I  normal  to  Ae  axis,  and  there- 

II  fore  endeavours  to  turn  the 
u  body  about  the  axis,  or  when 
"  two  forces  of  revolution  P  and 

■  5e«  Appendii. 


Q  act  in  different  normal  planes  upon  a  body  A  B,  fixed  by  ita  axis, 
Fig.  243,  the  fibres  nmning  parallel  to  the  sae  undergo  a  wrenching 
or  torsion,    the  amount  of  which  we  wish   to  determine.      Let 
^^  243  ^  ^'  ^K'  ***'  ^  *  fi**"  before, 

and  A  D  the  same  fibre  during 
the  torsion,  and  therefore  let  the 
extremity  of  the  fibre  B  he 
advanced  by  the  force  of  torsion 
to  2).  If  now  /  be  the  initial 
length  A  B,  and  X  its  extension, 
therefore  /  +  X  the  length  A  D 
during  the  torsion,  and  if  >  he 
the  ccnresponding  torsion  B  D, 
we  have  after  the  Pythagorean 
law  to  gut       __  _ 

Air=AB'  +  BD" 
(/+X)'=P+*»,   or  P+2l\  +  \*=l'+^,   may  be  put  approxi- 
mately =  X  =  ^.     If  further  F  be  the  section  of  such  a  fibre,  we 
then  have  for  the  force  required  to  produce  this  extendon  in  the 
direction  of  the  fibre  S  =  =-^  .  F .  E.     But  this  force  or  tenatog  &  > 

(<S)  of  a  fibre  is  only  a  component  of  the  force  of  tm^mR,  which 
produces  besides  a  further  pressure  N,  normal  to  the  fibres. .  From 
the  similarity  of  the  triangles  RDS  and  BDA,  it  follows  that 

8  :  R=ss  8  : 1,  hence  5  ^  -j—,    and    by    equating  both    values 

ofS.- 


T^er^ore  thence  oftortion  qf  a  fibre  itureatea  at  the  torsion  («), 
and  the  trtauverse  section  F,  atui  inversely  as  the  length  (/)  of  the 
fibre. 

no.  2i*.  To  find  the  force  of  torsion  of  a  cy- 

lindrical axle  CBA,  Pig.  244,  let  us 
divide  its  radius  r  into  n  equal  parts, 
and  suppose  concentric  circles  passing 
through  the  points  of  (Uvision,  so  that 
the  transverse  section  becomes  decom- 
posed into    annular   elements    of   the 
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f*  f  jit*  St*         9if* 

tliicknesa  -,  and  radii  -,—•--  .  .  .  — .  The  solid  contents  of  these 
n  n   n    n  n 

elements  are  ^,=2  «•.-.--  =  2 ir  (-) ,  jF'«=2 x  .  —  .  -  =  4  x 

*  n    n  \n/       ^  n      n 

(-),  F,  =2ir-—  .-  =  6ir(-),  &c.  If  aU  the  fibres  are  twisted 
\n/  n    n  \«/ 

by  the  angle  BCD=a^,  they  have  the  corresponding  torsions 

T  2r  3r 

*i  =-  a,  *«  =  — .  a,  #3  =  —  a,  and  hence  the  forces  of  torsion  are  : 
ti  n  w 

(— j  £^  &c.    If  farther  we  multiply  these  forces  by  the  arms 

— ,  — ,  — ,  and  add  together  the  values  so  obtained,  we  have  for 
n    n    n  ^ 

the  moments  of  torsion  Pa^J^  (^^y(P-|-2»+8'  +  . ..+«')£, i.e. 

Pa=^^  (— )  .^&=^r7  •  ^  wid  inversely,  the  measure  of  the 
angle  of  torsion : 

41.  Pa 

If  the  aide  be  hollow  and  have  radii  r^  and  r^,  we  have 
then 

Pa=^E  {r,*-^A  therefore  a=  _^^^^. 

The  application  of  hollow  axles  gives  also  with  respect  to 
torsion  a  saving  in  material,  for  if  we  put  rjssr,  and  ri=r  V  2, 
we  then  obtain  for  the  hollow  axle,  which  has  the  same  section  as 
a  solid  one,  the  moment  of  torsion : 

thrice  as  great  as  for  the  solid  axle. 

§  210.  For  a  shaft  or  axle  of  a  rectangular  section  ABDE, 
Fig.  245,  the  moment  of  torsion  is  found  in  the  following  manner. 

16 


Fia.  245.  Ifwedivide  half  tlie  breadth   AG=b  into 

n  equal  parts,  and  carry  through  the  poiots 
of  diviaioQ  the  parallel  planea /f/i,  MN,  Sx. 
we  obtain  dements  of  equal  sectiona,  each 

=  —  .  A,    where    A    tepresents   half  the 

height  AF=  GC  of  the  section.     If  now  we 
divide  one  of  these  elementary  strips  into  m  equal  parts,  we  have 

for  its  area  —  .  — = .    Let  the  normal  distance  CH  of  the  strip 

HL  from  the  centre  C,  =  c,  and  the  distance  KH  of  the  element 
if  from  the  normal  CH,  =e,  then  the  distance  of  tbe  element 
from  the  axis  is  CK=  -/c*  +  e^,  accordingly  the  arc  of  torsion 
=  a  v'e*  +  «*,  and  the  moment  of  torsion 

as/?T?      bh       abh   ,.      „  „ 

If  now  we  Buccessively  put  e  =  —  h,   —  A,  —  A,  &c.,  and  sum  the 
'  ^  m       m      m 

resnlta,  ve  have  the  moment  of  the  strip : 

„_      oAA  ,  ,      A'       .  ,  4AV    ,     9A» 
HL^^ — i(c'  +  — i  +  C*  +  —i+e'  +  ~-i  +  ,..)E 

But  1+4+9  +  ,  ..+»»*=  S-,  hence  the  moment  of  the  strip 

~"2n/  \    '''t)  ^'    "^^  obtain  the  moments  of  all  the  strips,  let 

ns  again  put  «=— ,  — ,— ,  &c.,  and  again  sura  the  results,  we 
shall  then  have : 
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Generally  the  sectionB  are  square^  and  therefore  6= A.  As  we 
have  only  considered  a  fourth  part  of  the  shaft,  it  follows  for  the 
whole  shaft  that : 

For  a  cylindrical  axle  P^a^^—^-j-  E;  if  we  put   6  =  r    we 

4    4  ouT*         16 
then  obtain  Pa=o  .  --    .  .  ^=q~  A^p  *^®  moment  of  the  square 

1  fi  • 

is,  therefore,  =  ^  =  1,756  times  as  great  as  that  of  the  round 

axle.     But   if  we  make  4A'=irr',  and,   therefore,   both  sections 
equal,  we  then  obtain  Pa==fLlJLL.B=^  ._. .  p^^^^  ^   p^^^ 

therefore  the  square  shaft  is  only  a  little  stronger  than  the  cylin- 
drical axle. 

If  the  axle  be  hollow,  and  the  outer  and  inner  radii  be  2d|  and 
2b^  we  then  have  : 

p«=^(V-V). 

§  211.  Breaking  Twist. — When  the  torsion  exceeds  a  certain 
limit,  the  fibres  are  torn  asunder,  and  the  cylindrical  axle  is 
twisted  asunder.    For  the  momsBt  of  rupture  of  the  fibre  furthest 

firom  the  axis,  7=-g»>  hut  j  is  also=  -0^^=07?*  hence   it  follows 

that  j-=  a/  -j^.     The  statical  moment  of  twisting    for    the 
round  axle  is  :        ^ t    '-      t   iLi.  -^ 

but  for  the  square*  shaft,  where  the  greatest  distance  of  a  fibre  is 
half  the  diagonal  b  V%,  it  follows  that      <,        c^  i^^ 

s= W  "^  ^= Vl."'^^"= ¥*^j^- 

Since  the  fibres  are  not  only  extended  by  torsion,  but  also  com- 
pressed, and  as  we  have  only  had  regard  to  extension  in  our 
development,  so  it  may  be  expected  that  the  formulse  found  do  not 
in  their  quantitative  relations  quite  correspond  with  experiment 

15*^ 
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«ad,  therefore^  it  is  necessary  to  take  the  constants  E  and  ^KE 
from  experiments  made  especially  to  determine  them. 

K  a  be  given  in  degrees,  such  observations  adnut  of  onr  putting 
for  the  torsion : 


Substanoes. 


Wood 


Cut  iron 


Steel  and  wrought  iron  . 


Circular  section. 


Pa  »  3500  . 


Pa  »  160000 


P«»  280000 


I 
I 


Square  lection. 


P«-i5800 


t^b* 


Pa -280000 


Pa  -  470000 


In  what  relates  to  the  strength  of  torsion,  numerous  experiments 

iKE 
made  upon  cast  iron  have  given  a  /-rt-=30000  to  66000 Ibs.^  if 

therefore  a  five-fold  security  betaken,  then  is  «  a  / =12600  lbs* 

therefore,  for  the  round  cast  iron  axle  Pa  =  12600  r*,  and  for  the 
square  =  15000  t^. 

The  same  formuls  hold  good  for  axles  of  wrought  iron,  but  for 
wooden  ones  we  may  put  Pa  =  1260  r*  and  =  1500  4%  t.  e.  the 
modulus  of  strength  =  -^  that  of  iron  axles.    The  modulus  of 

strength  for  steel  ^ /:^  must  be  taken  at  twice  that  of  iron, 

and  gun  metal  at  one  half.* 

Examplei, — 1.  The  iron  upright  aile  of  a  tuAine  ezerta  at  the  drenmliaenee  of  a 
toothed  wheel  of  15  inches  radius  reposing  upon  it,  a  force  of  2500  lbs. ;  what 
must  be  given  to  it?     Pa  ^  2500  .  15  »  37500,  and  if  we  put 

,  we  shall  obtain  r  -  /vZ-j^-  -  M^  inches;  henee» 


Pa        37500      375 


12600     12600      126'  'V126 

the  thickness  of  the  axle  2r  »  2,88  inches,  for  which  3  inches  may  be  assunwd.    if 
the  distance  of  the  toothed  wheel  from  the  water  wheel  is  60  inches,  the  torsion  of 

Pal  37500.60  375.6  14,06 

160000  r* 


the  axle  »  c^ 


a^s*, 


160000.  M4«         160.4,28         4,28 

thereforo  very  considerable.—^.  On  a  four-coined  axle  of  fir,  a  force,  P  —  500  Ihs^ 
acts  at  an  arm  of  20  fieet,  whilst  the  load  is  applied  at  an  arm  of  2  feet,  the  distance 
measured  in  the  direction  of  the  axis /» 10  fieet;  how  thick  must  this  axle  be  made,  and 
how  great  is  the  torsion?  Itis  Pa  «Q»»  500. 2. 12-120000  inch  lbs.;  bntthehMid 


\ 


*  See  Appendix. 
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^4  '        1500      1500 

»80 ;  hence  4«  v^80b  4^1  inches,  tnd  the  whole  lide  »  8,62  indies.  The  tonion 

^    ^      „  Pai  120000  .  12  .  10        144000       ^      .^      .       , 

«moiu»t,toao»-— — T-      ^^^^^^,      -  jg^jg  -  7^ ;  therefore,  here 

yery  considerable.    In  general,  less  torsion  is  allowed,  and  therefore  the  ailes  are 
made  much  stronger.    Generally,  this  angle  does  not  amount  to  f  a  degree.    If, 

however,  we  put  a<*«i^  for  this  case  we  shall  obtain  ^  »>.  -— ; — j-  *"  4965,  hence 

do  •  9 


B  «-  v^4965  »  8,4  inches,  and  2b  «  16,8  inches.    According  to  Gerstner,  the  angle 
of  torsion  of  an  axle  oaght  not  to  amount  to  more  ttian  O^l** 

Remark.  If  an  axle  has  to  sustain  relatiye  elasticity  and  that  of  torsion,  we  must 
make  the  calculation  for  both,  and  apply  the  greater  ratio  of  the  dimensions  found. 
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SECTION   IV. 

DTNAMICS  OF  RIGID  BODIES. 


!   OP   THK    MOMENT    OF    INBETIA, 


§  ZIZ.  Kinds  ofmoHon. — ^The  motion  of  a  ri^d  body  is  either 
one   of  translation,   or  one  of  rotation,   or  both,     llie   spaces 
FID.  246.  described    by   the    particles   of  s   body 

in  motion  of  translation  or  progresstoo 
are  parallel  and  equal  to  each  other;  on 
the  other  hand,  in  motion  of  revolution  ta 
rotation,  the  particles  of  a  body  describe 
concentric  circles  about  a  certain  straight 
line,  which  is  called  the  axis  qfrevolution. 
Compound  motion  may  be  r^arded  as  a 
motion  of  revolution  about  a  moving  ana. 
The  latter  b  either  uniform  or  variable. 

The  piston  DE,  or  the  piston-rod  BF 
of  a  pump  or  steam-engine,  Fig.  Si46,  has 
a  motion  of  translationj  whilst  the  arm  cv 
the  crank  AC  has  one  of  rotation,  and 
the  connecting  rod  AB  a  compound 
motion ;  for  one  of  its  extremities  B  has  a 
progressive,  the  other  A  a  rotatory  mo- 
tion. The  axis  of  revolution,  in  a  rotating 
cylinder,  is  invariable ;  that  of  the  con- 
nectiug  rod  AB,  on  the  other  haad,  is 
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variable ;  for  it  is  the  intersectioD  M  of  the  perpendicular  to  the 
direction  of  the  axis  of  the  rod  BM,  and  the  prolongation  of  the 
crank  CA. 

§  218.  Rectilinear  motion. — ^The  laws  of  motion  of  a  material 
point  found  in  §  81^  &c.^  have  their  direct  application  in  recti- 
linear progressive  motion.  The  particles  of  the  mass  M^,  M^  M^ 
&c.,  of  a  body,  moving  with  the  acceleration  p  by  their  inertia, 
offer  resistance  to  motion  with  the  forces  MiP,  M^p,  M^,  &c. 
(§  58) ;  and  since  the  motions  of  tdl  these  take  place  in  lines 
parallel  to  each  otbcTj  the  directions,  therefore,  of  these  forces  are 
pfDaBel;  iKBce,  the  resultant  of  all  these  forces  arising  from  the 
inertia  is  equivalent  to  the  sum  M^p  +  M2P  +  M^  +  •  •  • 
=  {Mi+M^+M^-^-  ,..) p  =  Mp,  where  M represents  the  mass 
of  the  whole  body,  and  its  point  of  application  coincides  with  the 
centre  of  gravity  of  the  body.  In  order,  therefore,  to  change  the 
motion  of  an  otherwise  freely  moving  body  of  the  mass  M  or  of 
the  weight  G  =  Mg  into  one  rectilinear  and  progressive,  a  force 

Gv 

P  =  Mp  =  — ^ ,  whose  direction  passes  through  the  centre  of 

gravity  S  of  the  body,  is  requisite.  If,  in  virtue  of  the  action  of 
the  force  P,  the  velocity  q^  acquired  while  the  body  describes  the 
space  8,  iB«*0M«fr-te>4hi»-HalAittbp-«^  then  the  mechanical  effect 
accumulated  in  the  mass  (§  71)  is : 

Eapan^le,  The  piston  of  a  pomp,  -ynih  its  rod,  or  that  of  a  steam-engine  or  blowing 
machine,  has  a  Tariable  motion ;  it  has  no  yelodty  at  its  highest  and  lowest  positions, 
and  at  its  mean  position  its  velocity  is  a  maximum.  If  the  weight  of  the  piston  and 
rod  be  «  (?,  and  its  maximnm  Telocity  at  the  middle  of  its  ascent  and  descent  »  v, 
the  effect  which  it  wiU  accumulate  by  virtue  of  its  inertia  in  the  first  half  of  its  path, 

and  will  give  out  again  in  the  second  half  »  ~  G.  For  O  «  800 lbs. and  9  =  5ft. 

this  effect  «  0,0155  .  5^  .  800  =  310  ft  lbs. ;  were  half  the  path  of  the  piston 
t »  4  feet,  we  should  then  have  the  mean  force  which  would  be  requisite  to 
accelerate  the  motion  of  the  piston  in  the  first  half  of  this  path,  and  which  it  would 
exert  in  the  second  half  by  its  retardation : 

t»«  310 

§  214.  Motion  of  rotation. — If  the  moving  force  P  of  a  body 
AB,  Fig.  247,  does  not  pass  through  the  centre  of  gravity  ;S> 
the  body  will  take  up  a  rotation  about  this  point,  and  this  metion^ 
will  go  on  as  if  the  force  were  directly  applied  to  it,  as  may  be 


fk 
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proved  In  the  following  msiuier.     From  the  centre  of  gnvity  let 
a  perpendicular  8A  be  drawn  to  the  direction  of  the  IWce ;  let 
247  ^"  ^  prolonged  backwards  and  the  pro^ 

longation  SB  be  made  equal  to  the  perpen- 
dicular, and  let  two  forces,  balancing  each 
othw  and  acting  parallel  to  P,  the  one 
+  i  i*,  and  the  other  — ■  J  P,  be  applied 
to  the  point  B.  The  force  +  ^  P  will 
give^  when  combined  with  half  the  force 
P  aj^Ued  at  A,  the  force  applied  at  the 
centre  of  gravity  8,  P,  =  iP+lP=P, 
for  which  the  force  —  i  P  will  form  a 
couple  with  the  second  half  of  P  applied  at  A ;  there  will  result, 
therefore,  from  the  ezcentrically  acting  force  P,  a  force  P  acting 
through  the  centre  of  gravity,  which  will  move  forward  thia  point, 
together  with  the  whole  body,  and  a  couple  {\P,  —  \  P),  which 
will  cause  the  body  to  rotate  about  the  centre  of  gravity  without 
producing  a  pressure  on  it.  The  statical  moment  of  this  couple  will 
\x^  SA.\P  -\-  SB  .\P  ^  SA.P  equivalent  to  the  statical 
moments  of  the  force  appUed  at  A ;  consequently  the  resultant 
rotation  will  be  the  same  as  if  the  centre  of  gravity  S  were  fixed, 
and  P  acted  alone. 

According  to  this,  therefore,  every  arbitrarily  directed  force 
communicates  two  motions  to  a  body;  one  of  translation  and  one 
of  rotation ;  and  hence  it  is  necessary  to  study  the  laws  of  this 
latter. 

If,  finally,  a  body  tw  constrained  by  a  path  or  directiix  to 
assume  a  motion  of  translation,  an  excentric  force  will  then 
produce  the  same  effect  as  if  it  were 
applied  to  the  centre  of  gravity,  because  the 
forces  of  rotation  will  be  talcen  up  by  the 
directrix. 

§  315.  Moment  of  inertia. — In  the  rota< 
tion  of  a  body  AB,  Fig.  248,  about  a 
tued  axis  C,  all  its  points  describe  equal 
angles  in  equal  times.  If  the  body  rotate 
in  a  certain  time  through  the  ai^le  ^  or 

_- —        arc  >  =  "iunS  '  '"'  ^^^  elements  of  the  body 

Afi,  M^  .  .  .  will  describe  at  the  distances  CM^  =  iff,  CM^=y^ 
&c.,  from  the  axis,  the  spaces  ^ y„  fy^  &c.    If  the  angular  velocity. 
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i.  e.  the  velocity  of  those  points  of  the  body  which  are  distant  a 
unit  of  length  (a  foot)  from  the  axis  of  revolution  =  (a,  then  the 
simultaneous  velocities  of  the  elements  of  the  mass  at  the  distances 
Vv  Vv  ^'f  ^^  ^  ^  ^Vv  *^a>  ^^-  9  hence  their  vi^  viva  is 
(niyi)^  Jfp  (iivy^)'  ^2>  ^^'9  ^^^  ^^^  ^^^i  ^^  ^^^  ^  ^^  of  the  whole 
body:  {^iYM,  +  {^y^YM^+.  .  .  ^  ^  {M^y^^ + M,y^^  + ,  .  .). 

The  sum  of  the  product  of  the  particles  of  the  mass  and  the 
squares  of  their  distances  from  the  axis  of  revolution^  is  called  the 
moment  of  inertia  of  the  body,  the  moment  cf  rotation,  and  the 
moment  cf  the  mass.  If  we  represent  this  by  T,  and  therefore 
put  T  =  Ml  y^ -\' Mjf^ -¥ .  - . ,  we  then  obtain  luTfor  the  vis  viva 
of  a  body  revolving  with  the  angular  velocity  ».  Hence,  to  com- 
municate to  a  body,  already  in  a  state  of  rest,  an  angular  velocity 
itf,  a  mechanical  effect  P«  ==  ^  w*  T  must  be  expended;  and 
inversely,  a  body  produces  this  effect  when  it  passes  from  this 
angular  velocity  into  a  state  of  rest.  If,  generally,  the  initial 
angular  velocity  of  a  rotating  body  =  e,  and  the  terminal  angular 
velocity  =  w,  we  then  have  for  the  mechanical  effect  produced, 

Ps  =  {—K~)  ^i  «"^d  inversely,  the  terminal  velocity  corres- 
ponding to  an  expended  or  accumulated  mechanical  effect  Ps : 


«  =  /\/*' 


.  2Pt 

+     J, 


f 


Exan^le.  If  a  body,  jiB,  FSg.  248,  originally  at  rest,  and  capable  of  turning  about 
a  fixed  axis  C,  possesses  a  moment  of  inertia  of  50  ft.  lbs.,  and  by  means  of  a. cord  ^  • 
lying  over  a  pulley  is  made  to  rotate  in  a  patb  «  »  5  feet,  the  acquired  angular     fr 

V2  pg  2    20  5  — 

— y-   =    .y/ — ^50-—   «    v'4  «   2  fefet, 

fl.  e,  each  point  at  the  distance  of  one  foot  from  the  axis  of  revolution  will  describe, 
afler  the  accumulation  of  this  mechanical  effect,  two  feet  in  a  second.    The  time  of  a 

2^ 
revolution  t  »  »  3,1416  seconds,  and  the  number  of  revolutions  per  minute 

«»---«-    -  ,  ■,..  s  19,1.     If  the  angular  velocity  found  «  a  2  feet,  passes 
/  3,1416 

into  the  velocity  «  =  4  feet,  then  this  mass  produces  the  mechanical  effect 
^..■-[2«-(|)']-^(4-^)-25-5|.25"85,93ft.Ib.; 
for  instance,  a  weight  P|  of  10  lbs.,  raises  8,593  feet  high. 

§  216.  Reduction  of  inert  masses. — If  the  angular  velocities 
o(  two  masses  3f ^  and  3f 3  be  equal,  if,  for  instance,  these  masses 
belong  to  one  and  the  same  rotatory  body,  their  vis^  viva  will  be 
to  each  other  as  their  moments  of  inertia,  7\  =  M^  y^^  and 
T^  =  M^y^,  and  if  these  be  equal  to  each  other,  the  masses  will 
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p(»seBs  eqoKl  t>t^  vnw.  Two  masses  have,  therefore,  an  equal 
influeoce  on  the  state  of  motion  of  a  revolring  body,  and  one 
may  be  replaced  by  the  other  without  cauaing  any  change  in  the 
condition  of  motion,  if  they  posses  equal  moments  of  inertia,  M^* 
Bfid  JIfg  y^,  and  are  inversely  as  the  squares  of  their  distances  from 
the  axis  of  revolution.  By  help  of  the  ioxwK)S».M^y*=M^y^, 
a  mass  may  be  reduced  from  one  distance  to  another ;  t.  e.,  a 
mass  Jt/g  may  be  found,  which  at  the  distance  y^  has  the  same 
influeoce  on  the  condition  of  motion  of  the  revolving  body,  as  a 

given  mass  M,  at  the  distance  y^;  namely,  M^  =  — *-t^= — 7» 

i,  e.  the  mats  reduced  to  the  dittanee  y^  it  the  quotient  iff  the 
moment  qf  inertia  o/ihe  mass  and  the  square  of  that  distance. 
,,0  249  "^^    weights,    Q  and    Qy 

to  an  axle,  Fig.  340,  with  the  arms 
CB=b  and  CBi=a,  have  an  equal  in- 
fluence, in  virtue  of  their  masses,  oQ 
the   motion   of   the  wheel  and  axle,    if 

Oia'=Q4';  therefore  Qj  =  ^.  Hence, 

if  a  force  P  act  at  the  arm  CA  =  CBi=a, 
and  cause  rotation  in  a  mass  of  the  weight 
Q  at  the  distance  CB=b,  we  shall  have 
then  to  reduce  the  latter  to  the  arm  a  of  the 

force  P ;  therefore,  for  Q  Bubatitute  Q,  =  -(— -  and  the  mass  set 

into  motion  by  P  will  be  =  I  P  H ;— )  ig ;  whence  the  accele- 
rated motion  of  the  weight^ 

-*,  force  P  Pa* 


"mass     P+Q^  i'fl' - 

o' 

Pa 


Pa'  +  Q«'  ■ 


and  the  angular  acceleration  -  = 

Ejon^h.  The  weight  of  ft  rotating  man  Q  -^  360  lbs.,  its  distance  btm  the  uii 
of  rotaUon  i  —  2,i  feet,  the  weight  consliluting  the  moving  force  /■  =  2*  Iba., 
ftod  its  arm   a  e.   1,5  feet,   the    inert    mau  put   into    accelerated    motion    b; 

^-[''+  (4|-)'o]  =f-0.031  (2*  +  ^  .  560)=<l,032.1024-3U51b..iwrf 

hencethe  accelerated  motion  of  tlteireighl:j>—7T-=^  =  0,756  ftet;  on  the  other 

hand  the  acceleration  of  the  moUon  of  the  mass  Q,  —  —  'P  "  ttP  =-^= — =1,26(1. 
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p 
and  the  angular  acceleration  »  -^  »  0,488  feet.     After  4  seconds  the  acquired 

angular  velocity  will  be  m  «  0,488  .  4  ^  ]»952  feet,  and  the  corresponding  distance 

=    '  ^ '      «  3,904 feet;  consequenUy,  the  angle  of  involution  ^«  »  ^^^^  .  180* 

s   1,84  .  180*   —  233<»  7' ;    consequently,    the  space  described  by  the  weight 

^^j;  _  0,732  ■4«.gfe^ 
2  2 

§  217.  Reduction  of  the  moment  of  inertia. — When  the  moment 

of  inertia  of  a  body  or  system  of  bodies 
F1O.250.  -  .         1  ,      , 

about  an  axis^  passing  through  the  centre 

of  gravity  8  of  the  body,  is  known,  the 
moment  of  inertia  about  any  other  axis 
running  parallel  to  it,  may  be  easily  found. 
Let^ig.  250  be  the  first  axis  of  revolution, 
passiBg  through  the  centre  of  gravity  S, 
D  the  second  axis,  for  which  the  moment 
of  inertia  of  the  body  is  to  be  determined;  further,  let  52)= e  be 
the  distance  of  the  two  axes,  and  let  SN^—x^  and  N^M^^y^  the 
rectangular  co-ordinates  of  a  particle  of  the  mass  My^  of  the  body. 
Now  the  moment  of  inertia  of  this  particle  about  D  ^  M^  .  DM^ 
=  M^  {DN^  +  ^T^i)  =  M^lcj^  a^iY  +  yj'],  and  about 
S  =  Jlfi  .  SM^*  =  M,  .  (S^i'  +  iNpfi')  =  My  (a^i'  +  yi') ;  hence 
the  difference  of  both  moments : 

=  3fi  (^+2ea?i+a7i«-fyi«)— itfi(a?i«4-yi')  =  My^-^-iM^ex. 
For  another  particle  of  the  mass  M^  it  is  =  JfaC*-|-2  M^  ex^  for  a 
third  =  M^e^+2M^ex^  &c.,  and  for  all  the  particles  together : 
=  (-ftfi-hJlfa  +  Jtfj-i-...)  e^'\'2e{M^Xy  +  M^2-^M^x^+...). 
But  My  +  M2+. .  •  is  the  sum  M  of  all  the  masses,  and  M^w^  + 
•Af2^2+*  ••  the  sum  Mx  oi  their  statical  moments;    hence  the 
difierence  between  the  moment  of  inertia  7\  of  the  whole  body 
about    the    axis    D    and    the    moment    of  inertia  T  about   8 : 
^1  —  r  =  Me^  +  2  e  Mx,      But  since,  lastly,  for  every  plane 
passing  through  the  centre  of  gravity,  the  sum  of  the  statical 
moments  of  the  particles  on  the  one  side  is  as  great  as  that  of , 
those  on  the  other,  the  algebraical  sum  oi^all  the  particles  there- 
fore =  0;  we  have,  also,  Mx  =  0,  and,  therefore,  Ty —  T^Me^; 
i.  e.Ty  =  T+  3fe«. 

7%e  moment  of  inertia  of  a  body  about  an  axis  not  passing 
through  the  centre  is  equivalent  to  its  moment  of  inertia  about  an 
axis  running  parallel  to  it  through  the  centre  of  gravity ,  increased 


>•- 


236  THE   ROD. 

by  the  product  of  the  matt  of  the  body  and  the  tgtiare  of  the 
tUatance  of  the  two  axea. 

It  is  also  seen  Irom  tluB  that  of  all  tlie  momenta  of  inertia  about 
parallel  axea,  that  one  is  the  least  whose  azia  is  a  line  of  graTit;f 
oi  the  body. 

§  218,  It  is  necessary  to  know  the  moments  of  inertia  of  the 
principal  geometric  bodies,  because  they  very  often  come  into 
application  in  mechanical  investigations.  If  these  bodies  are  homo- 
geneous, as  in  the  following  we  will  always  suppose  to  be  the  case, 
the  particles  of  the  mass  M^,  M^  &c.,  are  proportional  to  the 
corresponding  particles  of  the  volume  V,,  V^  Sec.,  and  hence  the 
measure  of  the  moment  of  inertia  may  be  replaced  by  the  smn  of 
the  particles  of  the  volume,  and  the  squares  of  their  distances  from 
the  axis  of  revolution.  In  this  sense  the  momenta  of  inertia  of 
lines  and  surfaces  may  also  be  found. 

If  the  whole  mass  of  a  body  be  supposed  to  be  collected  into  one 
point,  its  distance  from  the  axis  may  be  determined  on  the  suppo- 
sition, that  the  mass  so  concentrated  possesses  the  same  moment  of 
inertia  as  if  distributed  over  its  space.  This  distance  is  called  the 
radiut  of  gyration,  or  of  inertia.  If  T  be  the  moment  of  inertia, 
M  the  mass,  and  r  the  radius  of  gyration,  we  then  have  Mr'^T, 

and  hence  r  =  a  /  r^^-    ^^  mast  bear  in  mind  that  this  radios 

V   M 
by  no  means  gives  a  determinate  point,  but  a  circle  only,  within 
whose   circumference  the  mass  may  b«  conaidered  as  arbitrarily 
distributed. 

If  into  the  formula  7*,  =  T+Me*,  we  introduce  T=Mr*  and 
Tj  =  Mr^,  we  obtain  r,*  =  r'  +  e*,  i.  e.  the  square  of  the  radius  of 
gyration  referred  to  a  given  axis  =  the  square  of  the  radius  of  gyra- 
tion  referred  to  a  parallel  line  of  gravity,  plus  the  square  of  the 
distance  between  the  two  axes. 

§  219.  The  rorf.— The  moment  of  inertia  of  a  rod  AB,  Pig. 
351,  which  turns  about  an  axis  XX  through  its  middle  point  C, 
may  be  determined  in  the  following 
manner.  Hie  cross  section  of  the 
rod  =F,  its  half  length  CA  =  I, 
and  the  angle  which  its  axis  includes 
with  the  axis  of  rotation  ACX  =  a.  If 
we  divide  half  the  length  into  n  parts, 

we  then  obtain  n  portiu 
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t   21  8/ 
of  these  portions  from  the  middle  C  are  — ,  — .  — ,  &;c.,  hence  their 

n   n    n 

distances  from  the  axis  XX  are  MN.  =  —  sin.  a—  sin.  a  —  sin.  a, 

n  n  n 

&c.,  and  these  squares  =  / ' — j ,  4  ( ' — J ,  9  ( • — j 

&c.    By  the  multiplication  of  these  with  the  contents  of  an  element 

—f  and  by  the  addition  of  all  the  products^  we  have  the  moment 

of  half  the  rod : 


Fl'sin.a* 


(l«+2«4-8'+...  +n%  or,  l«4-2«  +  8'+ . . . +«? 


""8'  ^~         8 


But  as  the  volume  of  half  the  rod  ^  is  to 


be  considered  as  the  mass  Jf^  it  follows  finally  that  7=  iMfisin.  a*. 
The  distance  of  the  end  of  the  rod  from  the  axis  XX 
is  AD  =^a=zl  sin.  a,  hence  it  follows  more  simply  that  7=^  Ma\ 
which  formula  is  also  to  be  applied  to  the  whole  rod^  if  itf  be 
the  mass  of  the  whole.  A  mass  M^  at  the  extremity  A 
of  the  rod^  has  the  moment  of  inertia  Mi  a*,  hence  if  we 
make  Mi=i  i^,  it  has  then  the  same  moment  of  inertia  as  the 
rod.  Whether^  therefore^  the  mass  be  uniformly  distributed 
over  the  rod^  or  its  third  part  be  collected  at  the  extremity  A,  it 
comes  to  the  same  thing. 

If  we  put  r=  Mr^f  we  obtain  y«  =  ^a\  and  hence  the  radius 

of  gyration  of  the  rod  :r  =  a  V  i  =  0,5778  .  a. 

If  the  rod  stands  perpendicularly  to  the  axis  of  rotation  a  =  /, 

therefore,  T=  i  Ml".    K,  lastly,  the  rod  AB,  Fig.  252,  be  not  in 

no.  262.  the  same  plane  with  the  axis  of  rotation,  and 

if  the  shortest  distance  between  the  two  axes 
be  CE  =s  e,  we  shall  then  have  from  §  217, 
the  moment  of  inertia  7\  =  7  +  Me*  =  , 
J»f(6'-hia^  '^  ./;  /^'-y  -  j  -^  '•"'' 
§  220.  Rectangle  and  paraUelipiped. — 
The  moment  of  inertia  of  a  rectangular  plate. 
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ABDE,  Fig.  363,  which  turns  about  an  axis  XX  passing  through 

its  middle  C,  and  parallel  to  a  side,  is  as  for 
no.  253.  >  r  _' 

a  rod  =  i  Mf,  but  if  the  axn  YY  stand  per- 
pendicular to  the  plane,  the  moment  of  inertia 
.  is  then  determined  firom  the  former  paragraph 
in  the  foUowiag  manner :  the  half  AEFG 
is  tUvided  by  hues  parallel  to  the  side  AE  into 
Btripa  of  equal  breadth,  such  as  KL,  the  mo- 
ments of  these  strips  determine,  and  then 
added  together.  If  the  half  length  FE=  GA 
=  I,   half  the  breadth    CF=  CG  =  b,  and 

the  number  of  parts  =  »,  the  area  of  a  part  =  —  .26  =  — - . 

The  distances  &om  C  of  these  strips  are  in  the-series  — ,  — ,  — ,  &c. 

therefore  their  squares  I— t,  4  (— ),  9  (— )>   &c->    hence  the 
moments  of  inertia  are : 

and  the  moment  of  inertia  of  half  the  plate : 

_2Wr//Y  n»  nA*-I 
~  n  Wn)  '3+  S  J- 
becauae  2  bl  most  be  considered  as  the  mass  of  half  the  plate.  As 
the  Bemi-di^:onB]  CA  =  rf  =  V/*  +  b*,  we  may  put :  T—  \  Afrf*. 
If  M  represent  the  whole  mass,  the  formnla  holds  good  for  the 
moment  of  inertia  of  the  whole  plate.  Since  further,  a  paralleli- 
rio.  E&4.  piped  BEF,  Fig.   264),    may  be 

dcMWmposed  by  parallel  planes  into 
equal  reetangnlar  plates,  the  abore 
formula  ta  also  applicable  to  this, 
if  the  axia  of  rotation  pass  throngh 
the  middle  points  of  any  two  oppo- 
site snrfiicea.  It  follows  beaidea 
from     this    formula,     that     the 
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moment  of  inertia  of  the  parollelipiped  is  equivalent  to  the 
moment  of  inertia  of  the  third  part  of  its  maae  applied  at  a 
comer  A. 

From  the  formula  for  the  moment  of  inertia  of  a  parallelipiped, 
that  of  a  triuigular  prism  may  be  alao  calculated.  The  diagonal  plane 
ADF  divides  the  parallelipiped  into  two  equal  triaognlar  prbms 
with    rectaognlar   and  triangular  bases   ABD,  Fig,  255 ;  hence, 
„,.  for   the  rotation    about    an  axis 

XX,  passing  throi^h  the  middle 
C  and  K  of  the  hypothec 
nuse,  the  moment  of  inertia 
=  i  Md*.  If  now  we  make  nee 
of  the  proposition  §  217,  we  ob- 
tain the  moment  of  inertia  about 
an  axis  YY,  passing  through  the 
centres  of  grayity  8  and  Si  of  the  bases:  T  =  i  Md*—M  .'CS* 


fol. 


=  M[^-iiCBiq=M[^(ff]=iMd^,  audit 

lows  also  that  the  moment  of  inertia  about  a  side  edge  Bff: 

T^=T+M .  8E'  =  \Mc['  +  M{%  d)' =  f  itfd*  =  §  JIfd',  where 
d  always  represents  half  the  hypothenuse  of  the  triangular 
base. 

§  221.  Prismt  awl  cySnifcrs.— For  a  prism  ADFE,  Fig.  256, 
ria.  256.  with  isoceles    triangular  bases    the 

moment    of   inertia  about   an    axis 
XX,  which  connects  the  middle  points 
of  the  bases,  r=JMd',  if  d  repre- 
sent half  the  side  AD  of  the  surface 
of  the  base,  because  this  surface  may 
be  decomposed  by  the  line  of  the 
height  AS  into  two  equal  rectangular 
triangles.     If  now  the  height  AB  of 
the  isoceles  triangular  base  =;  A,  we  have  then  for  the  moment  of 
inertia  of  this  prism  about  the  axis  YY  passing  throogh  the  centres 
of  gravity  (^  the  base ; 

T=iMd>—M(^^'=M(id'—ih')=iM(2d'-ih% 
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and  finally,  the  moment  of  inertia  about  the  edge  passing  througli 
the  points  A  and  F  of  the  bases  : 

r,=r+jtf(i4)'=Af(?^-J+^)=jM(2<f+4'). 

Hence  the  moment  of  inertia  of  a  right  and  regular  priBm 
revolving  about  its  geometric  axis  may  be  found.  Let  h  be  the 
height  CMi  Pig.  267,  of  one  of  the  supplementary  triangle^ 
C^=CB=2iJ=r  the  radius  of  the  base  or  of  a  supplemeotary 
triangle,  and  M  the  mass  of  the  entire  prism.  We  have  then  by 
the  last  formula : 


r=iiB(^+4-). 


The  rt^lar  prism  becomes  a  cylindo- 
when  h=r,  hence  the  moment  of 
inertia  of  a  right  cylinder  about  its 
geometric  axis  is : 

The  moment  of  inertia  of  a  cylinder 
is,  therefore,  equivalent  to  the  moment 
of  mertia  of  half  the  mass  of  the  cylinder  collected  at  its  circumfe- 
rence^ or  equivalent  to  the  moment  of  inertia  of  the  entire  mass, 
at  the  distance  r  VT=0,7071  .  r. 

,10.  258.  ^  t^be  cylinder  ABDE  be  hol- 

low. Fig.  258,  the  moment  of 
inertia  of  the  hollow  space  must 
be  subtracted  &om  that  of  the 
solid  cylinder.  If  the  outer  radius 
CA=r^,  and  the  inner  CG=r^ 
we  then  have  from  what  has  pre- 
ceded the  moment  of  inertia  of  the 
hoUow  cylinder : 

becausethe  vcdome  considered  as  the  mass=«''(ri' — r,*).     If  r  be 
the  mean  radius    '        ?■,  and  b  the  breadth  of  the  annular  sar> 

&ce,  we  then  have  T=M  (r'  +^Y 
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§  222.  Cone  and  sphere. — ^The  moment  of  inertia  of  a  right 
eone^  as  well  as  that  of  a  sphere^  may  be  calculated  from  the  for- 
mula for  the  moment  of  inertia  of  a  cylinder.    Let  ACB^  Fig.  259^ 
FIG.  259.  ^  ^  co^^  revolving  about  its  geometric  axis, 

DA=DB=r  the  radius  of  its  base,  and 
CD=h  its  height  coinciding  with  the  aps. 
If  we  make  n  slices  parallel  to  the  base  at 
equal  distances,  we  then  obtain  thin  discs 

of  the  radii-,  2-,  8-  ^. .  H-v  ttadr  rf  tfce 
n     n'    n  nf 

common  height  -•    xhe.  half  voiunea  of 


ft 


these  discs  are  * 


/SrV     h 
'\n)  '2n' 


&c.,  iBiA  hiuioe  tSleir  itto- 


ments  of  inertia : 


\«/     2n     \n  /  iff     \n/  2nr 

the  sum  of  these  values  gives,  finally,  the  moment  of  inertia  of  the 
entire  cone : 


2n^ 


n' 


and  asl*  +  2*+8*  +  ..+»*  =  ^,  wehave 


r= 


«r*A      8 


10 


Fio.  260. 


"10  ■"ar-''^^io^''^' 

For  the  right  pyramid  ACE,  Fig.  260, 
with  rectangular  base,  under  the  same  cir- 
cumstances T=^-^McP,  if  d  represent  the 
semi-diagonal  DA  of  the  base.  Also  by' 
subtraction  of  the  two  moments  of  inertia, 
the  moment  of  inertia  of  a  right  truncated 
cone  with  the  radii  r^  and  r2  and  the  heights 
Ai  and  A^  may  be  obtained  : 

T=  Ur,%-r,%) = ^  (r,«-r,»). 


10 

or,  since  the  mass 


lOri 


16 


U=l  (r.'Ai-r.'JJ  =  1^  (r,'-rA 

'■=*«(^:)-  ■ 

Li  ft  nmilar  manner,  we  find  the  moment  of  inertia  of  a  sphere, 
nrolvingabout  one  of  itadiametere  i)£^=2r.     Let  m  divide  the 
...  hemisphere  ADB,  Fig.  261,  by  acctions 

parallel  to  the  base  ACB,  into  n  equally 
thick  circular  slices,  as  GKH,  &c.,  and  deAi 
■mine  their  momenta.     The  square  GK^ 
of  the  radius  of  any  such  slice  is : 

hence  its  moment  of  inertia 

Let  us  put  in  snccession  for  CK-,  — ,  — ,  &e.,  to  — ,  and  add 
'  »r  »'  »'        '        M 

the  results,  we  shall  then  hare  the  moment  of  inertift  of  the 

sphere : 

T=^  [«  .  r-— V  Q'a'+2'+8'+-  •  +  »■)  + 


©'•?> 


^a-«+i)=^- 


Now  the  sohd  contents  of  s  hemiBphere  M=\f,  hence  we 
may  put ; 

and  if  we  take  M  for  the  whole  sphere,  the  formula  will  hold  good 
for  the  case. 

The  f(»mu]a  7*  =  4-  Mt^  ia  true  also  for  a  spheroid  whoae  equa- 
torial radios  =  r  (§  117). 

If  the  sphere  revolves  about  another  axis  at  the  distance  e  from 
its  centre,  the  moment  of  inertia  is  then 

The  ndins  of  gyration  =  r  -/^  =  0,6824 .  r;  two  fiftiis  of 
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the  nusa  of  the  sphere  at  a  distance  from  the  axis  of  rotation  equal 
to  the  radius  of  the  sphere,  have  the  same  moment  of  inertia  as 
the  whole  qihere. 

§   223.  The  moment   of  inertia  of   a  circular    disc   ABDE, 
no.  262.         Fig.   262,    reTolring   about    its    diameter  BE, 
il  is,  aa  f or  the  moment  of  flexure  of  a  cylinder> 

I  (§  195)  = -^=-j-,   consequently  the   radios 

I  of  gyration  =  r  V^  =  i  **>  *■  '•  ^^^  ^^^  radius 

II  of  the  circle. 
From  this  we  may  now  find  the  moment  of 

!'  inertia   of  a  cylinder  ABDE,  Fig.  268,  which 
revolves  about  a  diameter  FG,  passing  Uurough  the  centre  of  gravi^ 
no.  263.  8.     If  /  be  half  the  h^ght  and  r  the 

radius  of  the  cylinder,  we  then  have 
the  volume  f^  hidf  the  cylinder  =  t'l, 
and  if  we  make  equi-diatant  sections 
parallel  to  the  base,  we  decompose  this 
body  into  n  equal  parts,  each  of  which 

= ,    the  first    is   distant    —  from 


In  virtue  of  the  formula  §  217,  the  moments  of  inertia  of  these 
circular  slices  are : 

&c.,  their  sum  gives  the  moment  of  inertia  of  half  the  cylinder : 

^=t'[T+{9"("-^^"-^»'+--^''*']= 

which  holds  good  likewise  for  the  whole  cylinder,  if  M  repre- 
sent its  mass. 

We  find  in  like  manner  for  the  right  cone   ABD,  Fig,  264, 
16* 


whose  axis  of  rerolu- 
tion  paftses  throngli 
its  ceDtre  of  gravity, 
and  IB  perpendicular 
to  the  geometrical 
aziB  CD 

For  a  plate  ABC, 
Fig.  265,  in  the  finm 
of  a  rectu^uhir  tri- 
angle, the  moment  of 
inertia  about  an  axis  paasing  through  the  centre  of  gravity  S,  and 
paralld  to  the  eathetua  AC,  is  according  to  §  193 : 

if  the  breadth  b  parallel  to  the  axis  of  revolutuHi,  and  A  the  height 
perpendicular  to  it  be  given.  This  formula  holda  good  even  foran 
oblique  angled  triangle,  if  the  axis  runs  parallel  to  the  base,  and  A 
represents  the  height  of  the  triangle.  From  this  tJie  moment  of 
inertia  of  a  triangular  prism  ADEF,  Fig.  266,  may  be  found,  if 
the  axis  of  revolution  XX  passes  through  its  centre  of  gravity  8, 
and  is  parallel  to  the  side  DE  of  the  surface  of  the  base,  it  fol- 
lows from  the  same  method  as  that  adopted  for  the  cylinder,  that 

T=M(-^f^  +  o-)>  where  /  represents  half  the  length  of  the 

prism. 

««-2M-  FIB.  K7.  ^228.     SegmetUg. 

— The  moment  of 
inertia  of  a  parabo- 
loid of  revolution, 
BAD,  Fig.  267, 
which  turns  about 
its  axis  of  rotati<Hi 
AC,  ia  determined 
in  a  similar  manner 
to  that  of  a  sphere. 
Let   the    radius  of 

the  base  CB=CD=a,  the  height  CA=&,  and  the  body  consist  of 
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n  slices^  each  of  the  height  -,  we   have   then   the    contents   of 

11 

these 


1-A       2jA       8^0. 
n         n    '  n       n    '  »       n    '       ' 

because  the  squares  of  the  radii  are  as  the  heights.    From  this  the 
moments  of  inertia  are  given 

and  hence,  finally,  it  follows  that  the  moment  of  inertia  of  the  whole 
paraboloid  is 

because  the  volume  of  this  body  is  M^  -^— . 

The  same  formula  is  applicable  to  a  small  s^ment  of  a  sphere,  but 
if  the  height  A  is  not  very  small  compared  with  a,  we  have  to  put 
the  moment  of  inertia  of  slices 

=^  •  «• = S  •  *•  ^^  ^*)*=S  •  <*''  **-^  '•*'+**)' 

where  r  represents  the  radius  of  the  sphere.    If  now  we  take  suc- 
cessively for  h  the  values  -,  — ,  — ,  &c.  we  then  obtain  for  the 
"  UAH 

moment  of  inertia  of  a  segment  of  a  sphere 

= ^  (20  r*— 16  rA + 8  A*). 
The  eontents  of  the  segment  are  M=irh*  (r — |  h),  hence 

=§  JlfA^r— tVA  +  ^ .  f:rji)* 

Generally  T=^Mh  (r — ^h)  is  sufficiently  correct.  This 
formula  finds  its  application  in  pendulum-bobs. 

The  moment  of  inertia  of  the  surface  of  a  parabola  ABD, 
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Fig.  268,  which  revolves  about  an  axis  XX,  paaeing  through  the 
„o.  2se.  middle  C  of  the  chord  BD,  is  found 

if  the  surface  be  decomposed  into 
equally  broad  Btripea,  such  aa  EF, 
and  their  momenta  added  together. 
Let  AC=l  be  the  leogth,  and 
CB=b  half  the  breadth  of  the 
.surface,  CF  =  x  the  absciss,  and 
EF=  y  the  ordinate  or  length  of 

an  element.     Its  moment  of  inertia  is  then  =  -y\a^  "'"3  )'  ^"^  "^ 

p=-^if,  therefore  y=/(l — ^,   it  follows  that  this  moment 

=-|  in"  ( I — t;)  +  ''{^"~t:)    !•     If  now  z  be  successively  put 


inertia  of  half  the  surface  of  the  parabola : 

="  (j^+rir)  =  1 « (A'-  +  +  *•)  =  +  if  (♦  f  +  *■), 

because  the  aurface  of  the  parabola  is  Jf  =  |  £/. 

This  formula,  which  holds  good  for  the  entire  surface  of  the 
parabola,  is  also  apphcable  to  a  prism  having  a  parabolic  anriace  for 
the  base,  as  in  vibrating  beams. 

§  226.  Wheel  and  axle. — The  theory  of  the  moment  of  inertia 
finds  its  most  frequent  application  in  machilKa  and  instruments, 
because  in  these  rotatory  motions  about  a  fixed  axis  are  those  which 
generally  present  themselves.  Mimy  applications  of  this  doctrine 
will  be  met  with  in  the  sequel,  ben«e  it  will  sufBce  to  treat  of  only 
a  few  simple  cases  for  the  present. 

If  two  weights  P  rad  Q,  act  on  a  wheel  and  axle  ACDB, 
Fig.  269,  with  the  arms  CA  =  a  and  DB  :=  b  through  the  medium 
of  a  perfectly  flexible  string,  and  if  the  radius  of  the  gn<^eons  be  so 
small  that  their  friction  may  be  neglected,  it  will  remain  in  equili- 
brium if  the  statical  moments  P  .  CA  and  Q  .  DB  afe  equal,  and 
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^j^  2JJ  therefore   Pa  =  (^.      Bat  if  the 

moment  of  the  weight  P  is  greater 
than  that  of  Q,  therefore,  Pa  >  Qb, 
P  will   descend  and  Q  ascend;  if 
-X  Pa<Qb,    P  will  auend    and   Q 

descend.  Let  as  now  examine  the 
Gonditiona  of  motion  in  one  of 
the  latter  caaea.  Let  ua  sappoae 
that  Pa>Qt.  The  force  correa- 
ponding  to  the  weight  Q  and  act- 
ing at  the  arm  b  generates  at  the  arm  a  a  force  — ,  which  acts  op- 
posite to  the  force  corresponding  to  the  weight  P,  and  hence  there 

ia  a  residaary  moving  fwce  P acting  at  A.    The   maaa   — 

ia  reduced  by  its  transference  &om  the  distance  b  to  that  of  a  to 
-^,  hence  the  mass  moved  by  P— —  ia  M=  (p  +  ^*-r\.g,ar. 


gt^ 


Gy* 


if  the  moment  of  inertia  of  the  wheel  and  ai]e=--=^,  and,  there- 
S 

fore,  its  inert  masa  reduced  to  A=—^,  we  have  more  exactly : 

From  thence  it  follows  that  the  accelerated  motion  of  the  weight 
P,  together  with  that  of  the  drcmnference  of  the  wheel,  namely 

^moving  force_ a , 

**  masa       "Po'  +  tJS'  +  Gy' ■*" 

Pn—Qb 
Pie  +  Qt'  +  Oy"  ■'"' 
on  the  other  hand,  the  accelerated  motion  of  the  ascending  weight 
Q,  or  of  the  circumference  of  the  whasi  iaj  ax^i. 
J  Pa—Qb 

The  tension  of  the  string  by  i>  is  S  =  i>_5P=p/i_?\ 

('SrS),  that  of  the  string  by  Q:  r=<i+&=()  A +iY  hence 
the  pressure  on  the  gudgeon  is : 
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the  presBure,  therefore,  on  the  gudgeons  for  a  revolving  wheel  and 
axle  is  less  than  for  one  in  a  state  of  equilibrium.  Lastly,  from  the 
accelerating  forces  p  and  q,  the  rest  of  the  relations  of  motion 
may  be  found,  after  /  seconds  the  velocity  of  P  is  v=pt,  of  Q : 
Vi=:qi,  and  the  space  described  by  P:  s^ipi",  by  Q :  *i=i  q(^. 

EtpoH^le.  Let  the  weight  P  at  the  wheel  be  =  60  lbs.,  that  at  the  axle 
Q  »  160  lbs,  the  arm  of  the  first  C^  »  a  «  20  inches,  that  of  the  second 
DB  »  ^  »  6  inches ;  farther,  let  the  axle  consist  of  a  solid  cylinder  of  10  Ibe. 
weight,  and  the  wheel  of  two  iron  rings  and  four  anns,  the  rings  of  40  and  12  lbs., 
the  arms,  together,  of  16  lbs.  weight;  lastly,  let  the  radii  of  the  greater  ring 
AS  »  20  and  19  inches,  that  of  the  len  FO  ^  S  and  6  inches.  Required,  the 
conditions  of  motion  of  this  machine.  The  moving  force  at  the  circumference  of 
the  wheel  is  i 

p^^Qv^,  60— A  .  160  -  60  —  48  =  12  lbs., 
a  20 

the  moment  of  inertia  of  the  machine,  neglecting  the  masses  of  the  gudgeons  and  th^ 

Wb'^         10  .  6> 
strings,  is  equivalent  to  the  moment  of  inertia  of  the  axle  »  — ^  »  — ^ — 

=  180,  plus  the  moment  of  the  smaller  lug  —  — ■   ^   ^ ^-^  «  ^ ' 

40    r20'4-19^ 
«  600,  plus  the  moment  of  the  larger  ring  =»  — ^-^—5 ~   «  15220,  plus  the 

moment  of  the  arms,   vpproxuDaxety  -«     3  (n,    pT"^        3 

^15  .  (ly^^l9  .  8  +  y)^ggg^^^^^^^^^^^^y^  gya«  180 +600 +  15220 +  2885 
3 

«  18885,  or  fbr  foot  measure  "—734—  =  131,14.    The  ooUectiye  mass,  reduced 
to  the  circumference  of  the  wheel  is : 

«  (OO  + 160  .  0,09  +  •^^^)  .  0,031 » 121,61  x  0,031-377  lbs. 

Accordingly,  the  acoderated  motion  of  the  weight  P,  together  with  that  of  the 
circumference  of  the  wheel,  is  t 

P  — -p 

a  12 

P  "  ^i    ^.n 7n  '  9  ■"  ■*-==  ■■  3,183  feet ;  on  the   other   hand,  that  of 

ftV  P**  +  Oy*    '       3,77  '  • 

^ 3 

Q :  ^  B  -  /»  at  ^ .  3^ig3  a  0,954  feet;  further,  the  tension  of  the  string  by 

Pis  -(1—-)  ^  -  0""^1?)  •  ^®  "  ^^'^^  "*•'  *^*  ^y  ^'  ^^  *^  ^**" 
hand,  Q  »  /l  +  ?\  .  Q  »  (1 4-0,925  .  0,032)  .  160  n»  1,030  .  160 » 164,8  lbs. ;  and 
consequently  the  pressure  on  the  gudgeons  5+  7*  >»  54,06+  164, 80  a  218,86  lbs.,  or 


•^^ 
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iDdunve  of  the  weight  of  the  machine  «  218,86  +  77  »  295,86  lbs.    After  10 

seconds,  P  has  acquired  the  velodty  pt  »  3,084  .  10  »  30^4  feet,  and  described         s 

fft 
the  space  8  ^  ^  '='  ^^34  .  5  »  154,2  feet,   and    Q   has   ascended   a   hdght 

>  «  »  0,3  .  154^  »  46,26  fleet. 

\ 

§  226.  The  weight  P  which  communicates  to  the  weight  Q  the       ^^" 

aceelerated  motion  y=g  p  «4,QAt4,r»i» '  ^*  ™*y  ^^  "^  replaced 

by  another  weight  Pi,  without  changing  the  acceleration  of  the 
motion  Q,  if  it  act  at  the  arm  a  for  whidi : 

Piai—Qb  Pa—Qb       _    i 

P^a^*-\-Qb*+Gy*''  Pa^  +  Qb^-i-Gy"'     ^ 

The  magnitude  p  ^Qh^  *  represented    by    *,    and    we 


obtam  a^  —  ArOi  =  — ^ — p-^ ^,  and  the  arm  m  question : 

We  may  also  find  by  help  of  the  difiSerenttal  calculus,  that  the 
motion  of  Q  is  most  accelerated  by  the  weight  P,  when  the  arm  of 
the  latter  correqKmds  to  the  equation  Pa* — 2  Qab^QV  +  G^ 
therefore. 


¥V(^'+^^^- 


The  formula  found  above  assumes  a  complicated  form  if  the 
friction  of  the  gudgeons  and  the  rigidity  of  the  cord  are  taken  into 
account.    If  we  represent  the  statical  moments  of  both  resistances 

by  J^,  we  must  then  substitute  for  the  moving  force  P-*--  Q, 


a 


the  value  P ^ —  ,   whence    the    acceleration  of  Q  comes 

a 

out 

{Pa—Fr)  b-^Qlf  , 

s^pS+WT^-^""^ 


Qb+Fr 

flSS =r 


^/m^^^s^ 


£irav9»fet.— 1.  The  weights  P  »  30  lbs.  Q  -  80  lbs.  act  at  the  arms  a  »  2  feet, 
and  b  ^  i  foot  of  a  wheel  and  axle,  and  their  moments  of  inertia  C7y*  amount  to 
60  lbs. ;  then  the  accelerated  motion  of  the  ascending  weight  Q  is  : 


•N 
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^  30.2»-h80.tf)»4.6(r'^'"  120-h20-h60'^^'^^0(r^^^'"'^ 
But  if  a  weight  P^  «-  45  ll».  generates  the  lame  aooeleration  in  the  motion  of  Q^ 
the  arm  of  P^  is  then : 

«5+;^26  —  ^  «  5  +  ^  11,358  «  5+  3,786  -  8,786  feet,  or  1,214   feet, 

—2.  The  aooelerated  motion  of  Q  comes  out  greatest  if  the  arm  of  the  feroe  or 
radius  of  the  wheel  amoont  to : 

i.80         /740y~20T60       4       ,  /ITTi         4  4-V40       o..«iu^ 

,    .        /    30.1,7207  —  20    \        31,621 

moment  of  the  friction,  together  with  the  rigidity  of  the  string,  is  1¥  ->  8;  then, 
histead  of  Q6f  we  must  put  Q6  +  /V  ->  40  +  8  -  48 ;  whence  it  foliows  that : 

'  *"  Qg+  \/(«a)  +i  *"  1»6+  ^5,227  ->  3,886,  and  the  conespondent  mazimnm 

, ^     .  30  . 1,943  —  8  .  i  —  20  34,29    «^   ^       « ^.,  ^_, 

accdentmgforce,  -  _-___^-_.  .^  -  ^  .32.2  -  2,071  feet. 

§  227.  Aittaood's  machine. — ^The  formulse  found  in  §  226  for 
the  wheel  and  axle  hold  good  also  for  the  simple  fixed  pulley^  for 
if  6=0,  the  wheel  and  axle  becomes  either  a  pull^  or  an  axle. 
Retaining  the  other  denominations  of  the  paragraph  mentioned^ 
we  have  then  for  the  accelerating  motion  with  which  P  descends 

and  Q  ascends  ;;>=y=:p^^~^^^.gr,   or  having  regard  to 

friction : 

{P'-Q)  i^—Far 

.  In  order  to  diminish  the  friction  of  the  gudgeons^  the  gudgeon 
C  of  the  pulley  AB,  Fig.  270,  is  placed  upon  the  friction  wheek 
DEF  and  DiE^Fi.  The  moments  of  inertia  of  these  are  Giy/, 
and  their  radii  DEszDiE^=iai,  we  then  have  to  put : 

{P—Q)  c?—Far 
P^9= ^^ TV?  -J* 

because  the  inert  masses  of  these  wheels  reduced  to  the  circumference 
of  the  friction  wheels^  or  to  the  gudgeon  of  the  wheelj  =  — ^ .  By 
inversion  we  obtain  the  accelerating  force  of  gravity : 


attwood'b  uachinb.  251 

*  (P-Q)  a*— Far  '^ 

"o.  270.  Poj  a  small   difference  of  the  two 

weights  P—Q  the  accelerating  force p 
cornea  out  small,  hence  the  motion 
goes  on  alowly,  and  if  the  reaiatance 
opposed  to  the  weight  hy  the  air  be 
inconsiderable,  with  the  assistance  of 
experiments  upon  the  descent  of 
weighta  in  such  an  arrangement,  the 
accelerating  force  of  gravity  may 
be  measured  with  tolerable  accuracy, 
which  by  a  body  falling  freely  it 
is  impoBsible  to  do.  Experiments  of 
this  kind  were  first  inatituted  by 
Attwood,*  whence  this  arrangement 
is  known  by  the  name  of  Att- 
wood's  machine.  To  determine  the 
spaces  fallen  through  there  is  a  scale 
ffK  along  which  the  weight  P  deacenda.  Prom  the  space  &Uen 
through  9,  and  the  corresponding  time  t,  it  fbllowa  of  coorse  that  p 

=    '     ;  ifhowever  during  the  descent  the  moving  force  be  removed, 

while  an  equal  weight  LL^  forming  a  hollow  ring  u  taken  up  by  a 
fixed  narrower  ring  iVJVj,  the  remaining  part  of  the  apace  *i 
will  be  described  with  a  uniform  motion,  and  having  the  time 

observed  by  a  good    clock,  the  velocity  will  be  given  t>  =  j, 

and  the  accelerating  fwcej>=T=T^>     If  ti  =  t=l,   experiment 

no.  271.  gives   directly  p=»i,  and   by   putting  the 

value  found  in  the  above  formula,  it  will  give 
the  accelerating  force  of  gravity, 

§  228.  The  acceleration  of  the  motion  of 
the  weights  P  and  Q,  whidi  are  suspended 
to  a  system  consisting  of  a  fixed  pulley  AB, 
and  a  moveable  pulley  EG  is  given  in  the 
following  manner.  Let  the  weights  of  the 
pulleys  AB  and  BC  =  G  vai  G^,  their 
*  Atlwood't  Trektiae  on  Rectilii]e«r  ind  Rotarj  Motion. 
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moments  of  inertia  Gy  and  G^y^,  and  the  radii  CA  =  a  and 
DE  =  a^,  therefore  the  masses  reduced  to  the  circmnference 
ofthewh^ 

3f=^.<,and3f,  =  ^.2L. 

If   the    weight  descend  a  certain   space   #,    Q  +  G|  will 
then  ascend  by  ^  «  (§  161),  hence  the  mechanical  effect  pro- 

duced  win  be  P« —  (Q+  ^i)  "o"  ^  ^  ^7  ^^  descent  P  acqpuies  the 

velocity  v,  then  Q+Oi  takes  the  velocity  -^,  and  the  pulley 

./IB  at  its  circumference  the  velocity  v,  and  the  pulley  EG^ 
since  in  rolling  motion  the  progressive  and  rotatory  motion  are 

eqnal  to  each  other,  at  its  circumferenoe  the  vdoeity  -^.  The 

sum  of  the  vt*  vioa  conrespondrng  to  these  masaes  and  their 

velocitie8i8j.«»  +  — ^.  (y)  +^.^^  +  -^.  (^), 

and  if  their  halves  be  equated  to  the  mechaniod  effect  expended, 
we  shall  obtain  the  equation :  .  v    ..     \  -Jn 

Hence,  the  velocity  ccnrresponding  to  the  space  #  described 
byP: 


V  =s 


''•{"-H^) 


For  the  acceleration  /»  =  ^;  hence,  here 

The   aeederation  of  Q  +  O^  is  =  •£-,  and  the  aoeeuration 


of  61  is  eqoal  to  it.   >iiof(iiy   y^.''  •"    ,.>ift^    :f.-  f^-cr 
The  tension  of  the   string  BJ?,  connecting  hoth  pnll^  is' 

S=P  —  (P+  ^)  ^,  because  the  force  (p  +  ^  J-  is 
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expended  upon  the  acceleration  of  the  motions  of  P  and  G.    The 
tension  of  the  fixed  string  GH,  on  the  other  hand : 

because  the  pulley  EG  is  put  into  rotation  by  the  difference /S — 8i 
of  the  tensions  of  the  strings. 

Exwa^U.  In  a  system  of  pulleys,  Fig.  271,  the  weights  Pa  40  lbs.  and  Q-»66  lbs. 
are  suspended,  and  each  of  the  solid  pulleys  weighs  6  lbs. ;  required,  the  aeceleration 


66  +  6 


o  ^  c* 
of  the  motions  of  these  weights.    The  moving  force  is  P  —  ^^--^ — ^ «-  40 

a  4  feet,  the  mass  of  a  pulley  reduced  to  its  drcnmference  is :  — ^  ">  — ^t- 

#7  6  3 

»^  »  7-  a  —  (§  221),  and  the  aggregate  of  the  inert  masses : 

hence  the  accelerated  motion  of  the  descen^g  weight  is  :|i  a  -^7=- .  4  ^  »  ~-^ 

a — '  <"  -^=-  a  2,086  feet  •,  on  the  other  hand,  the  accelerated  motion  of 

the  ascending  weight:  ^  «  1,043  feet    The  tension  of  the  string  BJ?  is : 

5a>— (p+f\^  =  40  — 43..M^  -40  —  2,782  -37,218  lbs.;  that  of 
\  2f  g  32,2 

Go  1 043 

the  string  GH^^S^-^  -  ^  -  37,218  -  3  .  -I^^  -»  37,224  lbs. 

§  229.  The  motion  is  more  complicated^  if  the  puUey  EG,  Fig.  272, 
no.  272.  j^  suspended  only  by  a  string  passing  round  it. 
Let  us  assume  that  P  descends  with  the  accele- 
rating force  Pf  and  Q  ascends  with  the  accele- 
rating force  q,  we  then  obtain  the  accaleratioQ  of 
the  rotatory  motion  at  the  circumference  of  the 
loose  pulley  q^  =  p  —  q  (§  42).  Let  us  now  put 
the  tension  of  the  strings  at  AE  =  S,  we  then 

obtain  P  —  8  =  (p  +  ■^)—  ;   farther, 

8  —  {Q-^Gi)  =  (Q+ Gi)  — ,  since  from  §  214,  it  may  be  assumed 
that  8  acts  at  the  centre  of  gravity  D  of  EG;    and  lastly, 

S  =  — ^  •  ^ .  since  it  may  also  be  assumed  that  the  centre  of 
^i        9 

gravity  D  is  fixed,  and  the  pulley  put  into  rotation  by  8.    The  last 
three  formula  give  the  accelerating  force 


a 
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all  three  being  put  into  the  equation  q-^  =  p  —  ?>  we  obtain 
whence  the  tension  of  the  string  follows  \ 


The  accelerating  forces  are  given  from  the  value  of  S  by  the 
application  of  the  above  formulae. 

If  we  neglect  the  mass  6  of  the  fixed  pulley,  and  also  pat  Q=0, 
we  obtain  simply : 

If  the  extremity  of  the  string  .^lE^  instead  of  passing  over  the 
pulley  ABf  is  fixed,  we  have  then  the  accelerating  force  /i  s=  0, 
hence  ^i  =  —  9j  and  consequently  the  tension 

V  +  ^i* 
If  the  rolling  body   G^  be  a  solid  cylinder,  we  have  then 

^  a    =  \  G,,  and  for  the  first  the  tension  8  =  ^-a  ,   X  >  and  for 

/J 

the  second  S  =^  -^^    If  in  the  first  ease  the  weight  P  descends, 

p  is  then  negative,  therefore  j 

8  >  P;i.  e.2PG^y^^  >  PG^y^^+P^  (ai'+y,^ 

simply  -W    >   1  +   -^ ;  further,   that   G^    may  descend,  it  is 

G               a^ 
necessary  that  8  <  Gj,  therefore  -^  >  1 ^. 

ficmfpAt.  If  when  in  a  syitem  of  puUeyi,  Fig.  271,  the  string  OH  suddenly  breaks, 
the  string  BS  at  the  commencement  becomes  stretched  by  the  iprce 
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««  2.40-».8 


+   1 


The  accdented  motioii  of  the  descending  weight  P  will  be : 

Further,  that  of  the  <i#!«^niMng  pulley : 

and  the  acceleration  of  rotation  of  this  polley : 

yi  -  .|il..y  -  5!|L®. 32,2  -  55,76  feet. 


CHAPTER  IL 


CENTRIFUGAL     FORCE. 


§  280.  Normal  force. — ^When  a  material  point  moves  in  a 
carved  line^  it  has  in  every  point  of  its  path  an  accelerated  motion, 
deviating  firom  that  of  the  direction  of  motion,  which  we  have  learned 
to  know  in  phoronomics  under  the  name  of  the  normal  aceele^ 
rating  force.  If  the  radius  of  curvature  at  any  place  of  the  path 
of  the  moving  point  =  r,  and  its  velocity  =  r,  we  have  then 

for  the  normal  accelerating  force  p  =  —  (§  41).      Let  now  the 

mass   of   the   point  =  M,  the  normal  oceoloraiting  force  will 

ihenbeJtfps ,  which  we  must  regard  as  the  first  cause  of 

the  point  pJuMiging  its  direction  of  motion  at  each  position. 
If  no  other  taBgtBtid  force  but  the  normal  act  upon  the  point, 
its  velocity  v  will  be  invariable  and  s  c,  and  hence  the  normal 

force  P  = will  be  dependent  only  on  the  curvature  at  each 

moment  and  on  the  radius  of  curvature,  and  will  be  greater,  the 
greater  the  curvature  ^br^ts  radius;   itxt  double  the  radius  of 
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curvature,  for  instance,  the  nor- 
mal force  is  only  half  as  great 
aa  for  a  nngle  radius  of  curva^ 
ture.  If  a  material  point  M  ia 
constrained  by  a  horizontal 
path,  Fig.  273,  to  describe  a 
curve  ABDFH,  it  will  have,  dis- 
regarding the  &iction  at  all  places, 
the  same  velocity  c,  and  will 
exert  at  each  place  a  pressure 
equivalent  to  the  normal  fwce  against  the  concave  surface.    During 

the  description  of  the  arc  AB,  the  pressure  =  -^ ,  during  that  of 

BD  =  -=■ ,  for  the  arc  DF  it  =  -^=~  ,    and    tor     the    arc   . 
EB  GD 

FH=-^,  if  CA,  EB,  OD,  and  £P  are  the  radii  of  corva- 

KF 
tare  of  the  portions  of  the  path  AB,  BD,  DF,  and  FH. 

§  231.  Centr^tai  and  centr^vgal  force. — ^When  a  material 
point  or  body  moves  in  a  circle,  the  normal  force  acts  radially 
inwards,  whence  it  is  called  the  centripetal  force ;  whilst  the  force 
which  the  body  opposes,  by  virtue  of  its  inertia,  i.  e.,  which  acta 
radially  outwards,  haa  received  the  name  of  eenir^vgal  force. 
The  centripetal  force  is  that  which  acts  directly  upon  the  body ; 
the  centrifugal  is  the  reacting  force  of  the  body.  "Bat^  is  equal  in 
amount  and  opposite  in  direction  to  the  other  (§  62). 

In  the  revolution  of  the  planets  about  the  sun,  the  attractive 
force  of  the  sun  is  the  centripetal ;  but  were  the  body  constraint^  by 
a  directrix.  Fig.  273,  to  describe  its  circular  orbit,  this  directrix 
would  act,  by  its  rigidity,  as  a  centripetal  force,  and  opposed  to 
the  centrifugal  force  of  the  body. 

If,  lastly,  the  revolving  body  be  connected  by  a  thread  or  by  a 
rod  with  the  centre  of  revolution,  the  elasticity  <rf  the  rod  will  then 
be  in  equiUbrium  with  the  centrifugal  fbrce  of  the  body,  and 
thereby  act  ss  a  centripetal  force. 

Let  G  be  the  weight  of  the  revolving  body,  therefore  its  mass 

M^  — ,  the  radius  of  the  circle  in  which  it  revolves  =  r,  and 

the  velocity  of  revolution  =  v ;  from  the  last  §  we  have  the  eentri- 
fugal  force : 
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P  =  = =  2  .  ^r-  .  — ,  therefore  also  P  :  G=2  ^tt-  :  r, 

r       gr  2g     r'  ^9 

i.  e.  the  centrijugal  force  is  to  the  weight  of  the  body  as  double  the 
height  due  to  the  velocity  is  to  the  radius  of  revolution. 

If  the  motion  be  uniform^  which  always  takes  place  if  no  other 
force  (tangential  force)  than  the  centripetal  act  upon  the  body,  the 
velocity  v=c  may  be  expressed  by  the  time  of  revolution  T,  if  we 

put^=~ =^?p'9  cuad  hence  we  shall  obtain  for  the  centrifugal 

force: 


Since  4  ir'= 89,4784,  and  for  the  measure  in  feet  -=0,032,  we 

g 

then  have  more  conveniently  for  calculation 

The  number  n  of  revolutions  per  minute  is  often  given,  and 

60'' 
therefore  T  is  replaced  by ,  whence  it  follows : 

P  =  ?^^n»Jtfr  =  0,010966  n»  Mr  =  0,000881  n^Gr. 

Hence,  for  equal  times  of  revolution,  or  for  an  equal  number 

of  revolutions  in  a  given  time,  the  centrifugal  force  increases  as  the 

product  of  the  mass  and  radius  of  revolution,  and  is  inversely 

proportional,  other  circumstances  being  alike,  to  the  squares  of  the 

times  of  revolution,  or  directly  proportional  to  the  squares  of  the 

2ir  . 
number  of  revolutions*     As  -=  is  the  angular  velocity  u,  we  may 

finally  put:  P  =  »*  .  Mr. 

Brawqtk9.^l.  If  a  body  of  SO  lbs.  weight,  describe  a  dide  of  3  feet  radius 

400  tunes  per  minute,  its  centrifugal  force  miU  then  be : 

P  »  0,000331  .  400*  .  50  .  3  «  52,96  .  50  .  3  «  7944  lbs. 

If  this  body  be  connected  with  an  axis  by  a  hempen  cord,  and  the  modulus  of 

strength  of  the  cord  (§  186)  be  7004bs.,  it  wiU  follow  that  7944  -  7000  .  F;  hence 

7944 
the  section  of  this  cofd  will  be:  F^-TTrr^r-  »  1,1542  square  inches,  and  its  rpidius 

2)=    a/-^  =    a/ 1:515?.  »Vi;5  =  1,224  inch.    But  for  a  threefold  security 

Dmustbe  taken»l,224  VT »  1,224  .  I,732s2,119  inches.~2.  From  the  earth's 
radius  r  »  20|  millions  of  feet,  and  the  time  of  rotation  or  length  of  a  day  T  =  24  h. 
»24  .  60  .  60  »  86400''  the  centrifugal  force  of  a  body  at  the  earth's  equator  is 

17 
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of  flw  da;  17  Oattt  lest,  therefore  ^  -  !•  24'  42",  thii  (bree  would  be  17»  =  289 
timet  M  great,  therefore  eqoal  to  about  the  iidgfat  of  the  body.  At  the  eqaator, 
therdbn,  the  eeotrifogal  force  vonld  be  eqiUnlent  to  that  of  gnritjr,  ind  the  bo<^ 
would  neilher  riie  nor  &U.  In  the  rerolutioa  of  the  moon  about  the  earth,  iu 
centrifugal  force  ii  counteracted  bj  the  attraction  at  the  earth.  Let  C  be  the 
weight  of  the  moon,  r  iti  diitanee  from  the  earth,  and  T  its  time  of  rerolntion ;  the 

centrifugal  force  of  tUi  heavenly  body  o  1,224.^.  Let  a  be  the  radin*  of  the 
earth,  and  let  na  auume  that  the  force  of  graiUy  at  different  diitancea  from  it* 
centie  increaaea  inTenel;  m  a  power  at  theae  diatanoea;  we  baye  (bat  the 
gravis  of  the  mooa  or  the  attiactiTe  force  of  the  earth  =  C  ( H  ,  and  if  we  equate 
both  fbrces  to  each  other,  wo  then  obtain  1-1    -  l.*24  .  ^ . 

Now-  -         r  ,  1250  million  ftet,  and   7*  c*   27  dajn,  7  houn,  42miimtea 
»  39342  minntea  -  39342  .  6D  tecondi ;  hence  it  foUowB :     - 
/1\»        1,229  .  1250 


I-,  nearly -flV 
500  ^       \6(i) 


3600 

and  hence,  n  ••  2 ;  i.  *.,  the  gravitating  fcnrce  of  the  earth  i«  in  an  inverM  ratio  to 
the  aqnare  of  the  diatance. 

^2S2.  Centrifugal  forcei  of  extended  mastts. — For  any  syBtem 
(Amasses,  or  fbr  a  mass  of  finite  extension,  the  formtja  above 
found  for  the  centrifugal  force  is  not  directly  applicable,  because 
we  know  not  beforehand  what  radios  of  gyration  we  have  to 
introduce  into  the  calculation.  To  find  this  we  proceed  in  the 
following  manna-.  In  Fig.  274,  let  OZbe  the  axis  of  revolution, 
„.  CX  and  CY  its  two  rectangular  co- 

ordinate axes,  further  let  3f  be  a 
particle  M^,  and  MK  ^^  x, 
ML  =  y,  and  MN=  z,  its  die* 
tancea  from  the  co-ordinate  planes 
YZ,  XZ  and  XY.  As  the  cen- 
trifugal force  P  acts  radially,  its 
point  of  application  may  be  trans- 
ferred to  its  point  of  intersection  O 
with  the  axis  of  revolution.  If  now 
we  resolve  this  force  in  the  direction 
of  the  axes  CX  and  CY,  we  shall 
obtun  the  component  forces  OQ  =  Q  and  OR  =  R,  for  which 


fy^jr 
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OQ  :  0P=OL :  OM,  and  OR  :  OP=OK  i  OM,  whence  Q=-  P 

r 

and  R  =  ^P,  where  r  repraenta  the  distance  OM  of  the  par- 
ticle from  the  axia  of  revolution.  Let  as  proceed  in  s  aiinilar 
manner  with  all  the  particleB,  and  we  shall  obtain  two  ^atema  of 
parallel  forcee,  one  in  the  plane  XZ,  and  the  oflier  in  the  plane 
YZ,  bat  each  acting  perpendicularly  to  the  axis  CZ.  For  distinc- 
tion, let  us  avail  oupselvea  of  the  index  numbera  1,  2,  8,  &c.,  and 
therefore,  put  for  the  particles  of  the  mass,  M^,  M^  M3,  and  fiw 
no.  275.  ^^"^  diatancea  ar„  a:^  x^,  Sk., 

we  shall  obtain  the  resultant  d 
the  one  system.  Pig.  275, 
Q  =  Q,+  Qa-l-Os+... 

«=  .  (Jif,«,  +  MjfF,  +  ...)  and 

that  of  the  other  R  =  Ri  +  R^ 

+ . .  .=  J" .  (J/,y,  +  J/jyj  + . . .). 

Let  us  finally  put  the  distances 

of  the  particles  from  the  plane 

XY,  CO^,  CO^  kc.,  =Zj,  jpj, 

Sk.,    we   shall    obtain    for  the 

pointa  of  (plication  of  these  resultants  the  distances  CI/ =«,  and 

CV=v  hj  the  equations  (Q,  +  Qi+...)  «=  Q,«i+0^a-f-. .. 

and  {il-|-i^+. . .)  t>  =  flj^i  +R^a+. . . ,  whence  it  follows  : 

-'  /       '  RiZj-i-R^,+  ..  _  MtyjZf+M^^,  +  ...  \ 

R^  +  R,+  ..  3fj^,  +  Jfjy,+  .-..    ■  ;i 

Hence,  therefore,  in  general  the  centrifugal  forces  of  a  system 
of  bodies,  or  an  extended  body,  may  be  reduced  to  two  forces,  which, 
so  long  as  w  and  v  are  unequal,  cannot  be  resolved  into  a  single  one. 

Stampb.  The  miMM  of  a  iTitem  we 

if,  -  10  lb*.,    Mj  ~  IS  IlM^    Jf,  -  IB  lb*.,    Mf  -  12  11m., 
■nd  (btdr  dktuKCt  *,  —    0  inches,  *,  -    4  inched  *,  -    2  incbe*.  Xj  =  6  inchei, 
yi  -    3       «      ft  -     1      ..        ft  =    S      .,       ft  =  3    „ 
1,-2       „       J,  =    3      „        »,  -    3      „        2^  =  0   „ 
we  htve  then  the  following  mean  cealrifugBl  forca 
e  -  ••'.(10.  0  +  13.4+18.2  + 12.6)  o  168.  M>,ind 
17* 


CENTRIFUGAL    FORCES 


Jl  -  «'.  (10  .3  +  15.  1 +  18-5  +  12.3) 

=  171 

_  t^.  uid  tlie  dutucea  of  their 

poinla  of  sppliution  &xim  tHe  origiii  C : 

10.0.2+15.4.3  +  18.2.3  +  12 

6.0_ 

.?!?.  =  1?  =  1 .7  U  ioehet  Mid 

10.0  +  15.4+13.2  +  12.6 

168      7      '■'"™^"' 

Ifl.. 1.2  +  15.1  .3+18.5.3  +  12 

3.0. 

»»=!?*_=  2,193  inches 

10:3+15.1  +  18.5  +  12.3 
The  dilTerence  of  tbcie  two  values  of  a  wid 
cuinot  be  replaced  b^  s  sinsle  force. 

171        57 

§  233.  If  the  particles  of  the  mass  lie  in  a  plane  at  right  angles 
no.  276.  to     the     axis     of     revolution. 

Fig.  276,  their  centrifugal  forces 
may  be  reduced  to  a  single  force, 
hecBuse  their  directions  inter- 
aect  at  a  point  in  the  axis. 
Retaining  the  denominations  of 
the  former  §,  we  shall  obtain 
the  resultant  centrifugal  force 
in  this  case : 

P=  V'C?+^=««v'[(Af,;E,  +  Jlf^,  +  ...)»+fJlf,y,  +  Jtfaya  +  ..)']- 
Now  CK=x,  xaiCL^y,  are  the  co-ordinates  of  the  centre 
of  gravity  of  the  system  M=  Mj+  Mq  +  . . . ,  we  then  have : 

MiX,  +  M^f+  .. ,  =  Mx  and  Af|y,  +  3fayi+"  ■  =  ■'"?' 
hence  the  centrifugal  force : 

P  =  >.VJtf'g'  +  JlfV=^JIfv'^+y'  =  «*  Mr,-^ 
firovided  further  that  r  '=  Vj^+y*  represent  the  distance  C8  of 
the  centre  of  gravity  from  the  axis  of  revolution  CZ. 

For  the  angle  PCX^  a,  which   this  force  includes  with   the 

axis  CX,  tang,  a  ^  ^  =  -j^  =  " ;  hence   Ihe  direction  of  the 

ceniri/vffal  force  pasieg  i/aroagh  the  centre  (ifgravUy  of  the  ayttem, 
and  centrifugal  force  U  exactly  the  same  at  ^  the  eoliective  maaset 
teere  united  at  the  centre  of  gravity. 

no.  277.  For  a  disc  AB  at  right  angles  to  the 

axis  of  revolution  2!Z,  Fig.  277,  the  cen- 
trifugal force  is  firom  this  =  w^  Mr,  if  M 
represents  its  mass,  and  r  the  distance 
CS  of  its  centre  of  gravity  iSf  from  the 
axis.  To  find  the  centrifugal  force  of 
another  body  ABDE,  Fig.  278,  we  must 
decompose  it  into    elementary   discs  by 
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planes  at  right  angles  to  the  axis  ZZ, 
find  their  centres  of  gravity  Sf„  .  S^, 
&c.,  and  determine  the  centrifagal  forces 
by  help  of  these  last,  decompose  each  of 
them  in  the  direction  of  the  axes  CX  and  CY 
into  component  forces,  and  reduce  the  forces 
in  the  plane  ZCX  to  a  resultant  Q,  and  those 
in  the  plane  ZCY  to  a  resultant  R. 

If  the  centres  of  gravity  of  the  abrogate 

discs  lie  in  a  line  parallel  to  the  axis  of  rcvo- 

lution,  *  =  3t|  =  x^,  &c,,  and  y  =  ffi  =  y^, 

&c.,  and  therefore  also  r  ^  rj  =;  r^,  &c.,  hence  the  centrifugal 

force  of  the  whole  body  P=^  (Jlf,r  +  Jlf,r  +  ..,)=  «^  Mr,  and 

the  distance  of  its  point  of  application  from  the  plane  XY  t 

*'""{M;+M,  +  .'.)r'  itf,  +  itfa+..     ■ 

According  to  these ,  ^nations,  the  centrifugal  force  of  a  body, 
wh'ose/y elements  are  in  a  line  parallel  to  the  axis,  is  equivalent  to 
the  centrifugal  force  of  the  mass  of  this  body,  rcduecd  to  its  centre 
of  gravity,  and  its  point  of  application  and  centre  of  gravity  coin- 
cide. From  this  the  centrifugal  forces  of  all  rotatory  bodies, 
whose  geometric  axes  run  parallel  with  the  axis  of  rotation  may  be 
found.  If  the  geometric  axis  of  any  such  body  coincide  with  the 
axis  of  rotation,  the  centrifugal  force  is  equal  to  nothing. 

JEraay^.    The  dimeDiioni,  the   dentit;,    ind  atrength  of  a  milUtDne.  ABDE, 
Fig.279,  ire  given;  it  isrequired  to  find  the 
no.  279.  MignilwvelncityM.inconieqDenceofwhich' 

UT«  will  take  jilicein  virtue  of  centriAi- 
11  gtlfbrM.  If  weputthe  ndinsofthemill- 
B  ■•  r,,  the  niliua  CK  at  it<  eye-r,, 
11  the  height  AE^Gll^l.liit  AeasAy  =  f, 
i  the  modulua  of  tlrength  ^  K,   nc 
I   obtjun  the   force   required  for    rapture 
=   2  (r,  —  r,)  IK;  the   weight   of  the 
atone  C  -  ir  (rj^— r^j)  i/.  and   the  ra- 
dial of  gyration  of  each  half  of  the 
atone,  i.  t.  the  distance  of  iti  centre  of 

gravity  from  the  aiia  of  rotatioD  ({  109),  r  =  $-  -  ~^  ■      At    the  moment  of 

rupture,  the  centritugal  force  of  half  the  ilone  ii  equivalent  to  the  itrength  ;  we  hence 

obtain  the  equation  of  condition  u^ .  )  ^^  2  (r,  — r,) /AT,  i.  e.  w<  .  ]  (r,*— r,^)i2 
9  .  <h 

=  2  (r,— rj)  IK,  or  leafing  out  2  /  on  both  aides,  it  followi  that 
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--  V        688 

.0,Ofl«B       - 

If  Um  unmber  of  rotaUont 

permimtte- 

inTeraely, 

,-?l^  Where, 

3Q.I12,t 

ofttKha 

mOliMae  i*  onir  120,  tbenfore  9 

/3g<r.-rOJr  /  3>f 

If  r[  '  2  fwl  »  24  inchM,  r,  <>  4  inehei,  JT  -  760  lb«^  tiid  tba  qpedle  grafitr  of 
the  milliUne  =  2fi,  therefbre  the  wdght  of  a  cnWc  kdi  of  it»  man  —  — jy^ — 
—  0,0903  Dm.,  it  followt  that  the  engalar  vdocitj  at  the  momait  ol  rapture  ii : 
^_    .  /3  ■  12  .  32,2  ■  730  /859406  ^^^ 

A/   62,1264 
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§  233.  If  the  collective  particles  il/p  3f,  of  a  syBtem  of  n 

Pig.  280,  or  the  centres  of  gravity  of  the  elementa  of  a  body  lie  in 

,,o.  2B0.  a  plane  pasHing  through  their  axis 

of  revolution,  the  centrifogal  forces 

will  then  form  a  system  of  parallel 

forces,  and  these  may  be  reduced 

according  to  the  rule  to  a  angle 

force.    The  distances  of  the  paiti- 

dea  or  the  elements  from  the  axis 

of  revolution  ZZ,  are  OjJfj  =:  ri, 

O^gsTg,    &c.,   we    obtain    tar 

their    centrifugal    forces : 

P,  =  »«  3f,rj,  P,  =  -«  Jf/-„  &c., 

and  hence  the  resultant  centriAigal  force : 

P  =  -»(Afir,  +  M^,  +  ..)  =  «"  Jrfr, 
r  representing  the  distance  of  the  centre  of  gravity  of  the  mass  M 
from  the  ans  of  revolution.  Therefore,  here  also  the  distance  ci 
the  centre  of  gravity  from  the  axis  of  revolutton  must  be  regarded 
as  the  radius  of  gyiatiiia.  But  to  find  the  point  of  applicatitm  O 
of  the  resultant  centrifugal  force,  let  us  put  the  distances  of  the 
particles  of  the  mass  from  the  normal  plane :  CO,  =  r„  CO,  =  z^ 
tie.,  into  the  formula : 

„„  _    _M,riZj  +  M,r^,+  ... 
*-"-'"    M,r,  +  M^,+  ...    ■ 
By  help  of  the  formula  P  =  w*  Mr,  the  centrifugal  forces  of 
rotatory  bodies  and  other  geometric  bodies  may  be  foundj  when 
their  axes  and  the  axis  of  revolution  lie  in  tme  plane.     The  centri- 
fugal force  of  a  right  cone  ADB,  Fig.  281,  may  be  found,  if  the 
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distance  SAT  of  its  centre  of  gra- 
vity S  from  the  axis  of  rerolutioD 
ZZ  be  put  as  r  into  the  formula. 
If  the  height  of  the  cone  CD  =  h, 
the  distance  DF  of  the  point  D 
item,  the  axis  of  revolution  =  a, 
and  the  angle  CGE,  b;  vhich  the 
geometrical  axis  deviates  from  the 
axis  of  rerolution  ZZ^^a,  we 
have  then  r=o+ J  Aw.  a.  For 
a  rod  AB,  Fig.  282,  whose  length 
AB  =  I,  and  angje  of  inclination 
ABZ  to  the  aiis    of  revolution 

BZ^a,   we    have  r  =  SN=^  I  tin.  a, 

therefore,  the  centriingal  force : 

P  =  *,■   .  1    M  I  tin.    a;    but    to    find 

the   point  of  application  0  of  this  force, 


cessively  the  values  — ,  — ,  — ,  &c.,  and  add  the  results,    in  this 

■'  n   n    n 

manner  we  shall  obtain  the  moment  of  the  entire  rod : 

a-j  ti-  +  a-  +  o-  +  ..  +  »*) 

=  i  fe^  MP  gin.  a  eoi.  a, 
z  =  i  tfi  MP  sin,  a  cot.  a:  i  J'  Mi  tin.  a=  %  I  co$.  a,  and 
^  the  distance  of  the  point  of  application  O 

from  the  extremity  of  the  rod  B  lying  in 
the  axis,  fiO=§  L 

If  the  rod  AB,  Fig.  283,  does  not  reach 
the  axis,  we  then  have , 
P  =  1  «."  /^/,»  TOi.  o  —  1  »»  Fl^  m.  a 
=  i  •**  Fnn.  a  {l^ — £,*),  and  the  moment : 

Pz=^*fi  Ftin.  a  cw.  a  (/,'— t,'), 
because  the  mass  of  CA,  =  the  cross  section 
into  the  length,  =  JV„  and  the  mass   of 
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CB  =  Fl^  henee  it  foHowB  that  the  distanoe  of  the  point  of  appli- 
cation 0  from  its  intersection  with  the  am  C  is : 

m  —  a  ^1      'a    7  I    (*i     ^ 

''<'-S(7=y— '+  121  ' 

no.  294.  where  /  expresses  the  diatance  CS  of  the 

centre  of  gravity,  but  /, — I,  the  length 
of  the  rod  AB. 

This  formula  is  alao  applicable  to  a 
rectangular  pbte  ABDE,  Fig.  284, 
which  is  divided  into  two  congruent 
right  an^es  by  the  plane  of  the  am 
C02',becau8ethecentiifugalforeeactsat 
the  middle  of  each  of  the  elements,  which 
are  obtained  by  sections  normal  to  CZ. 
Therefore  the  distances  CFsaA  CG  of 
the  two  bases  AB  and  DE  from  tbe  point  C  of  the  axis,  are  l^  and 

Ig,  we  have  here  also  CO  =  „  .  ,'. ^i  • 

$  234.  In  the  case  where  the  particles  of  the  body  neither  lie 
in  a  plane  normal  to,  nor  in  a  plane  passing  through  the  axis  of 
revolution,  the  reaultant  centrifugal  forces 

Q  ■=  <••  (Jtfi^i  +  Jlf^a  + . .)  and  fl  =  »»  (Jtf iJ,  +  M^^  + . .)  cannot 
be  reduced  to  a  single  force,  nevertheless  it  is  possible  to  replace 
these  forces  by  a  force  acting  at  the  centre  of  gravity : 

P  =  v'Q'  +  K'  =  "'  ^r, 
and  by  a  couple  composed  of  Q  and  R.    IS,  namely,  we  apply  to 
ri«.  2B5.  ^^'^  centre  of  gravity  jS,  four  forces 

+Q  md  —  Q,   +  R  md-'R 

balancing  each  other,  the  posi- 
tive parts  will  give  a  resultant 
P=>«*V  «■  +  «•,  and  the  nega- 
tive parts  on  the  other  hand, 
— Q  and  —72,  will  form  the  couples 
(Q.  —  Q)  and  (R,  — R)  vrith  the 
centrifugal  forces  applied  at  I/and 
Vf  which  may  be  reduced  to  a 
single  couple.  In  order  to  make 
ourselves  acquainted  with  this 
reduction  of  the  centrifugal  forces 
of  a  rotatory   body,    let  us  take 
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the  following  simple  case.   Let  the  bar  AB,  Fig.  285^  which  turns 

about  the  axis  ZZ,  lie  parallel  to  the  plane  YZ,  and  rest  with  its 
extremity  B  on  the  axis  CX.  Let  the  length  of  this  bar=/^ 
its  weight  s=  G,  the  angle  BAD  at  which  it  is  inclined  to  the  axis 
of  rotation  =  a,  and  its  distance  CB  from  the  plane  YZ,  which  is 

also  its  shortest  distance  from  the  axis  ZZ  =  a.    Let  now  £  be  an 

element  —  of  the  bar^  and  BE  =s  x  its  distance  from  the  extremity 

B,  we  shall  then  have  the  projection  BN^^xrin^Oy  and  hence 
the  components  of  the  centrifugal  force  P|  of  this  element : 

Qi  =  w*.—  .  CB=b^  .—  a  and-Bi=iiP^.—  ,BN=h^.  -^xsin.a, 
and  their  moments  about  the  principal  plane  XCY: 
Q,Zi=iti^  .  -^  .CB .  J5i\r=w* .—  ax  cos.  a  and  J?i5r,=fci*.  —  x^  . 
sin,  a  COS.  a.     The  several  components  parallel  to  the  plane  XZ 
give  the  resultant  Q=Qi  +  Q2  +  . .  .=n.  «•  .  —  a  =«' .  Ma,  and 

its  moment  QM=Q|Xr^  +  Q2^9+...=a»*.~  a  cos.  a  (a?i+a?2-l-..  .)> 
or,  as  Xy  is  tobe  taken  =  — ,  a?«  =  2  — ,  a?,  =  — .  &c., 

Qw  =  w'.—  aco^.a.— (1-f  2+8  +  .. -fn)=irf^.—  a  cos,  a  .—.% 
n  n  ^  '  n  n     2 

=  ^  w*  .  Mai  COS.  a ;   the  distance,   therefore,   of  the  point  of 

application  of  this  component  from  the  plane  XYis  : 

r  cf  ^^*  Moi  COS.  a        ,   , 

LS  =  tt  =  =-=7 =  i  «  COS.  a, 

«*  Ma 

t.   e.    it    coincides    with   the    centre    of    gravity   of   the    bar. 

The    components,    which  act  parallel    to    YZ,  give  the  resnl- 

M 

tant    H  =  Uj  +  /?j|  +..".=  «•.  —  sin.  a  ( a?i  +  a?^  +  . .  . ) 

n 

=  w*  •  —  nil.  a  —  •  ^r-  =  4  «•  JIf  /  m.  a    with   the    moment 
n  n     2  ' 

i»r.—sm.acos.a[Xi*'^xJ+...)=ia*.-'Stn.acos.a.l  -i  +  -r+  ...  ) 

=«  .—■  -^«n. a«?o*.a(l+4+9  +  ..+n  )=«  .— .  •s^n.aco^.  a.^ 
=  J  w'  3f  r  WW.  n  COS.  a ;  the  distance  of  the  point  of  application  of 
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the  force  from  the  plane  XYis :  HO  =  v=  — ^ — ^  ,.y,   . '— 

^  ifriT  Ml  sm.  a 

=  I  /  COS.  ttj  t.  e*  this    point    lies  about   ( |  —  ^ )  I  cos,  a 

=  ^  /  COS.  a  =  -^  of  the  projection  AD  parallel  to  the  axis  above 

the  centre  of  gravity  8  of  the  bar. 

From  the  forces   Q  =  u^  Ma  and  /{  =  ^  «»'  Ml  sin.  a, 

the  final  resultant  applied  at  the  centre  of  gravity  of  the  bar 

follows:   P  =  4/  Q^  +  IP  =  ^M  \^a^  +  ^  P  sin.  a\  and  the 
couple  (/{| — R)  vdth  the  moment 

R.'Sd=^  i^Mlsin.a.^l:=:^^^MPsin.€t. 

§  285.  H'ee  axes. — ^In  general^  indeed,  the  centrifugal  forces  of 
a  body  revolving  uniformly  about  an  axis,  exert  a  pressure  upon 
the  axis;  it  is,  nevertheless!  possible  that  these  forces  mu- 
tually counteract  each  other,  and  for  this  reason  the  axis  will 
have  no  pressure  to  sustain.  This  case  presents  itself,  for  instance, 
in  every  solid  of  rotation  revolving  about  its  geometric  axis,  or  its 
axis  of  sjrmmetry,  and  especially  in  the  wheel  and  axle,  and  in  the 
water-wheel,  &c.  If  under  these  circumstances  no  external  forces 
act  upon  a  rotatory  body,  or  upon  such  a  system,  the  body  will 
remain  for  ever  in  this  state  of  revolution,  without  its  being 
necessary  that  the  axis  of  revolution  should  be  fixed.  This  axis  is 
called,  for  this  reason,  a  Jree  axis*  From  the  preceding,  the 
conditions  immediately  follow  by  which  an  axis  of  revolution 
becomes  tijree  axis.  It  is  requisite  not  only  that  the  resultants 
P  and  Q  of  the  components  of  the  centrifugal  forces  acting  parallel 
to  the  planes  of  the  axes  XZ  and  FZ,  but  that  the  sum  of  the 
statical  moments  of  each  of  the  two  systems  of  forces  should  =  0> 
Hence,  from  this : 

1.  M^Xi-^M^^"^*  .  .  =  0, 

2.  Miy^-\- M^^"^ '  .  .  =  0,  further 
8.  MiX^z^+M^^^'^'  .  .  =  0,  and 
4.  M^yiZ^-^- M^^^+ .  .  .  =  0. 

The  two  first  equations  require  that  the  free  axis  pass  through 
the  centre  of  gravity  of  the  body  or  system.  The  two  last  afiord 
the  elements  for  determining  the  position  of  this  axis.  It  may, 
besides,  be  proved  that  every  body  or  system  has  at  least  three 
Jree  axes,  and  that  these  axes  meet  at  right  angles  in  the  centre  of 
gravity  of  the  system. 

The  higher  mechanics  distinguishes  other  axes  besides  the 
free,  which  run  parallel  to  these  and  intersect  each  other  in  a 
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point  of  the  Bjitem,  and  are  called  the  prin^al  axa.  It  ma; 
be  also  proved  that  the  moment  of  inertia  of  a  body  about  one  oS 
the  principal  axes  ia  a  maximnm,  about  a  second  axis  a  minimum, 
and  about  a  third  neither  one  nor  the  other. 

§  286.  K  the  particles  of  a  maw  lie  in  one  plane,  for  instancy 
if  the  mass    forma   a  thin  plate  or 
plane  figure,  then  the  straight  line 
passing  through  the  centre  of  gravity 
of  the  entire  mass,  and  ntHinal  to  its 
plane,  is  a  free  axis  of  the  mass ;  fiur 
in  this  case  the  mass  has  no  sadim     ^Yi^Jii-. 
eSffjntmK,  and  hence  the  only  pos-   <.'-   '-^.■'•J 
sible  centrifugal  force  is  =  0.     To     '" 
find  the  other  two  free  axes,  let  as 
proceed  in  the  following  nuumo'.    Let ;.    ^^  , 

-  -  s.  Fig.  286,  be  the  centre  of  gravity   "^^     ^, 

of  a  mas^  and  let  I/t7  and  VV  be  two  co-ordinate  axes  in  the 
plane  of  the  mass,  let  us  determine  the  molecales  by  co-ordinatea 
parallel  to  these  axes,  vii.  the  molecolea  3f,  by  the  co-ordinatea 
MiN  =  »,  and  Jlf^O  =  V|.  Let  XX,  on  the  other  hand,  be  a 
free  axis,  ZZ  an  axis  perpendicular  to  it ;  farther,  let  the  angle 
to  be  determined  XSU,  which  the  free  axis  makes  with  the 
co-ordinate  axis  SU,  =  ^  and  let  the  co-ordinatea  of  the 
particles  referred  to  the  axes  XX and  ZZ :  he  Xj,  x^..,  x„  2^ . ., 
therefore  for  the  particle  M-i :  M^K  =  g^  and  MjL  ^  gj,  From 
this  we  easily  obtain : 

Xi=MiK=:'3R+,RL  =  SOeot.^+  OM^tm.f  =  «i co».  f+v^nn.  f 
Zi  =  MiL=—  0R+  OF=~S0Bin.t+0Mi  eoi.  f 
=  —  Ui  sill,  f  -f-  r,  GO*,  t;  and  hence  the  product : 

*1  'l  =  ("l  ""-  *  +  "!'•'*•♦)( —  «l  «»-  ♦  +   Vi  cot.  f) 

=  —  (ill*  —  »i')  nn.  i  coi.  f  -t-  «i  t?!  (cor.  ** — «n.  **) 
or,  since  sm.  f  aa.  ip  ^  \  m.  2  f  and  cor.  ^'  —  «t».  ^*  ^  cor.  2f, 
«,  z,  =  —  i  (uj^  —  tf]*)  tin.  2  f  +  U]  tf  1  cot.  2  f,  and  hence  the 
moment  c^  the  particle  3f) : 

Jlfi*,«i  = ^  («,"_»,•)  tin.  2  f  -J-  Jfiti,V|«ir.  2#.     The 

moment  of  the  particle  M, : 

M^^^  = g^  (|^«  _  Vj*)  tm.i*  +  3fgttji>a  cos.  2^,  &c.. 
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and  the  sum  of  the  momentB  of  all  the  particles,  or  the  moment 
of  the  entire  mass : 

MiXiZ^  + M^^,-i- ...=  —igi$t.2<t>  [  (Af|«j' +  itfjUa  +  . .) 
—  (Jlf,»,'+jWaV  +  -  ')]  +  «w.2^(Af,«,ii,  +  AfjUiV  +  .  .}• 

That  XX  may  become  a  free  axia,  its  moment  from  the  former 
paragraph  must  be  =  0  j  hence  we  must  put 

4  m.  2*  [  (Jtf,t<,*  +  ilf5 V  +  . .  - )  —  (W.  V  +  itfj  V+..)  ] 
—  eog.Ztf,  (Jtfi«,Bi  +  M^u^v^  + .  .)  =  0, 
and  from  this  we  obtain  the  equation  of  condition : 


2*=' 


tin.  2it>_  2  (^iKi"!  +  M^ii^V2+j_-)_ 


cog.  2-P     (Af,u,'  +  itfjM,'  +  ...)— (Wi''i'  +  '''a''a*+---) 
__  twice  the  moment  of  the  centrifugal  force 
difference  of  the  momenta  of  inertia 

By  this  formula  two  values  for  3  0  are  given,  which  vary  ISO* 
from  each  other,  and  therefore  also  two  values  of  0,  which  vary 
90"  from  each  other;  on  this  accoont,  not  only  is  the  axis  XX 
determined  by  this  angle  if;  a  firee  axis,  but  also  the  axis  ZZ 
perpendicular  to  it. 

§.  237.  The  free  axes  of  many  surfAies  and  bodies  are  known 
without  any  calculation.  In  symmetrical  figures,  for  instance,  the 
axis  of  symmetry  is  a  firee  axis,  the  perpendicular  to^the  centre  of 
gravity  is  a  second,  and  the  axis  perpendicular  to  the  plane  of  the 
figiire  a  third  fi'ee  axis.  The  axis  of  rotation  ZZ  of  a  rotatory 
body  AB,  Fig.  287,  is  a  free  axis,  so  is  every  normal  XX,  YY .  . 
to  this,  passing  through  the  centre  of  gravity  8.  Every  diameter 
of  a  sphere  is  a  free  axis,  the  axes  XX,    YY,   ZZ,   of  a  right 


parallelepiped  ABD,  Fig.  288,  bounded  by  six  rectangles,  passing 
through  the  centre  of  gravity  iS,  and  normal  to  the  sides  BD, 
AB  and  AD,  or  running  parallel  with  the  edges,  arc  free  axes. 
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Let  us  now  determine  the  free  axes  of  an  acute  angled  paral- 

^j^  jgg  lelogram  ABCD,  Pig.  289.   Let 

us  draw  through   its  centre  of 

gravity  S,  the  co-ordinate  axes 

UU  and   Ff^'at  right  angles  to 

each  other,  so  that  one   of  the 

aides  AB  of  the  paralleli^^rani 

may  run  parallel  to  it,  and  let 

us  decompose  the  parallelogram 

by  parallel  lines  into  Sn  equal 

strips,  such    as   FG,      If,  now,   one  side  AB  ~2a,   the  other 

AD=2b,  and  the  angle  ADC  between  the  two  sides  ^  a,  we 

then  obtlun  for  the  strip  FG,  distant  from  UU,  SE=x,  the  length 

of  one  part :  . 

EG  =  KG  +  EK=a +x  cotg.  a, 
and  that  of  the  other  EF=  a  —  x  cotang.  a,  and  since  -  «tn.  a  is 


and '■ —  (d — X  cotg.  a) ;  the  measure  of  the  centrifugal  forces 

about  the  axis  VV  is  therefore : 

=  *i^  {a+xcotg.  a).\  [a+xcotg.a)  =  t^^{a+xeotg.aY 
Dud  -  — - —  (a — X  cotg.  a)^,  and  their  moments  about  the  axis 
UU:  —5 (a  +  «  cotg.  ay  x  and  — j- —  (o  —  *  eoC  ay   x. 

As  both  the  forces  about  VV  act  opposite  to  each  other,  the 
uniting  of  their  moments  gives  the  difference : 

^'^""■"    [(a +«  eatg.  af—(a—x  cotg.  af]  =  ^  a&i:*  nw. «. 
If  we  substitute  in  this  formula  for  x  the  values :  :.-. 

btin.  a    2  b  tin,  a     8  b  m.  a     . 
ij      '  o        '  n        '       '' 

successively,  and  add  the  results,  we  shall  obtain  the  measure  of 
the  moment  of  the  centrifugal  force  of  half  the  parallelogram : 

COS.  a. K —  (I- +  2^  +  3'  +  ..  +n-)=2ab'sin.a'coa.a.  =— , 
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=  ^  o^  nil.  a*  co».  Oy  and>  therefore^  for  the  whole  paraUelograiii^ 
o 

4 
or  3f ^tf iVj + ilfaifst's + •  • .  =  g  od*  sin.  c?  cos.  a.    The  moment  of 

inertia  of  a  strip  FO  about  the  axis  VV  is : 

b  rin.  a  /{a-^x  cotg.aY       (o — x  cotg.  df  \ 
-~K~\  8  "*"  8  ) 

if  now  we  substitute  in  succession  for  x : 

b  rin.  a     2  ft  m.  o     8  b  rin,  a     « 

n  n  « 

and  sum  the  resulting  values^  we  shall  have  the  moment  of  inertia 
2 

of  ahalf  =  X  oft  sin.  a  {a^-hi^  cos.  a'),   and  hence  that    of  the 
o 

4 
wholes^  ad  sin.  a  {(Bfi  +  l^cos.  a^.    On  the  other  hand^  the 
o 

moment  of  inertia  of  the  parallelogram  about  the  axis  of  revolution 
UUiB  =  4absin.a. — 3^=8^**  **^*  **  (§220);  hence  the 
difference  of  the  moments  of  inertia  sought^  t.  e. 

4  4 

^^absin.a  (a?  +  4*  cm.  a^)— g  «**  «»•  «* 

o 

4 
=  ^  oi  m.  a  (a'  +  ^  co#.  2  a). 
o 

Lastly  for  the  angle  USX^f,  which  the^ee  (urw  JOT  makes 
with  the  co-ordinate  axis  UU  or  the  side  AB  from  §  287 : 

.        ft 2  (itfiUityi  -f  M^u^v^  -f  >  0 

iang. ^  ^  -  M^u^^^-M^u^^. .)— ^iV+^!iV+ •  •) 

4    .    .        ,^  ,  M o    \     «^+A*co*.2a* 

^  a6  «».  a  {tr-\-tr  cos.  2  a) 
o 

In  the  rhombus  0=:&>  hence 

tang.  2  ^  -  1  4.  cos.  2  a  "  1  +  cm.  a!'— sin.  g« 

2  mh.  g  COS.  a 
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therefore  S  f=a,  and  ^=5.     As  this  angle  gires  the  diiection  c^ 

the  diagonal,  it  follows  that  the  diagonals  are  free  axes  of  the 
rhombus. 

Ejcm^le.  The  itdei  of  tb*  anite  tngled  ptnlldognm,  JBCD,  Fig.  2B9, 
JB  —  2a  -  16 inchM,  iDd 5C ~  2b  —  10 IncbM,  udlbB  ui^ of  the peiimeM 
/tBC  "  B  —  60*,  whit  direetioDa  have  iti  free  uei  i 

t^  fi-     S*.rti.l20'         25.ri».60°     ^aS  •  0.86603    n,y^^ 
^'     '      tC  +  S'.ew.  120°     64— 2fi«>».60»    64— 25.0,S       "^ 
-  tmg.  22*  48',  or  iaag.  202>  48'.     Fnnn  thii  it  Mowt,  that  f  -  11«  24'  and 
101*24'  ■rath««DBle*of  iodiiutionofthetwofreeua  totheiide^fi.    The  third 
6m  un  ittad*  at  right  ta^a  io  the  pluw  of  the  pinlldognm.    These  aogle* 
determine  alio  the  tnt  ua  of  ■  right  putllelcidped  will)  rhomlmdal  bwet. 


CHAPTEB  Iir. 


Ot   THE   ACTION    OP   6BATITT    ON    HOTtONS   ALONO 
C0N8TKAINBD    PATHS. 

§  289.  TncUned  plane. — A  heavy  bod;  may  be  impeded    in 

variooB  ways  from  falling  freely,  and  in  the  following  we  shall 

consider  only  two  cases,  the  one  where  a  body  is  sapported  on  an 

inclined  plane,  and  the  other  where  it  revolves  about  a  horizontal  axis. 

In  both  cases  the  paths  of  the  body  are  contained  in  a  vertical  plane. 

If  the  body  rests  on  an  inclined  plan^  its  weight  may  be  resolved 

into  two  components,  of  which  the  one  is  directed  normal  to  the 

plane  and  taken  np  by  it,  and  the  other  parallel  to  the  plane,  and 

sets  apon  the  body  as  a  moving  force.     If  G  be  the  weight  of  the 

l>ody  ABCD,  Fig.  290,  and  a  the  inclination  of  the  inclined  plane 

Tis.  S90.  FifRtothehoriion,  we  shall  then 

have  from  ^  134,  for  the  normal 

pressure;  N=0  cot.  a,  andthui^' 

moving  force  P=  O  tin,  a.    The 

motion  of  the  body  may  be  either 

sliding  or   rolling,    let  ns  next 

consider  the  first  only.     In  this 

case  all  the   parts  of  the  body 

equally  participate  tn  its  motion,    and  hence  have   a   common 
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motion  of  acceleration  p,  which  is  given  by   the  known  formula : 
force         P       Gtin.a 

P  = 1  =  n=  — rt —  ■  3=3  «*»■  «■ 

'       masa         M      •    G        "    ' 

Therefore^  :  g=nn.  a:\,  i.  e.  the  accelerated  motion  of  a  body 
on  an  inclined  plane  it  to  the  accelerated  motion  of  free  descent  as 
the  tine  of  the  at^le  of  descent  to  unity.  In  conaeqaeace  of  the 
Miction  which  takea  place,  this  formula  ia  rarely  sufficiently  accu- 
rate, hence  it  is  necessary  in  many  casea  of  application  to  take  this 
into  account. 

If  the  body  moves  on  a  carved  surface,  the  accelerating  force 
ia  variabte  and  at  each  place  equal  to  the  accelerating  force,  which 
corresponds  with  the  plane  of  contact  to  the  curved  snrfoee. 

§  289.  A  body  slides  with  the  initial  velocity  0  down  an  inclined 
plane,  without  ftiction,  from  ^  10  the  final  velocity  after  /  seconds 
w:  V  —  g  rin.  a  .t  =  83,2  sin.  a  .  /  ft.,  and  the  space  described : 
9=\g  sin.a  .  /*  +  16,l  tin. a  .  T  ft.  In  free  descent  Vy=gt,  and 
>i=^g^,  hence  we  may  put:  v  :  v-i=»  :  s,  =nn.  a  :  1,  t.  e.  the 
final  velocity  and  the  tpace  of  descent  down  the  inclined  plane  are 
to  the  final  velocity  imd  space  of  free  descent  at  the  tine  of  the 
angle  of  inclination  of  the  inclined  pltme  to  unity, 

riG.  2St.  The  cathetuB  FH  of  a  right-angled  triangle, 

FXiH,  Fig.  291,  with  vertical  hypothenuse  FG, 
=  FG  sin.  FGH  ^  FG  tin.  FHR  =  FG  m.  o, 
if  a  is  the  angle  of  inclination  of  this  cathetna  to 
the  horison,  hence  FH :  FG=tin.  a  :  1,  and  a 
body  describes  the  vertical  hypothenuse  FG,  and 
the  inclined  cathetua  FH  in  one  and  the  same 
time.  The  space  <^  free  descent  corresponding 
to  the  space  of  descent  dovm  the  incUned  plane 
""•  292.  tnay  be   found   from   this,   and  the 

latter  fttim  the  former  by  constmc- 
tion.  Since  the  angles  of  the  peri- 
phery FHiG,  FH^G,  &c.,  (m  the 
diameter  FG,  Pig.  292,  are  right 
angles,  the  semi-circle  on  FG 
cuts  off  from  all  the  inclined 
planes,  commencing  at  F,  the  spaces 
described  with  this  dismeter,  and 
therefore,  in  equal  times,  FH^, 
FH^  &c.,  hence  it  is  asserted,  the  chords  of  a  circle  and 
Us  diameter  will  descend  timultaneoutfy  or  iaocla-onomly.    This 
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isochronism  is  besides  true,  not  only  for  the  chords  FH^,  FH^ 
&c.,  which  have  their  origin  at  the  highest  point  F  of  the  circle, 
but  also  for  the  chords  KiG,  KJ3r^  &;c.,  which  commence  at 
the  lowest  point  G,  for  chords  FK^^  FK^  &c.,  may  be  drawn 
through  F,  which  have  like  positions  and  equal  lengths  with  the 
chords  Gfli,  GH^  &c. 


§  240.  From  the  equation  «  =  ^-  = 


^ 


2p      2ff»sin.a 


it  follows  that 


v^ 


8  Hn.  a=z—,  and,  inversely,  v=  \^2gs sin.  a.     But  now  s  gin.  a  is 

Fio.  293.  the  height  FR  of  the  inclined  plane  or 

the  vertical  projection  Si  of  the  space 
FH^s  upon  it,  hence  the  iSnal  velocities 
of  bodies  which  descend  with  an  initial 
velocity  0  down  planes  of  equal  heights 
Fi-Hp  FJS^  &c.,  and  of  different  inclina- 
tion. Fig.  298,  are  equal,' and  also  equal  to 

the  velocity  which  a  body  would  acquire  if  it  fell  freely  from  the 

height  FR  of  these  planes. 

From  the  equation  «=i  gsin,  a  .  f  follows  the  formula  for  the 

time : 

/=      /    ^9      ^  _j_        /2s9in.a  ^  _1_  /2 .  FR 

But  for  a  free  descent  through    the  height  FR  the   time  is: 


/ 


9 


it  foUows  accordingly  /  :  /|  =  1  :  sin.  a=^FR :  FH, 


FIO.  294. 


the  time  of  descent  down  the  inclined  plane  is  to  the  time  of  free 
descent  from  the  height  of  this  plane  as  the  length  of  the  inclined 
plane  is  to  its  height. 

Bapttn^le$,-'l.  The  initial  point  F  of  an  indined 
^plane  ^H,  Fig.  294,  is  given,  and  the  final  point 
H  in  9l  given  line  AB;  required  to  determine  the 
descent  down  Hie  plane  so  that  it  may  take  place  in 
the  shortest  time.  If  the  horizontal  line  FG  be 
drawn  throngk  F  to  Its  intersection  with  AB^  and 
GH  be  made  »  (?F,  we  shall  obtain  in  H  the  point 
sought,  and  therefore  in  FH  the  plane  of  quickest 
descent ;  for  if  through  F  and  H  a  circle  tangent  to 
FG  and  FH  be  carried,  its  isochronoosly  described 
chords  FK^i  FAT,  &c.  will  be  shorter  than  the  lengths 
FHu  FH^  &c.,  of  the  corresponding  inclined  planes  ; 
consequently,  therefore,  the  time  of  descent  for  these 
chords  will  be  less  than  for  these  lengths,  and  the 

18 
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tiait  of  dnecBt  for  the  indined  plane  FN,  which  coiDcidn  with  ■  diord,  will  be  the 

2.  Required  the  ioeUnaUon  of  that  indined  pbne 

no.  295.  pff^    pj    295^    ^o^   ^riikh    *   hody    would   fUl 

fl  ID  the  HDie  time  u  if  it  origiiully  fell  freel;  from 

H  the  height  FX,  and  then  proceeded  with  the  acqniTed 

H  vetocitf  borifontaUy  t«  #,.    The  ti 


I  fron  the  verticit  height  FX  - 


-v?- 


I  and  the  M4|DiK(l  Telocitj  at  Jt :  V  —  ^2/*,.     Ifnow 

no  lou    of  Telodty    entoe  in   tnuuitioii  from   the 

vertiol  to  the  botiiOBlal  motion,  whid)  woidd  follow  if  the  crnner  R  were  rounded, 

the    apace   BH,    ~  «,  m^.  ■  will  be  nniforml;    deaoibed,    ind    in    the    time 

''"  -  I  cDlf.  a  a/ — t- .    The  time  of  dewent  down  the 

in;lined  plane  i)  «  =-  -j- — \/~^'  ^*''**'  "f  we  pot  '  -  'i  +  ^  "■  AaU 
obtain  the  eqoation  of  coaditton  — : — l  +  i  «'tf-  ■<  whoae  aolntion  will  gire 

Umg.  a  —  4.  In  the  corresponding  inclined  pUoe,  accordingly,  (he  height  !i  to  the 
base  and  to  the  length  u3iito4iitoS,  and  the  angle  of  indinalion  ia 
■  TI  36*  S2'  II". — 3.  The  time  for  ilidiDg  down  an  inclined  plane  of  a  ^ren 
baieaii 

hence  the  deicent  ii  qoii^ett  when  im.  E  a 

2  ■•  -  90°,  or  a"  =  4S°,      Hence,  water  &11 
of  45°  inclinadoB. 

§  241.  If  the  motion  on  an  inclined  plane  proceeds  with  a 
certain  initial  velocity  c,  wc  shall  then  hare  to  apply  the  formulB 
found  in  ^  13  and  ^14.  According  to  these  the  temmud  velo^ 
city  of  a  body  ascending  an  inclined  plane  is  v=c — ^  m.  a.  /, 
and  the  space  described  a = ct — 1  g  m.  a,C ;  an  the  other  hand, 
for  a  body  filing  down  the  inclined  plane : 

v=c+gnn.  a. I,  sad»=et  +  ^gnn.a.  f. 

In  both  cases  of  motion  tJie  forrnula  is  true : 

«•— C*  tf  —  ^ff  ^ 

figttn.a'  iff        2g      2g 

t^  eertical  profeetion,  therefi}re,  {a  rin,  a)  9f  the  apace  (t) 
deacribed  ahng  the  inclined  platte  -ia  aboaya  equal  to  the  t^fference 
of  the  heigfUa  due  to  the  velocity. 
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no.  296.  If  two    mclmed    planes  ^  FGQ    and 

GHR,  Fig.  296,  meet  each  other  in  a 

rounded  edge,    no  impulse  will   take 

place  in  the  passage  from  one  plane  to 

the  other,  and  for  this  reason  no  loss  <^ 

velocity  ensue ;  the  mle  for  the  descent 

of  a  body  down  this  conbinatioii  of  two 

planes  is  also  true,  Ihe  hetffki  of  daceni 

(FR)  ig  equal  to  the  difference  of  ihe  height*  due  to  the  velocUy. 

It  is  easy  to  ascertain  that  this  mle  is  correct  also  for  the  asceot 

or  descent  on  any   system  of  any  number  of  planes,  and  for  the 

ascent  or  descent  on  curved  lines  or  surfaces.     (Compare  ^  82.) 

EMaiqiU».—\.  A  body  ucend*  with  t,  21  feet  ioiUal  Tclodt;  tn  incUDed  plane  of 
22*  indmatkni,  what  1*  th«  uuonnt  of  it«  Telodt;  md  iti  ipace  doaibed  in 
1}  Mconda  i    The  Telodt;  k : 

«  -  21— 32,2  IJH.  220.  1^-21— 32,2.  0^746.  1,3^2,906  feet;  lad  the  tpww : 
c-i-p            21  +  2,906     3         23,906.3 
•  -  -J-  .  '  -  J —   -J- —^ —  -  17.928  feet. 

2.  How  h^h  doet  ■  bod;,  with  an  initial  Telodtj  of  36  feet,  wxdA  an  ineliaed  plane 

0f48*icdivityr    The  vertical  hasbtii*]  -  ^    -    0,01550   t>>   -   0,01S&   .  36> 

•-  21,63B  feet ;  hence  the  whole  ipace  np  the  inclined  plane :  *  —  ~^^~'^~m 

-  28,494  fKt    The  lime  ttqniiad  i« : 

^  242.  Sliding  friction  exerts  a  considerable  infloence  upon 
the  ascent  and  descent  of  a  body  along  an  inclined  plane.  From 
the  wdght  G  of  the  body,  and  firom  the  angle  of  inclination  a  of 
the  inclined  plane,  the  normal  pressure  follows,  N=  G  eos.  a,  and 
again  firom  this,  tiie  firiction  F=fN=sf  G  cot.  a.  If  we  subtract 
this  from  the  force  P=G  «m.  a,  with  which  the  gravity  urges  the 
body  down  the  plane,  there  then  remains  for  the  moving  force 
=:  G  tin.  a—f  G  cot.  a,  tmd  the  acceleratii^  force  of  the  body 
shding  down  the  plane  is  known : 

theforce     Gmn.a—fGcot.a         ,  .  .  . 

p=  X. = ir- ji={tm.  or-f  cot.  a)  g. 

*^     the  mass  G  *    ^  * 

The  moving  force  of  the  body  ascending  the  inclined  plane  is  nega> 
tive  and  =G»tn.a+/.  Gcoi.a,  hence  also  the  accelerating  foree 
p  IB  negative  and  =  —  («n.  a  +fcot.  a)  g. 

18* 
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F]«.  297.  If  tvo  bodies  are  supported  on 

difierent    plfiiie§     FG     and     FH, 

Fig.  297,  by  perfectly  flexible  strii^ 

roonected  with  each  other,   passing 

over  a  roller  C,  it  is  then  possible 

for    one    of    the    two    bodies     to 

descend  and  poll  up  the  other.     If 

we  represent  the  weights  of  these 

bodiea  by  G  and  G„  and  the  angles  of  inclination  of  the  inclined 

planes  along  which  they  move  by  a  and  Oj,  and  if  we  assume  that 

G  descends  and  draws  Gj  upwards,   we  shall  then  obttun  as  the 

moving  force : 

Grin,  a — G,nn.  it^—fGcoB.  o— /Gj  cot.  a^  =  G  {tin.  a^eos.  a) 


accelerated  motion  with  which  G  descends  and  6,  ascends : 
_  G  {tin,  a  — fcQg.  a) — G^  (m.  Oy  +  fcoa.  a^ 
P-  G+Gi  ■^■ 

Since  friction  as  a  resisting  force  can  generate  no  motion,  it  is 
requisite  for  the  fall  of  G  and  the  rise  of  G„  that 

G  {tin.  Or— f  COS.  a)  be  >  Gi  (tin.  a,  +fcot.  a^),  therefore 

■77   >      ■'**'    •> — — -*.     If,  on  the  other  hand,  G,  descend,  and 
u-|         itn.  a — -jeot.  a 


G  be  drawn  up,  then  must : 


ihe  > 


i  +  /cot,  a  G_       sin,  aj—fca 


G  ttn.ay—fcos.a{      '  Gj         ttn.a+fcoa.a 

So  long,  however^  aa  -pj-  lies  within  the  limits : 
"■| 

WW. «!  +feo».  oi        ■  sin.  Oi—fcot.  a^ 

sin.  a—fcos.  a. '  «in.  a-^fcot.  a  ' 

so  long  will  the  firiction  resist  motion. 

Saeatpla. — 1.  A.  tledgs  move*  down  sn  inclined  mow  plane,  ISO  feet  long  and 
20*  indinKlJon,  tnd  when  uriTed  ■!  tlie  bottom,  proceeds  along  ■  horizontal  ooe 
ootil  friction  bring!  it  to  Rst.  If  the  co-efficient  of  Motion  between  the  toow  and 
the  tiedge  be  taken  ~  0,03  fcel,  what  ipice  irill  the  iledge  deteribe  along  the 
horizontal  pUne,  neglecting  the  letiatance  <tf  the  air  ?  The  accelerating  force 
p  ~  (»&.o  — /«#.<<)?  =  (»i«.  20°)  .  32,2  =.  (0,3*20  —  0,03  .  0,9397) .  32,2 
^  0,3138  .  32,2  -  10,101  feet;  hence,  the  final  velodt;  of  descent  ii, 
e  "  -/Tpt  ^  •/2  .  10,104  .  150  -  ^3031,2  ^  5S,54  feet.  On  the  horiuintal 
plane  the  acceleiatii^;  force  iap,  ^  —/;■>  — 0,03  .  32^  -  0,966  feet;  hence,  the 
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spacet,  =  -^  =  ^^  =  1630feet.    The  time  of  descent  is  /  » 

»  5^2  seconds,  and  that  for  sUding  onward /i»AfL  »  JH^a  58,6  seconds;  hence 

**  55,54 


2>      300 
55,54 


Fio.  298. 


the  whole  time  of  the  course  /  +  ^1^:63,82  8econds«l'  3,82". 
—2.  A  fiUed  tub  K,  Fig.  298,  ot  250  lbs.  clear  wdght,  is 
drawn  up  an  inclined  plane  FHf  70  feet  long  and  of  50*"  incli- 
nation, by  a  descending  weight  G  of  260  lbs. ;  what  will  be 
the  time  required  for  this,  if  the  co-etBdent  of  friction  ci 
the  tub  along  its  path  amount  to  0,36.  The  mo^ng 
force  is  =  <?—  («m.  a  +  /cob,  a)  K  ^  260  —  («m.  50« 
+  0,36  .  coi.  50<»)  .  250  »  260  —  0,9974  .  250  »  10,6  lbs. ; 

hence,    the    accelerating   force  p    =        ^^'^  ^^'^ 


0,0208  feet ;  further,  the  tune 


250  +  260 


510 


J  _        /2t  /   140  

/  ~  VT"  "^    V  0  0208  *"    ^^^^^  "*  82,04  seconds  «  1' 22'^  and  the  final 


velocityr=2t  ^  ^  ^  1,70 feet. 

§  248.  Boiling  motion, — ^When  a  carriage  rolls  down  an  inclined 
plane^  the  friction  of  the  axle  chiefly  acts  in  opposition  to  the  acce- 
lerating force ;  if  r  be  the  radius  of  the  axle,  and  a  that  of  the 

wheel,  the  friction  will  amount  to*^  JV=*^  G  cos.  a,  and  hence 

a  a 

the  accelerating  force  p=^{8in. a—^  co9. a)^i 

If  a  round  body  AB,  a  cylinder  or  sphere,  for  example,  roll 
FIO.  299.  down  an  inclined  plane  FH,  Fig.  299, 

we  have  to  consider  a  progressive 
and  a  rotatory  motion  at  the  same 
time.  Grenerdly  the  acceleration  of  the 
progression  is  equal  to  that  of  the  rota- 
tion (§  156) ;  since  if  we  put  the  mo- 
ment of  inertia  of  the  rolling  body 
=  G  y*,  and  the  radius  of  the  cylinder 
=a,  we  shall  then  obtain  for  the  force -4 AT  =ir,  with  which  the 
cylinder  is  set  into  revolution  by  virtue  of  the  penetration  of  its 


parts  into  those  of  the  inclined  plane :  K^p  .  — ^ 


But  the  force 


K  acts  opposed  to  the  force  for  descent  G  An.  a,  hence  it  follows 
that  the  moving  force  for  progressive  motion  =  G  m.  a — K, 

and  the  accelerating  force  jt?  =  _f!5^LlL_  .  ^.     if  ^e  eliminate 
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K  from  both  equations,  we  shall  obtain  Gp  =  Ggrin-a  —  -^  .p, 

consequently  the  accelerating  force  sought : 

o  sin.  a 
P=^ 2- 

1  +S 

For  the  case  of  a  homogeneous  rolling  cylinder  y*  =  i  a' 
(§  221),  hence  p  =  ^^     \    =  |  ^  m.  o;  but  for  a  sphere  y'=-|-  a* 

(§  222),  hence  j9  =  ^,     '     =-fywt.g;  therefore,  the  accelerat- 

ing  force  of  the  rolling  cylinder  is  only  j,  that  of  a  rolling  sphere 
only  ^  that  of  a  body  sliding  without  friction. 
The  force  of  rotation  is : 

j^ g  sin,  a     Gy* Gy^sin.a 

1  ^  yf     ^a*        rf  +  y* 
a* 

As  long  as  this  is  less  than  the  sliding  friction/G cos.  a,  the  body 
descends  rolling  perfectly  down  the  plane.     But  if 

jfiTis  >fGeos.a,  i.e.  iang.a  >ffl  +*-8)> 

the  friction  is  no  longer  sufficient  to  communicate  to  the  body  a 
velocity  of  rotation  equal  to  its  velocity  of  progression ;  hence  the 
acceleration  of  progression,  as  for  sliding  friction,  is : 

G  sin.  a^—f  G  COS.  a  ,  .  ^         . 

p  =  ^ .g={sm. a—fcos. a)  ff, 

and  that  of  rotation : 

fGcos.a  ^€^ 

For  a  carriage  of  the  weight  G  with  wheels  of  the  radius  a,  and 
with  the  moment  of  inertia  Gj-y^  we  have : 

^    a                Gsin.  a-^f-  G  cos.  a  —  K 
K=p-^  and|>  = g g,  i.  e. 

g  («tN.  a — •/-  eo».  a) 
/>= ^ 

^  Ga* 


r  =  ^  -  0,139  Md/—  -  0,15  .  _i-   =  0,00M, 
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Eim^Ua.—l.  A  loaded  mggon  of  3600  Itx.  veigtit,  with  whMb  4  feet  Ugh,  ind 
Dument  of  inertia  2000  ft.  ttx.  rolli  down  ui  incUiMd  pUoe  of  12'  indiaitioD, 
wbat  will  be  its  ucelented  lootimi,  if  the  oo-effldent  of  u)e  MctiMi  ~  0,15, 
and  tlie  thickaew  of  Ibe  ailei  of  the  wheeli  amounta  tg  3  inches  ? 

It  ii  Bi^         aooo 

Ga'    "   3600  . 
Udc  the    ««lera«nB  force   .onght  i.  p  -   32.2  («»■  Ig- -  O.OOM  ,  «».  12-) 

32,2  (0,2079  —  0,009*  .  0,978)         32.2  .  0,1987        ,  .„„  ,  „    -^  ^      ■„ 

'  J  jjj,  '      '    =   -    ^-j^ —   -  6,398  feet.— 2.  What   will 

be  the  accelerating  force*  of  a  olid  cylinder  rolling  down  an  incMDed  plane  of  a 
10°  angle  of  deacent  ?  The  co-efficieit  at  the  aliding  friction  of  the  cylinder 
on  the  pUae  -  0,24.  we  have  then/(l  +  ^  -  0,24(1+2)  -  0,72i  botnow 
the  Imf.  40"  -  0.839,  bcDce  the  («v-  "  i"  gre""'  than/  ( I  +  ^ ,  aad  the  aceck- 
ratioD  of  the  roDing  motiop  leu  than  that  of  the  progrenive.  The  laat  ia 
p^(m.a—/coi.  a)fr-(D,6428— 0.24  .0,7660)  .  32.2  =  0,459.32,2-11,78  feet, 
but  the  fint  only  ;>,  •^  0.24  .  2  .  32,2  c(».  40°  »  11,85  feet. 

§  244.  Circular  pendulum. — Equilibrium  subnstB  in  a  body 
aiispended  to  a  horiiontal  axis  so  long  as  ite  centre  of  gravity 
lies  verticaUy  below  the  axis;  but  if  ita  ceotre  of  gravity  be 
drawn  out  of  the  vertical  plane  containing  the  axis,  and  the  body 
be  left  to  itaelf,  it  will  take  up  an  oscillatory  motion ;  that  is, 
it  will  move  up  and  down  in  a  circle.  In  general,  however,  a 
body  oBcillating  about  a  horizontal  axis  i«  called  a  peudulum. 
If  the  oecillating  body  is  a  material  point,  and  ita  connexion 
with  the  axis  of  revolution  be  made  by  a  Hne  devoid  v£  weight, 
we  then  have  the  mathematical  or  timple  penAtban ;  but  if  the 
pendulum  consista  of  a  body  having  dimensions,  or  of  several 
bodies,  we  have  then  a  compound,  physical,  or  material  pen- 
dulum. Such  a  pendulum  may  be  re^^irded  aa  a  coanexioa  of 
simple  pendulums  oecillating  about  a  common  axis.  The  simple 
pendulum  is  an  imaginary  one  only,  but  ita  assumption  possesses 
great  advantage,  because  it  is  easy  to  reduce  the  ^eory  of  the 
motion  of  the  compound  to  that  of  the  simple  pendulum. 

If  the  pendulum  suspended  at  C, 
Fig.  8(K),  be  drawn  out  of  ita  vertical 
position  CM  into  the  position  CA,  and 
then  left  to  itself,  it  will  go  back  by 
virtue  of  its  gravity  with  an  accelerated 
motion  towards  CM,  and  its  mass  will 
arrive    at   its    lowest  point  M  with  a 

V* 

velocity  v,  whose  height  5-  ia  equal  to 
the  height  of  descent  DM.     In  virtue 
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of  this  velocitjr  it  will  now  describe  on  the  other  side  the  arc 
MB  =  MA,  and  will  thereby  ascend  to  the  height  DM.  From 
B  it  will  again  fall  back  to  M  and  A,  and  so  it  will  go  on 
saccessively  describing  the  circular  arc  AB.  If  the  resistance 
of  the  air  and  friction  were  entirely  set  aside,  this  oscillation  of 
the  pendulum  wonld  go  on  indelinitely,  but  becanse  these  resist- 
ances cau  never  be  done  away  with,  the  amplitude  of  the  oscilla- 
tion will  become  smaller  and  smaller,  and  the  pendulum  come  at 
last  to  a  state  of  rest. 

The  motion  of  the  pendulum  from  ^  to  £  is  called  an  oscUla- 
lion,  the  arc  AB  the  rnnplitude,  the  angle  measuring  half  the 
amplitude  by  which  the  pendulum  is  distant  from  either  side 
of  the  vertical  CM,  the  angle  of  elongation  or  angle  of  deciation. 
Lastly,  the  time  in  which  the  pendulum  makes  an  oscillation,  is 
called  the  time  of  oaciilation. 

^g  3QJ  §  246.  On  account  of  the  frequent 

application  of  the  pendulum  to  the 
purposes  of  life,  to  clocks  namely,  it 
is  of  consequence  to  Icnow  the  times  of 
oscillation,  hence  the  detennination  of 
theae  is  one  of  the  principid  problema 
in  mechanics.     With  the  view  of  solv- 
ing this  problem,  let  us  put  the  length 
of  the   pendulum  AC  =  MC  =  r. 
Fig.  301,  and  the  height  of  ascent 
or  descent  corresponding  to  a  com- 
plete oscillation  MD  =  h.     Let  as 
assume    that    the  pendulum   baa  fallen   from  A  to   G,  and  let 
the   height    of    fall    DH  =    x    correspond    to    this    motion, 
we  may  then  put  the  acquired    velocity  v  =   v'  2  gx,  and  the 
particle  of  time  in  which  the  particle  of  space  GK  ia  described, 

T  — =  — ^^= .     If,  now,  from  the  centre  O  of  MD  ^  A 

V         VZgx 

and  the  radius  OM  =  OD  ^  i  A,  we  describe  the  semicircle 
MND,  we  then  have  a  portion  of  this  arc  NP  trf  the  height 
PQ  =  KL  =  RH  equal  to  OK,  which  is  in  a  simple  ratio  to  this 
particle  of  space  GK.  From  the  similarity  of  tbc  triangles 
,GKCG 


NP        ON 

triangles  NFQ  and   ONH,  -^  =  j^ ;    hence,    if    we   divide 
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these  two   equations    by   each  other^    and  bear   in    mind  that 
KL  =  PQy  we  then  obtain  the  ratio  of  the  said  portion  of  arc ; 

-,r==:  =  -TTrr—Frrr*     ProDi  thc  propcrtics  of  the  circle.' and  from 
NP        GH .  ON 

the  theory  of  the  mean  proportional,  RH*  =  MH{2  CM —  MH) 

and  NiP  =  MH .  DH;  hence  it  follows : 

GK  _  CG.  VDH  ^  r  sHc 

NP  "  ON.  V2CM—MH~  \hy/%r—[k  —  x)' 

and  the  time  for  describing  an  element  of  space  is  : 
r  Vx  NP  2r 


{h  \/2r—{h—x)  '   A/2ffx        AV'2^  [2r— (A— ^)] 

NP 


.NP 


^Vj 


v^- 


h — X 


2r 
In  most  cases  of  application,  a  small  angle  of  deviation  is  given 

to  the  pendulum,  and  for  this  reason  ^,  as  also  ^^i  ^^  there- 
fore also  -^ —  is  so  small  a  quantity  that  we  may  neglect  it  as 

/r      NP 

well  as  its  powers,  and  now  put  r  =  a/  —  •  — r-  .  The  dura- 
tion of  a  semi-oscillation,  or  the  time  in  which  the  pendulum 
describes  the  arc  AM,  is  equal  to  the  sum  of  all  the  particles 
of    time    corresponding   to    the  elements    GK  or  NP,  or   a» 

-r  •  A/  "~  i*  *  constant  factor,  equal  to  -r-  a /—   times  the 
sum  of  all  the    elements   forming  the   semicircle  DNM;  ue. 

=-t-a/—  times  the  semicircle  (-^-j  itself,  therefore 

""A  V  g  '    2    "   2V  g' 
The  pendulum,  however,  requires  the  same  time  for  ascending,, 
for  here  the  velocities  are  the  same,  and  only  opposite  in  direction, 
and  for  this  reason  the  duration  of  a  complete  oscillation  is  twice  as. 
great, 

i.  e.  /  =  «r  ^  /  —  . 

^   g 

§  246.  To  determine  the  duration  of  an  oscillation  with  greater 
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accuracy^  which  is  necessary  where  the  angles  of  oscillation  are 
large^  let  us  transform  the  expression : 

1  _/  A-^\-i 

Vf^ ^         \  2r  /        uito  the  senes 

and  we  shall  obtain  the  time  for  an  element  of  space 

If  we  put  the  angle  NOM,  subtended  at  the  centre  by  NM,  =  f  ^ 
we  shall  then  also  obtain 

MH=h — ^=N0  {I —COS.  ^)  =  i  A  (1 — cos.  4>);  hence : 

If  we  divide  the  semicircle  DNM  into  n  equal  parts^  and  if  we  put 
each   =  NP  =  -^ —  •  we  shall  obtain 

/i     .    1     h  {I— COS.  if)   ,       \       /~       ^ 

by  substituting  successively  for  ^  =  ~ ,   — ,   — ...  to  — ,  and 

adding  the  results^  we  shall  then  obtain  half  the  time  of  an  oscil- 
lation : 

^  =  f  n  -h  g-  (» — ^the  sum  of  all  the  cosines)  +  •  •)  A/  ""  *  <r"  ' 
But  the  sum  of  the  cosines  of  all  the  angles  from  ^=o  to  f =t  is 

=0;  hence^  we  have  more  correctly :  <  =  ( 1  +  ^  J  .  ir  a  / —  . 
If  we  have  regard  to  more  members  of  the  series^  we  shall  obtain  : 

'= [•-(«'-^-(H)'G4y-G:ll)"44)'-]  -Vf 

the  last  formula  but  one  is^  however^  generaUy  sufficient.  K 
the  pendulum  oscillates  in  a  semicircle^  we  then  have  A  =  r ; 
hence  the  duration  of  an  oscillation : 
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From  the  angle  of  elongation  a,  it  follows  that 

C09,a= =  1 ,  therefore,-  =  1  —  cos.  a:  and  hence. 

—  =  J  . =  i  (sin.  s)  ;  from  this,  consequently,  the 

correction  for  the  time  of  oscillation  corresponding  to  a  given  angle 
of  elongation  may  be  found.     If,  for  example,  this  angle  =  15^, 

we  have  g-  =  i  ( ««•  -o~  )   =  0,00426  ;  on  the  other  hand,  for 
a  =  5® :  5-  =  0,00047 ;  for  the  latter  angle  of  elongation,  there- 

fore,  the  time  of  oscillation  is  /  =  1,00047  .  «•  a/ — . 

We  may,  therefore,  for  a  deviation  under  5®  put  tolerably  accu- 
rately the  time  of  oscillation  : 

t  =  IT  a/-^  =  ■-:=  \^r  =  0,562  \/r. 
V    g        V  g 

§  247.  As  the  angle  of  deviation  does  not  appear  in  the  formula 

^  =  ir  A  /-«  it  follows  that  the  small  times  of  oscillation  of 
"V  g' 

pendulums  are  independent  of  this  angle,  and   theref(»re  that 

pendulums  of  equal  length,  but  of  different  angles  of  deviation, 

vibrate  isochronously,  or  perform  their  oscillations  in  equal  times. 

A  pendulum  deviating  4P  has  the  same  time  of  oscillation  as 

a  pendulum  deviating  1®. 

If  we  compare  the  time  of  oscillation  t  with  the  time  of  free 

descent,  we  shall  then  arrive  at  the  following.     The  time  of  free 

descent  from  the  height  r  will  be  t^ 

—  /y—  =  i/2  •  /y  — ,  hence  t:t^=wt  v^2; 

the  time  of  an  oscillation  is,  therefore,,  to  the  time  in  which  a  body     -    ^'.  <^' 
'  \  fOi'M  the  length  of  the  pendulum  fr#<ly  doaoonds,  as  «  to  the  square 

root  of  2i  or  since  /,  is  also  =  \/     '     ^  =  2  \/  ^—,   the 

time  ofwdlUdim  is  to  ihe  iiiiie  o/desetfU  o/ha^ihe  feityM  v/tAe 
jTfirfiifiifn  ITU  II  III  iPn  1^ 

If  we  put  the  times  of  oscillation  t  and  ^|,  corresponding  to 

//    / '  '  '/  '      *        ■ 

f  •  '        C  '  '  *  •      C 1 


"   t 
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the  lengths  of  the  pendulum  r  and  r^  we  then  obtain  /  :  /^ 
^=  n/^ :  ^r^ ;  therefore,  for  one  and  the  same  acceleration  of 

gravity,  the  times  of  oscillation  are  as  the  square  roots  of  the 
lengths  0/ the  pendulum.  On  the  other  hand,  if  n  be  the  number 
of  oscillations  which  a  pendulum  makes  in  a  certain  time,  one 
minute,  and  n|  the  number  which  another  pendulum  makes  in  the 

same  time,  we  then  have  t  :ti  =  —  :  — ,    hence,   inversely,   n  :  n^ 

=  i/r":  ^T  i-  e.  the  number  of  osciUations  is  in  an  inverse  ratio 
to  the  square  roots  of  the  pendulum.  A  pendulum  four  times  the 
length  gives,  therefore,  half  the  number  of  oscillations. 

A  pendulum  is  called  a  seconds  pendulum,  when  its  time  of 
oscillation  is  one  second.      If  we  put  /=!  into  the  formula 

/  =  ^  A  /^^  we  obtain  the  length  of  the  seconds  pendulum 
r  =  ^  =  89,18929  inches  =  0,9988  meters. 

IT 

From  the  formula  /  =  ir  a/  —  it  follows  by  invers^ion  that 

jr=  ( ^y  r ;  the  acceleration  of  gravity  may  be  found,  therefore, 

from  the  length  of  a  pendulum,  and  from  its  time  of  oscilla- 
tion t.  This  method  is  both  simpler  and  safer  than  that  of 
Attwood^s  machine. 

Remark.  The  diminution  of  gravity  from  the  poles  to  the  equator  has  been  proved 
by  pendulum  observations,  and  its  quantity  determined.  This  diminution  is 
due  to  the  effect  of  the  centrifugal  force,  which  is  generated  by  the  diurnal 
rotation  of  the  earth  about  its  axis,  and  to  the  increase  of  the  earth's  radius 
from  the  poles  to  the  equator.    The  centrifugal  force  at  the  equator  diminishes  by 

•^  of  ito  value  (§  231),  whilst  at  the  poles  it  is  nuU.     If  jS  be  the  latitude 

of  the  place  ctf  observation,  the  accelerating  force  of  gravity  from  pendulum  observa- 
tions  will  be  ^*»  32,2  (1  —  0,00259  cot.  2  /3),  therefore  at  the  equator  where  /3  »  0 ; 
therefore  cot.  2  /3  »  1,  ^  »  32,2  (1  —  0,00259)  «  32,46>  feet,  and  at  the  poles, 
where  /3»90«;  therefore  eo9.  2  fi^eot.  180*»  ~  1 ;  g^Z2,2  .  1,00259 » 32,283  ft 
For  the  rest  g  is  less  on  mountains  and  in  mines  than  at  the  level  of  the  sea. 

§  248.  Cycloid. — ^We  may  in  an  iniSnite  number  of  ways  set 
a  body  into  vibration,  or  into  an  oscillating  motion,  and  we  call 
every  body  in  this  condition  of  motion  9^  pendulum,  and  distinguish 
accordingly  several  kinds  of  pendulums,  for  example,  the  circular 
pendulum,  which  we  have  already  considered,  and  the  cycloidai. 
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MO,  302.  where  the  body, 

by  virtue  of  gra- 
vity, oscillates  to 
and  &o  in  a  cy- 
cloidal  arc,  and 
the  torsion  pen- 
dulum, where  the 
body  vibrates  by 
virtne  of  the  tor- 
sion of  a  thread, 
or  wire,  &c.  Vfe  shall  here  speak  only  of  the  cycloidal  pen- 
Ailum. 

The  cycloid  JD,  Pig.  303,  ie  a  curved  line  described  by  a  point 
^  of  a  circle  APB  which  rolls  along  a  straight  line  BD,  If  this 
generating  drcle  has  rolled  forward  BBi  =  CCi,  and,  therefore, 
come  into  the  position  .^jB^  it  has  then  also  revolved  through  the 
arc  AP=A^Pi=BB^=PPi,  consequently  the  ordinate  corres- 
ponding to  any  absciBs  Jl/P,  =  ordinate  MP  of  the  circle  plus 
the  arc  of  revolution  AP.  In  this  rolling  the  generating  circle 
revolves  about  the  point  of  contact  at  each  instant  with  the  base 
line,  if,  therefore,  it  be  in  AiBi,  it  will  then  revolve  about  B^, 
and  describe  thereby  the  elementary  are  PiQ,  of  the  cycloid; 
consequently  the  chord  ByP^  will  be  the  direction  of  the  normal, 
and  the  chord  AyP^  that  of  the  tangent  to  the  cycloid  at  the  point 
Pj.  The  prolongation  PQ  of  the  diord  AP  reaching  to  the  ordi- 
nate OQj  is,  therefore,  equal  to  the  element  of  the  cycloid  PjQi, 
as  further  the  apace  of  revolution  is  equal  to  the  space  RQ  of 
progression,  PQ  is  then  the  base  line  of  an  isosceles  triangle  PRQ, 
and  equal  to  double  the  line  PN,  which  the  perpendicular  RN 
cuts  off,  but  PN  is  the  difference  of  the  two  contiguous  chords 
AP,  AR,  and  consequently  the  element  of  the  cycloid  P,  Qj  =  twice 
the  difference  of  the  chor(^  [AR — AP). 

As  the  continuous  elementary  arcs  make  up  together  the 
whole  are  AP^,  and  likewise  the  aggregate  of  the  differences 
of  the  chords,  the  whole  chord  AP,  the  length  of  the  cydoidal 
arc  APy  is  from  this  equal  to  double  the  chord  of  the  cirele 
AP,  appertaining  to  it.  To  the  semi-cycloid  AP^D,  corres- 
ponds the  diameter  as  a  chord  of  a  cirele,  hence  the  length 
of  the  half  of  the  cycloid  is  equal  to  double  the  diameter  of  the 
generating  circle. 
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>.«.  3ft3.  §  249.  Cycbndal  pen- 

dulum.— Prom  the  iJmtc. 
known  properties  of  the 
cycloid,  the  theory  of 
the  cycloidal  pendulum, 
or  the  formola  for  the 
time  of  oscillfttion  of  a 
body  vibrating  in  a  cy- 
cloidal arc,  may  be  easily 
developed.  Let  AKM, 
Pig.  SOS,  be  the  half  of  the  cycloidal  arc  in  which  a  body  ascends 
or  dcBcendB,  or  oscillates,  and  MB  the  generating  circle,  theie- 
fore,  CE  =  CM  =  r  its  radius.  If  the  body  has  described  the 
arc  AG,  it  has,  therefore,  fallen  from  the  height  DH  =  x  (§  246), 
it  has  then  acquired  the  velocity  v  =  ^/ ft  gx,  with  which  it  de- 
GK         GK 


Bcribes  the  elementary  arc  CK  in  the  time  r = - 


^2tf. 


But  from  the  siniilarity  of  the  triangles  GLK  and  FHM, 
GK_FM  — jj  ^„  ^^  GK  _  ^MH.ME 
KL  =  MB'  «"■'  ^Fm^MH.  ME.   ^  =  ^^ 

=— — :: ;  &om  the  simikrity  of  the  triangleB  JVPQ  and  ONH, 

NP       ON  .       ——     „„    „„  NP  ON 

TQ  =  im'  «■•'  '""=*  NIP^MH.DH,  pQ  =  ^^^    ^^ 

Now  KL  —  PQ,  hence  it  followi  by  divuioB  ; 

OK  _  -/We     ^MH.DH  _  VME  .  DH 
TIP  ~  ■/MH  OS         -         ON       ' 

or,  since  ON  is  half  the  height  of  descent  =  ^,  ME  =  2r,  uid 


GK_</iri:_i</%ri 
NP~    \h  4      ' 

By  putting   GK  =  ^^^"  .  NP  into  the  flHmuU  r 

we  obtain :  

.=    avgr^    .NpJi.fl.NP 
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The  time  of  falling  from  ^  to  3f  is  the  aum  of  all  the  values  of 
T,  which  are  obtained ;  if  for  NP  all  the  particles  of  the  8emi-circle 

DNM  be  successively  substitated,  therefore,    =  j  a /—  times 

the  semi-drcle  DNM  (^  A  I.     In  this  manner  we  obtain  the  time 
for  falling  through  the  arc  AM, 


=jI*-4 


Vj-V~r 


mi  as  the  time  for  ascending  the  arc  MB  is  likewise  as  great,  the 
time  of  oscillation,  or  the  time  oi  describing  the  whole  arc  AMB  i 


'-VF'Vf- 


As  this  quantity  is  qoite  independent  of  the  length  of  the  arc, 
it  follows  that,  mathematically  speaking,  the  times  of  oscillation  for 
all  arcs  of  one  and  the  same  cycloid  are  equal,  the  osciUations  of 
the  cycloidal  pendulum  are,  therefore,  perfectly  isochronous.  If 
we  compare  this  formula  with  the  formi^  for  the  time  of  oscilla- 
tion of  a  circular  pendulum,  it  follows  that  the  times  of  osciUation 
for  both  kinds  of  pendulums  are  equal,  if  the  length  of  the  circular 
pendulum  is  equal  to  four  times  the  radius  of  the  generating 
circle  of  the  cycloidal  pendulum. 

Ittmark  1.  It  m^  be  proved  bf  the   liighar  calcnliu   that   the  crckild  hu, 

beiidei  the  property  of  uoeKnmaM  or  ImUoekrvmrm,  ilao  that  of  irachitloehnmtm, 

.  wliich  ii  that  line  between  two  giTen  point* 

""'         '  in  which  « body  tUI«  in  the  ihorte«t  Unw 

from  one  point  to  the  other. 

Eemari  2.    In   order  to  nulce  a  bo^, 

nupended  to   a  peiftctly  fleiible  thread, 

Tibrate  in  a  cycloidal  arc,  and  thereby  re- 

preKnt  the  cycloidal  pendolnm,  we  impend 

the  body  between  two  cyclmdal  arcs   CO 

and  CO,,  Kg.  304,  m  that  the  thiead  for 

ercry  deviation  unwindi  from  the  one  arc 

and    winda    round    the    other.      By    thii 

winding  and  nnwinding  of  the  thread  COP, 

Ut   eitremity  P  deacribes  a  cnrve  rimilar 

to  the  given  cycloid,  and  it  may  be  itmi- 

larly   repreiented  that  the   evolnte  of  the 

cycloid  it  »  limilar  cyd<nd  in  an  inverae 

podtkm.    Ai  the  length  of  half  the  cycloid  CO/t  ~  CS  —  2JB,  we  have  likewiie 

tlie  arc  -  to  the  atnight  line  evoWed  OP ;  hot  the  are  0^  -  2  ebord  JF  -  2  GO^ 

hence  tlmt  PG  —  00  =•  AP,  and  Hff  —AS.     If  now  we  describe  upon  DH 

a  lemicircte  DKH  and  draw  the  ordinate  NP,  we  then  have  KH  =  PO ;  and  hence 
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aito  PK  =  OH  ~  JH  —  AO  ''  Jff  —  FO  -  arc  JPB  ~  tc  JF  -  m  BF 
'-  »rcDKi  Aiidlutty,  the  ordinKU  ffP  =  the  ordinate  A'ATof  the  drde,  pltu  tbe 
correspoQding  arc  DK;  therefore  NF  ii  the  ordinue  of  a  cfcloid,  and  DPA  the 
cycloid  correipondiaK  to  the  generating  circle  DKH. 

For  tlie  application  of  the  cycloidal  peodulom  to  clocki,  aee  Jahrbiclier  dm 
pofyleeh.  loBtitatei  in  Wien.  voL  xx.  art.  2. 

no.  MS.  $  250.  Compound  pendulum. — To  find  the 

time  of  oscillation  of  the  cotnponnd  pendulam, 
or  that  of  any  other  body  AB,  Fig.  305,  oscil- 
lating about   a  horizontal   axis  C,  let  lis  first 
seek  the  centre  of  oscillation,  i.  e.  that  point 
K  of  the  body,  which   if  it  oscillates  of  itself 
about  C,  or  forms  a  mathematical  pendulum, 
has  the  same  time  of  oscUlation  as  the  whole 
body.     It  is  easily  seen  from  this  explanation 
that  there   are  several  centres   of  oscillation  in  a  body,  but  in 
general,  that  point  only  is  meant  which  lies  with  the  centre  of 
gravity,  in  one  and  the  same  perpendicular  to  the  axis  of  revo- 
lution. 

From  the  variable  angle  of  deviation  KCF=^,  the  accelerating 
force  of  the  isolated  point  Jt,  =gnn.^,  because  we  may  suppose 
that  it  slides  down  an  inclined  plane  of  the  inclination  KHR 
=KCF.  But  if  M^  be  the  moment  of  inertia  of  the  entire  body 
or  set  of  bodies  AB,  Ma  will  be  its  statical  moment,  t.  e.  the 
product  of  the  mass,  and  the  distance  CS  =  s  of  its  centre  of 
gravity  S  from  the  axis  of  revolution  C,  and  r  the  distance  CK  of 
the  centre  of  oscillation  K  firom  the  axis  of  revolution,  or  the  length 
of  the  simple  pendulum  which  vibrates  isochronously  with  the 
material  pendulum  AB,  we  have  then   the  mass  reduced  to   K 

Mt/'  a 

=     ?  ,  and  the  force  of  revolution  reduced  to  this -Jlf^r  «n.  ^j 

consequently  the   accelerating  force  =s  s=  -  M  g  sm.  ^+ 


time  of  oscillation  as  a  mathematical  one,  it  is  requisite  that  both 
should  have  their  motion  in  every  position  equally  accelerated,  that 


_  ^y^  _  moment  of  inertia 
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We  therefore  find  the  distance  of  the  centre  of  oscillation  from 
the  centre  of  gyration,  or  the  length  of  the  simple  pendulum, 
which  has  a  time  of  oscillation  equal  to  that  of  the  compound 
one,  if  we  dvcide  the  moment  of  inertia  of  the  compound  pendulum 
hy  its  statical  moment. 


If  we  substitute  this  value  in  the  formula  / 


='a/f 


we  ob- 


tain for  the  time  of  oscillation  of  the  compound  pendulum  the  for- 


mula  /  =  ir  y^g  =  ,y^|,  or  more  8ccuratel7=(l  +  A.) 

»  A/  ^*     Inversely,  the  moment  of  inertia  may  be  found  firom 
the  time  of  oscillation  of  a  suspended  body,  if  we  put : 
^y'=  (-j   .  Mgs  or  y«  =  ^-j  gs. 


Fio.  306.  ^Sapon^ki. — 1.  For  a  uniform  prismatie  rod  AB,  Fig.  306,  whose  centre 
of  oiiflUitittn  is  distant  C^  =  i;  and  CB  »  ^  from  the  extremities 
^  and  jB,  we  haye  for  (§  219)  the  moment  of  inertia :  M^^^  /'(^'  + 1/), 
and  the  statical  moment  Ms  =  §i^(fi' — k^;  henoe,  the  length  of 
the  mathematical  pendulum  which  vibrates  isochronously  with  this  rod  is 

4  ./t 7>  ■=  — g^,  if /represent  the  sum  ^  +  ^  and  if 


r  =s 


iff    -▼   ^«  — ^«  - 

the    difFierence  li  —  ^.     If  this    rod    beats    half   seconds,   we  have 

r  ^  i.JL-,^.  10132  .  32,2  s=  8156  feet  =  9,737  inches,  but  if  the 
entire  length  /  of  the  rod  amount  to  12  inches,  we  must  then  put: 
9^737  ^  ^^Yrf  ^  ^  <i>  —  19 <r  =s  —  48  nearly;  henoe  it  foUows: 

FIO.  307.    d  ^  ^^— ^^^  .  3  nearly ;  and  from  thU 

2 

l^Jjtl  =  H  =r  7i inches, andJi  =  tz^  =  -i  =  4* inches. 

— 2,  For  a  pendulum  with  a  spherical  lenticular  bob  JB,  Fig.  307,  if 
O  be  the  wdght  and  /  the  length  CA  ist  the  rod  or  thread ;  JIT,  on 
the  other  hand,  the  weight  of  the  bob,  and  p  its  radius  MA  ss  MB : 

^g»  + ig:[(/  + P^j  +  iP*] 

If,  now,  the  wire  is  0,05  lbs.,  the  bob  1,5  lbs.,  frirther,  the  length  of  the 
rod  1  foot,  and  the  radius  of  the  bob  1,15  inches,  we  then  have  the 
distance  of  the  centre  of  oscillation  of  this  pendulum  frvm  the  axis 

of  rotation: 

^  ,  0,05  .  12«  +  1,5  .  (13,15«  -f  i  .  1,15»)        2,4  +  260,177        262,577 
**  "  i  .  0,05  .  12  +  1,5  .  13,15  "    0,3  +  19,725    "    20,025 

262  577 
-»  13,112  inches.    Disregarding  the  rod,  r  would  =        '        =  13,312  inches:  and 


19,725 


19 
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I  -  »  a/—  =  0.S62  a/  '^ii~'  =  O^fi^  V  1,0926..  -  0,M74  mcxiihU. 

§  261.  The  centre  of  suspeiuum  and  centre  of  oscillation  of 

a  material  pentlulnia  are  reciprocal,  *. «.  the  one  may  be  inter- 

rio.  308.         changed  with  the  other,  and  the  pendulum  may 

ji  be  suspended  at  the  centre  of  oscillation,  without 

I  the  time  of  osciUation  being  altered.     The  proof 

I  of  this  proposition  may  be  given  by  aid  of  §  217> 

I  in  the  following  manner.     If  7"  be  the  moment 

of  inertia  of  the  compound  pendulum  AS,  Fig. 

18,  oscillating  about  the  centre  of  gravity  S, 

we  have  then  for  a  revolution  about  the  axis  C, 

<i  distant   CS  =  i  from   the  centre  of  gravity  S, 

T,  =  T+  Mtfi,  hence  the  distance  of  the  centre  of  oscillation  K 

from  the  axis  of  revolution  C : 

_  _ZL  _  I±^  -  _ZL  4. 
**  ~  'WfS'      Ms      ~    3fo    "*"  *' 

If  now    we   represent   the   distance  K8  =  r  — «  of  the  centre 
of  oscillation  from  the  centre  of  gravity  by  «„  we  then  obtain 

the  simple  equation  «j  =  -^r^,  ia  which  a  and  s^  appear  in  a 

no.  309.  similar  manner,  and  hence  may  be  substituted  one  for 
the  other.  This  formula  is  not  only  true  for  the 
descent,  if  s  represents  the  distance  of  the  centre  of 
oscillation  from  the  centre  of  gravity,  but  also  in- 
versely, if  •  expresses  the  distance  of  the  centre  of 
SMittfttiaii,  and  x^  that  of  the  centre  of  gyration  from 
the  centre  of  gravity,  and  C  will  therefore  serve  for  the 
centre  of  oscillation  if  K  serve  for  the  centre  of  sus- 
pension, We  avail  ourselves  of  this  property  in  the 
so-called  cortveriiAle  peaduhan  AB,  Fig.  309,  first  proposed 
by  Bohnenberger,  and  afterwards  applied  by  Eater,  which 
is  furnished  with  two  knife  edges  C  and  K,  which  are 
BO  situated  with  regard  to  each  other,  that  the  times 
of  oscillation  remain  the  same  whether  the  pendulnm 
oscillates  about  one  or  the  other  axis.  In  order  that  the 
axes  may  not  be  displaced  with  regard  to  each  other, 

two  sliding  weights  P  and  Q  are  applied,  the  smallest  of  which  is 
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attached  hj  a  fine  screw.  If  by  the  shifting  or  adjustment 
of  these  weights,  the  time  of  oscillatioQ  comes  to  be  the  same,  the 
pendulum  may  be  Bu^)ended  at  C  or  at  K,  we  shall  then  obtain 
in  the  distance  CK  at  the  two  edges,  the  length  r  of  the  simple 
pendnlum  which  vibrates  sjmchronously  with  the  convertible  pendu- 
lum, aod  we  shall  now  obtain    the  time  of  oscillation  by  the 

fimnula  /  =  ■■  a  /  — . 
A/    ff 

§  252.    The    swinging    or   rock- 
ing of  a  body  with  cylindrical  base 
may  be  compared  with  the  oscilla- 
tions of  a  pendulum.    This  rocking, 
like    every    other    rolling     motion, 
is  composed  of  a  progressive  and  a 
rotatory     motion,    but    it    may    be 
assumed  that  it  consists  of  a  simple 
rotatory  motion  with  a  variable  axis 
of  rotation.     This  axis  of  rotation  is  the  point  of  support  P,  by 
which  the  vibrating  body  ABC,  Fig.  310,  rests  on  the  horizontal 
base  HR.      If   CD  =  CP  ia  the  dkaHiLi  of  the  rolling  base  -t-wW**^ 
ADB  =  r,  and  the  distance  CS  of  the  centre  of    gravity    of 
the  entire  body  from  the  centre  C  of  this  base  =  8,  we  have 
then  for    the    distance  corresponding   to   the  angle  of  rotation 
8CP  =  ff  SP  =  y  of  the  centre  of  gravity  &om  the  centre  of 
gyratmn : 

y»  =  r*  +  «»— .2r»c<w.  f  =  {r  —  i)'  +  4r«(n».-|-Yi 

hence,  if  further  we  represent  the  moment  of  inertia  of  the 
entire  body  about  the  centre  of  gravity  S  by  Mi^,  we  shall 
obtain  the  moment  of  inertia  about  the  point  of  support  P : 

r=3f(A>  +  y»)  =  lf[*»+  (r— *)"  +  4rt{nn.  -|)»], 

which  for  small  angles  of  vibration  may  be  put 

or  only  Jlf  [*"  +  (r  —  »)*].  Since  now  the  moment  of  force 
=  G  .  SN  =  Mg  .  CS  tia.  f  =  Mg  a  m.  4>,  it  follows  that  the 
angular  acceleration  for  the  rotation  about  P : 

_    moment  of  force    _       Motmn.!^        _      gtria.  if> 
*  ~  moment  of  inertia  ~  Jtf  [*■%  (r—t)']  ~  *•  +  (r— «)'' 
19* 
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For  the  simple  pendulum  it  is  = —,    if  r^    represent  its 

length ;  if  both  are  to  vibrate  isochronously,  it  is  necessary  that : 
gsrin.  ^     _    g  Hn.  f       .  _  1^  +  (r — t)* 

*»  +  (r— *)»  -         r,         ;  »•  «■  '■i  -  J  • 

The  time  of  the  vibration  of  the  balance  is  from  this : 


ria.  311.  This  theory  may  also  be  applied  to  a  pendulom  AB, 
Fig.  Sll,  with  a  rounded  axis  of  rotation  CM,  if  for  r 
the  radios  of  curvature  CM  of  the  axis  be  substituted.  If 
instead  of  the  rounded  axis  a  knife  edge  D  be  applied,  the 
time  of  vibration  will  then  be 

'■-'V    gDS     -'V     y(.-«)    ' 
the  distance  CD  of  the  edge  from  the  centre  of  the 
round  axis  being  represented  by  x.     Both   pendulums 
have  equal  times  of  vibration  if 

*'+"-*)'  =  *■+''— ')■,„, -^_„j!±!;_2,. 

* — X  »  B — X  » 

k*  If        k*  X 

If  we  write s=  —  +  —^  approximately,  and  neglect  r*,  we 

sheJl  then  obtain  x  =    , „  . 

Btmart  1.  Id  the  Secon,d  Put,  under  the  utide  "  Ib^- 
Fio.  312.  ittor,"  the  coniol  pendnlam  will  be  mentioned, 

Bmari  2.  Battic  pettdutuM. — Bodiei  ire  likewUe  very  often 
set  into  vibrator;  motion  byelutidty.  Attrinf,orfinewiie,^£, 
ng.  312,  ii  stretched  bf  t  weight  Q  =  Mg.  if  this  weight  it 
urried  &om  the  point  of  repose  C  U>  D,  the  itring  ii  Ibereb;' 
■tT«t«hed  CD-^r;  and  if  the  weight  be  aAerwardi  ]3A  to 
it«el(  it  will,  by  rirtne  of  the  dutidty  (rf  the  atring,  be 
i^Kd  igiin  to  C;  it  will  uriTG  there  with  t  cert«in  Telodty, 
■nd  ucend  by  its  tpit  trtixi  to  E,  from  whence  it  iriD  sgun 
U]  to  £>  end  C.  Id  tUi  muiner  the  weight  will  oKdllale 
a  certain  time  in  the  ipice  f)£  —  2Cf>  —  2rto  lad  ho, 
and  the  qoeitioQ  now  ii,  ai  to  its  duration  of  oadllatimi. 
From  the  leogth  4B  —  J,  trannerae  lectuHi  J'and  modulni 
<rfdaiticity  £oftbe  itring,  it  foUowt,  S  1  S3,  that  tlieft«ce  to 
extend  it  a  length  CM^siiP"  .^. /'£;  hence,  the mediani- 

eslelbctrequiredtoeitenditlbelength-u= — T  ='  .S FS. 
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Let  w  now  put  guccei^vel;  jt  k  -,  — ,  _,  &c.,  tod  add  Hie  coirespoodli^  nw- 

duuicil  effect!,  we  ihiU  then  obtida  the  wbolg  nwchti^ctl  effect  foe  the  ezteniioti 
of  theitring 

CD~-r:L-Z,  FE  (l.  +  21  +  ...\  =  -^  FE  (1  +  2  +  ..  +  ■) 
=  -^FS.^  =  ^.FEiiioAtiaaasaietaionClt~x:L,-^.FB.  If  now, 
mTerMlf,  the  (tring  be  coatncted  by  DM,  therefore  the  weight  D  ueend  from 
A  to  JV,  i.  c.  r  —  f ,  it  wOl  g^  the  medunicil  eBtet  L—Li  =  (—Ti)^^ 
and  conuDDDicBte  to  the  weight  G  «  Teh>dty  t>  correaponding  to  the  Ht  viva 
t?M-  —.O;  whence  we  thaU  have  to  pat  ^  o  -  Z'^"*^  pg     and   the 

Tariable  Tehidty  ot  oadllMion  will  be  o  -  a/^ •/»*—**.  Bnt  now  v"!*  — *" 
ma;  be  put  eqnal  to  the  ordinate  MK—y  of  ■  Kmidrde  deKribed  upon  DE;  hence 
it foUowt,  mon  limpl;,  that v  =  aZ-wj ■  f'  ^^  the   initant  for  detoibing  the 

particle  of  ipace  MN:  r  =s •  \/.~.    Prom  the  nmilarity  of  the  triangtei 

,r,  a     J  vr.^  KU        EM    ,        MN        y         MN        KL    ,  ,^  .  „ 

ELHtnAKCM .-—   ^  -^  ,  i.  t.  -^j-   —  £,  or —  — ;  hence,  it  foUowi 

thatra  —  \/pet  and  hwtlj,  the  whole  time  ti  oidllition,  or  the  time  of 

1        /Ml 
desoilnng  the  space  DEi»:t—-  a/-.-,  time*  the  turn  of  all  the  elements  of  the 

temidrcle  =  -  a/.^  timet  the  temidrcle 

irr       pTl  nn  w        fWi 

~7  V  FE~'  W   FB    "    J-^'S/  FB    ' 

If,  for  example,  an  iron  wire,  20  feet  long  and 
Fi»,  313.  (,_,   [„^  jy^^    (^    ttretched  bj    a   we^ht 

C  —  100  Ibi.  and  get  into  longitudinal 
vibration,  the  daistion  of  the  oedQationi  will 
then  be,    unce  from   {   IBS   £  '^  26000000, 


V- 


100.20 


(0,1  )».  i  .26000000 

-  0,653   /\J ^  ^  -  0,05*64  aecondi. 

Remari  3.  We  have  a  lonion  pendulnm  if  a 
string  or  wire  CD,  Hg.  313,  turns  about  an  arm 
JB  and  ii  brought  out  of  iti  natural  position 
MN  into  the  podtion  AB,  and  then  left  to 
itself.  The  rod  or  arm  ^£  is  set  into  vibrs. 
tion  by  virtue  of  the  tonion  of  the  itring, 
which  eitenda  to  an  equal  diitance  on  both  sides  of  MN,  so  that  AM  ^  A^M- 
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If  we  put  the  force  of  tonian  tot  the  diitence  (1)  and  (or  the  itc  of  TibratiiHi 
(1)  i=  f,  U  wiU  then  be,  for  the  tn^  of  nbntioa  MCP  •=  r.  "  ^f>  ■"^  *^ 
corretponding  mecbwuc*!  efltet  — ^;  on   the  other  faind,  foi  the  entire  angile 

of  eloagation  MCA  »  a,   ~  £,  -  ^.      If  now  the  inert  man  of  the  entire 

pendulmn  =3  Jf  be  ledoced  to  the  diatance  (r),  md  the  ■ugokr  TClodt;  with  wfaich 
it  pMiea  &otn  the  podtion  AB  into  that  of  PQ  —  h,  we  ihill  then  have 
M^  .  £(^i:£},  aod  itence,  «  -  */JE{a'— V)i  and  filially,  the  time  cf 


-VI- 


CHAPTER   IV. 


TBS    DOCTSINS    OF   IMPACT. 


$  353.  Iv^Mct  in  particular.— In  virtue  of  the  impenetrability 
of  matter,  two  bodies  cannot  aimnltaneonaly  occupy  one  and  the 
same  position.  But  when  two  bodies  in  motion  come  into  contact 
with  one  another,  so  that  the  one  strireB  to  penetrate  the  space 
occupied  by  the  other,  a  reuprocal  action  takes  place,  producing 
a  consequent  change  in  the  conditions  of  motion  of  the  two 
bodies.  This  reciprocal  action  is  what  is  called  impact  or 
coUitum, 

The  relations  of  impact  depend  upon  the  law  of  equaUtt/  ofadiiM 

and  re-action   {§  ffit) ;    during  impact,   the   one    body    presses 

exactly  as  forcibly  on  the  other 

as  does  this  latter  in  an  oppo- 

site  direction    on    the    former. 

The  straight  line,  perpendicular 

to  the  surfaces    in  which  the 

two  bodies  touch,  and  passing 

through   the  point   of  contact, 

is  the  direction  fA  the  impact. 

If  the  centres  of  gravity  irf  the 

two  bodies  ue  within  this  Hne^  the  impact  is  then  caUed  a  centric ; 

bnt  if  without,  an  excentric  impact.     The  bodies  A  sad  B,  in 

Pig.  814,  g^ve  a  centric  impact,  because  their  centres  of  gravity 

£F,  and  8^  lie  in  the  normal  iVJV  to  the  plane  of  contact  DE ; 
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of  the  bodies  A  and  B,  Fig.  315,  A  thrusts  centrically,  and 
B  eicentrically,  because  Sj  lies  within,  and  Sj  without  the  normal 
line  AW 

With  respect  to  the  direction  of  motion,  we  distinguish  between 
direct  impact  and  obUgue  impact.     The  direction  of  motion,  in 


the  case  of  direct  impact,  lies  in  the  line  of  impact ;  bat  in  that 
of  oblique  impact,  there  is  a  deviation  between  the  two  directions. 
If,  for  example,  the  bodies  A  and  B,  Fig.  316,  move  in  the  direc- 
tions SjC,  and  S^C^  which  deviate  from  the  normal  or  line  of 
impact  NN,  an  oblique  impact  will  take  place ;  whilst,  if  the 
directions  coincided  with  the  normal,  it  would  be  direct. 

We  make  the  further  distinction  of  the  impaet  of  free  bodiet 
and  the  vmpacl  ofbodieM  entirety  or  partially  tupparted. 

§  254.  The  time  occupied  in  the  communication  or  change  of 
motion  by  impact  is  indeed  very  small,  but  by  no  means  inde- 
finitely sinall ;  it  depends,  as  weU  aa  the  impact  itself,  upon  the 
mass,  velocity,  and  elasticity  of  the  impinging  bodies.  We  may 
regard  this  time  as  consiBting  of  two  penods.  In  the  first  period 
the  bodies  become  mutually  compressed,  and  in  the  second  they 
again  partially  or  entirely  extend  themselves.  Elasticity  is  brought 
into  action  by  this  compression,  and  puts  itself  into  equilibrium 
with  the  inertia,  and  thereby  alters  the  state  of  motion  of  the 
impinging  bodies.  If  the  limit  of  elasticity  is  not  exceeded  by 
the  compression,  the  body  at  the  end  of  the  impact  perfectly 
recovers  its  former  figure,  and  we  then  call  it  a  perfectly  elaatie 
body ;  but  if  at  the  end  of  the  impact  a  disfigurement  takes  place, 
we  then  call  it  an  imperfectly  elastic  body ;  and  lastly,  if  the 
body  retains  its  original  &)rm,  at  a  maximum  pressure,  and  there- 
fore has  no  tendency  to  expansion,  we  call  it  an  inelastic  body. 
At  any  rate,  however,  the   distinction  must    only   be    taken  as 
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correct  relatively  to  a  certun  Btrength  of  impact,  for  it  is  possible 
tliat  one  and  die  same  body  may  ahow  itself  elastic  to  a  weak, 
and  inelastic  to  a  strongs  impact.  Strictly  speaking,  do  body  is 
perfectly  elastic  or  perfectly  inelastic ;  yet  we  shall,  in  the  sequel, 
call  bodies  elastic  wbich  nearly  recover  their  form  after  impact, 
and  those  inelastic  which  undergo  a  considerable  and  pemumeat 
disfigurement  by  impact  (compare  §  181). 

In  practical  mechanics,  impinging  bodies,  such  as  wood,  iron, 
&c.,  are  generally  considered  inelastic  bodies,  because  they  possess 
but  little  elasticity,  and  by  repetition  of  the  blows,  lose  still 
further  that  elasticity.  It  is  a  most  important  rule,  moreover, 
to  avoid  as  far  as  possible,  in  machines  and  constructions,  all  jars 
or  impacts,  or  so  to  moderate  their  effects  as  to  convert  them  into 
elastic  ones;  because  shocks  and  abrasions  would  be  thereby 
produced,  and  a  part  of  the  mechanical  effect  consumed. 

,  .  §  255.  Ineloitic  impact. — Let 

us  in  the  first  place  develope  the 
laws  of  the  direct  central  impact 
of  freely  moving  bodies.  Let  us 
suppose  the  time  of  impact  to  be 
made  up  of  equal  parts  r,  and 
let  ue  assume  that  the  pressure 
during  the  first  instant  is  P^, 
during  the  second  P^  daring 
the  third  P^  and  so  on.  Let, 
now,  the  mass  of  the  one  body  he  A  =  3L  Pig.  517,  we  shall 
then  have  the  corresponding  accelerating  force : 

^1  ^3  Pi        ^ 

but  from  §  19,  the  change  of  velocity  due  to  the  accelerating  force 
p  and  particle  of  time  riax  =  pr;  hence,  for  the  ensuing  (all, 

we  shall  have  the  elementary  increment  or  decrement :  K|  ^  -^-^ 

Pi^  -Ps'       .L  :.   .L  ' 

K^  =!    „  ,  Kj  =  ■-£— ,   &c.,  and  the   consequent  mcrement  or 

decrement  of  velocity  of  the  mass  Jf,   in   a  given   finite   time 

«,  +  r,  +  «a  +  .  •  •  =  (^i  +  ^a  +  -Ps  +  . .)  ~,  as  also  tiie 

consequent  change  of  velocity  of  the  masa  B  of  the  magnitude 

M,:  =  (Pi +  P3 +  /•,  +  ..)—. 
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In  the  following  or  impinging  body  A^  tlie  pressure  acts  oppo- 
site to  the  velocity  Cp  consequently  here  a  decrement  of  velocity 
takes  place;  and  after  a  certain  time^  the  residuary  velocity  of 

the  body  is :  t?i  =  Cj  —  (Pj  +  P^  -f .  •)  -^ ;  in  the  preceding  or 

impinged  body  B,  on  the  other  hand^  the  pressure  acts  in  the 
direction  of  motion ;  hence  there  is  an  increment  of  velocity  c^ 
and  it  is  converted  into 

If  we  eleminate  from  both  equations  {P^'\'P2'\-* .)  r,  there  will 
then  remain  the  general  formula : 
I.  3f J  (ci — Ti)  =  M^  (»a — Cj),  or  M^v^  +  Mj)^  =  M^c^  +  M^c^. 

The  product  of  the  mass  and  velocity  of  a  body  is  called  the 
momentum  of  the  body,  and  it  may  therefore  be  enimciated,  that 
for  each  instarU  of  the  time  of  impact,  the  aggregcUe  of  the 
momenta  of  the  two  bodies  is  as  great  as  before  impact. 

At  the  instant  of  maximum  compression,  both  bodies  have  an 
equal  velocity;  hence,  instead  of  Vi  and  t;^,  we  may  put  this 
value  into  the  equation  found;  then  M^v-^M2V  will  remain 
=  Ml  Ci  +  M2  ^a»  ^^^  ^^^  velocity  of  the  two  bodies  at  the 
instant  of  maximum  compression  will  be : 

If  the  two  bodies  A  and  B  are  inelastic,  they  exert  therefore  no 
powCT  after  compression  to  re-expand  themselves,  and  the  commu- 
nication of  a  change  of  motion  will  then  cease,  if  both  bodies 
are  compressed  to  a  maximum ;  and  hence  the  two  will  go  on 
after  impact  with  a  common  velocity : 

Sgang^ki. — 1.  An  indasticbody  B  of  30  lbs.  weight,  moTes  with  a  3  feet  velocity, 
and  is  struck  by  another  inelastic  body  ^.having  a  7  feet  velocity,  the  two  will 
then  proceed,  after  the  blow,  with  the  velocity 

50.7  •«-  30.3        350  +  90        44        11        .t,^     »   ^  v  j 

^-       50  +  30 80 T  -T  -5*feet.-2.  Tocanseabody 

of  120  lbs.  weight  to  pass  from  a  velocity  e^  »  li  feet  into  a  2  feet  velocity  9, 
it  is  struckL  by  a  heavy  body  of  50  lbs.,  what  velocity  will  the  body  jaMuire  ?    Here 

(»  — C)3f,  (2  — 1,5).  120       ^        6     ^^^^ 
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§  256.  EloiHc  impaet. — If  the  impinging  bodies  are  perfectly 
elastic,  they  will  then  expand  themselves  after  compression  in  the 
first  period,  gradually  again  in  the  second  period  of  the  time  of 
impact,  and  when  they  have  resumed  the  former  shape,  they  will 
proceed  in  their  motions  with  different  velocities.  But,  since  the 
mechanical  effect  which  is  expended  on  the  compression  of  an 
elastic  body  is  equal  to  the  effect  which  the  same  gives  out  again 
by  its  expansion,  no  loss  in  vis  viva  will  take  place  from  the  colli- 
sion of  elastic  bodies,  and  hence  the  second  following  equation 
will  be  also  truefor  this  case : 

11.  3firi»+JtfaV=JtfiCi«+3fjC,«,  or 

From  the  equations  I  and  II,  the  velocities  Vi  and  v^  of  the 
bodies  after  impact  may  be  found.  First,  it  follows  by  division 
that 

'     „    =5    /i  1-  e.  c,  +  v,  =  Va  +  Cj,  or  ra  — ri  =  c,— c,; 

if  now   we  put  the  resulting  valae  of  v^^c^+v^ — c^,  into  the 
equation  I : 

M^v^ + M^v^ + M^  (Ci — Cg) = M^c^  +  M^^  or, 
(ilf  1  +  M^  »!  =  {M^  +  3f a)  Ci — 2  M^  (Cj — Cj),  from  which  we  have 
the  value : 

Whilst  for  inelastic  bodies  the  loss  in  velocity  of  the  one  body  is 

—         MiCi+M^2  __  3f g  (ci  —  Cg) 

for  elastic  bodies  it  comes  out  twice  as  great,  namely : 


and  while  the  gain  in  velocity  of  the  other  body   for  inelastic 
bodies  is 

_M^c^-^M^^         _3fi  (C|  —  Ca) 
""«""     Jlf,  +  Ma     ~^^""    Jlfi  +  3fa    ' 
for  elastic  bodies  it  is 

2  3fi  (c, — Ca)    1,      .     ^   . 
«^a — P'i  =      j|i  \_ V|^  ^  ,  hkewise  twice  as  great. 


PAATICULAA  CASES.  299 

Exampk»  Two  perfectly  elastic  spheres,  the  one  of  10  Ihs.  the  other  c^  16  lbs. 
weight,  impiiige  with  the  velocities  12  and  6  feet  against  each  other,  what  will 
be  theu*  velocities  after  impact  ?  Here  Jf|  «  10  and  C|  »  12  feet,  but  if,  »  16 
and  c,  —  —  6  fieet,  hence  the  loss  of  velocity  of  the  first  body  will  be 

2.16(12  +  6)        2.16.18 

^^i-^i xoTU —26 *2'^**  ^^' 

and  the  gamin  velocity  of  the  other:  fit— e^  -  ^ '  ^^'  ^^  »  13,846  fbet.    From 

26 

this  the  first  body  alUsr  impact  will  recoO  with  the  velocity  v,  -:  12—22,154 

»  — 10,154  feet;  and  the  other  with  that  of —  6  +  13,846-7,846  feet    More- 

over,  the  measure  of  9i§  vha  of  the  two  bodies  after  impact  «  M^vf  +  M^  ^ 

10  .  10,154* +  16  .  7,8463-1031-1-985  -  2016,  as  likewise  of  that  before  unpact, 

namely :  M^cf  -¥  M^^  10  .  12>  -l- 16  .  6<  » 1440  -^  576  -  2016.     Were  these  bodies 

inelastic  the  first  would  only  lose  in  velocity  *^'"J  ^  »  11,077  feet,  and  the  other 

P^  ^-y-^  «  6,923  feet;  the  first  would  stOl  retain,  alter  impact,  the  velocity 

12—11,077  »  0,923  feet,  and  the  second  tidte  up  the  velocity  — 6  +  6,923^=0,923, 
and  the  loss  of  mechanical  effect  would  be  (2016^(10  +  16 )  0,923* ) :  2^ 
»  (2016  —  22,2)  .  0,0155  -  29,35  ft.  lbs. 

§  257.  Particular  cases. — The  formula  developed  in  the  fore- 
going paragraphs^  for  the  final  velocities  of  impact^  hold  good  also 
in  the  case  where  the  one  body  is  at  rest,  or  where  both  bodies 
move  opposed  to  each  other,  or  where  the  mass  of  the  one  is 
indefinitely  great  compared  with  the  other.  If  the  mass  M^  be  at 
rest,  we  then  have  Cq=0,  hence  for  the  inelastic  body 

r=  ^    ^  ^T^j  and  for  the  elastic  : 

V  =c  -   ^^^t    -^1-^2  .     and 
^  ,      2M.C.  2  3fi 

If  the  bodies  meet,  c^  is  therefore  negative,  and  for  an  inelastic 
body  it  will  follow  that  v  =  — \J^  t^-^3  and  for  an  elas- 
tic  one : 

If  in  this  case  the  momenta  are  equal,  Mypi^M^^  for  the  ine- 
lastic body  then  t;=:0,  t.  e.  the  bodies  bring  each  other  to  rest,  but 
for  elastic  bodies : 

Vi-q—      M^^^^M^  ^c,—Zc,^—c,,  and 
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then  the  bodies  rebound  after  impact  witb  opposite  velocities.  If  on 
the  other  hand  the  maeses  are  equal,  we  hare  then  for  inelastic 

bodies  v=-*-s— 'j  and  for  elastic  v,= — (^,and  Pa=ei,  t.  e.  the 

masses  rebound  with  their  velocities  interchanged. 

If  the  masses  again  meet  in  the  same  direction,  and  if  the  pre- 
ceding mass  M^  be  indefinitely  great,  we  shall  then  have  fbr  inelas- 
tic bodies  i)=-5jJ^=Ca,    and    for   elastic    ti,=ic, — 2  (c, — Cj)  = 

Scj — Ci,Uj=C3+0=Ca;  the  velocity  theiefore  of  the  indefinitely 
great  mass  will  not  be  altered  by  the  collision  of  the  finite  mass,  ft 
now  the  indefinitely  great  mass  be  at  rest,  therefore,  Cg = 0,  we  shall 
then  have  for  inelastic  bodies  v=0,  aod  for  elastic  v,  =  — c^, 
Vg=Oj  the  indefinitely  great  mass  will  then  remain  at  rest,  but  in 
the  first  case,  the  impinging  body  will  entirely  lose  its  velocity, 
and  in  the  second  case  this  will  be  converted  into  an  opposite 


BtamplM^^\,  WHh  wbst  velodtf  miut  a  bod;  <d  9  lb*.  Impinge  igiiiut  iBother 
■t  mt  at  2G  Ibt.,  In  [wder  thst  the  la*t  nuy  hsTC  ■  velodt;  of  2  feet  i    Weie 

the bodie«  inelMtic,  weihooldthen  hare  to  put :«  —   L^ —    i.  a_  °  •  fi  , 

if,  +  Jf,'     •  •     8  +  W 

hence  e,  =  -7-  •>•  8i  feet,  the  raqniied  Telodty ;  but  were  thej  elHtic,  we  ihowld 
'^^  **  "   ^~}~m''  ''™**'  *'  -  Y  ■  **  *^-— 2.  If  ■  (phera   *i.  Fig.  318, 


r,  +  jf,* 

ttrikeagiiiiitaiiMnatratJ^-«jr, 
"°'  *"■  with  the  Tckxritjr  «^,  the  MOODd,  a 

third  mau  M^  -  aJtf,-ia*jr,  wHll 
the  velocity  coBunimktfed  by  the 
impact,  thii  again  anotlieT  bmu 
if.  -  nJW;  -  Rfif„  &c  we  dun 
have  from  the  poftet  elMtUt;  of 
these  mauee;  the  vdodtjr 


"1- 


"*  "(r+s)  '^'  *^  "•  *>r  eiample,  the  wcdght  of  each  tnan  be  half  ugitat 
U  that  of  the  (ncceedinE  one,  and  we  have  theiefbre  the  eiponenta  of  the 
geometrical  leiiei  formed  by  the  matie*  :  it  —  },  it  irill  follow  that 

--T'-'^-d)'^''*-   (■|-)^-.'»-(|)V-'3,32.«, 

§  258.  Lou  <tf  mec/umical  effect. — In  the  collision  of  inelastic 
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masses,  a  loss  of  vis  viva  constantly  ensues,  whence  the  masses 
after  impact  have  not  the  power  of  producing  so  much  mechanical 
effect,  as  before  impact.  Before  impact  the  masses  M^  and  M^ 
proceeding  with  the  velocities  e^  and  e^,  contain  the  m  viva, 
M^c^-^M^c^,  but  after  impact  the  masses  proceeding  with  the 

velocity  r=    ^       ^^  have  the  via  viva  M^i^+M^v'*;  hence 

the  subtraction  of  these  forces  will  give  the  loss  in  vis  viva 
by  the  collision:  K=:M^  (c^^  — t?«)-f  Afj,  {c^^  —  v^:=M^  {c^  +  v) 
(cj_r)  — ifa  (Cj  +  v)  {v—c^,  but  M^  {c^  —v)  =  M^  {v  —  c^) 

"     M^-^M^    '  HenceA-iCi+t?— ^a— ^'j 


M,+M^     ^     M^  +  M^     "".!_.  JL' 

If  the  weight  of  the  masses  are  G^  and  G^  M^  is,   therefore, 

G  G 

=— ,  and  ikf«=— 2,  we  shall  from  this  have  the  loss  in  mechanical 

effect:  L=^^l-=^,7?i-^.    We  caU  7?^-%   ^Ae  Aamonic 

^9  G1  +  G2  G1+G2 

mean  of  G^  and  Gq,  and  we  may  from  this  assert  that  the  loss  in 
mechanical  effect  which  is  produced  by  the  impact  of  two  inelastic 
masses,  and  which  is  expended  upon  the  disfigurement  of  these,  is 
equivalent  to  the  product  of  the  harmonic  mean  of  both  masses, 
and  of  the  height  of  fall  which  is  due  to  the  difference  of  the  velod^ 
ties  of  these  masses. 

If  one  of  the  masses,  for  example  M^  be  at  rest,  we  shall  have 

the  loss  in  mechanical  effect  X=^  •  ^  ^    J  ,  and  if  the  mass 

2g     G^  +  G^' 

moved  M^  be  very  great  in  comparison  with  the  one  at  rest, 

6.    will  vanish  as  compared  with  G|,    and  there  will  remain 

For  the  rest  we  may  put 

+M^  {c^-'%c^v+f^'{-2c^t>—2v^ 
=Jtf,  (Cj — vY+M^  (c2 — v)*,  because  Jfj  (cj — r)=Jfj  (t^--Ca). 


'  I. 
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From  this,  therefore,  the  vU  vtra  lost  hy  inebutic  tmpae/f  u 

eqiavalent  to  thetum  of  the  produett  of  the  masiea  and  the  squares 
of  their  lo$t  or  gmn  in  velocity. 

Stamptm.—l.  If  in  a  mtdiiiie,  IB  blow*  p«r  ntnote  tike  place  betwera  two 

indutic  bodlaa  If,  - 1222  Ibt.  and  Jf,  -  — Ibe.,  with  thcTelocitiet  c,  -  S  feet, 

f  9 

and^  —  3feet,tben  tlieloMlnmedunkaleflbctfromtheublowawillbe: 

16      (5-2)*      tOOO.1200        A.  a.  0.018. 222?  =  0,576. 152-20.94 
*•      60         2t  2200  15  II  11  ' 

ft.  lbs.  per  Mcond.— 2.  If  two  tnini  upon  a  lailniad  of  120000  lb«.  tad  160000  Ib«. 
weight,  come  into  ooQiiion  wHh  the  velodtie*  e^  =  20,  and  c^  —  15  feet,  there  will 
enane  ■  Ion  of  mechtnicil  efftoet  expended  upon  the  deitiiictlon  at  the  loeomotitea 
and  caitiaget,  which  in  tlie  eaie  cf  peiftet  inelatticitr  of  the  Imidnging  parti,  will 

.(Mtlty  .  l»)0OOJ16CO0O_„.  ,,  19MO0O   .  ^^^^^ 

2jr  2S0000  28 

§  359.  Pile  drivhff. — ^The  effects    of  impact    ire  very  often 

no.  81B.  applied  to  nm  or  drive  one  body  B, 

Vig.  319,  into  another  E,  a  eoft  mass, 

for  instance.     If  the  resistance  which  the 

latter  mass  oppoacs  to  the  penetration  of 

the  former  be  constant  and  =  P,  and 

the  depth  of  penetration   by  chw  blow 

=«,  a  mechanical  effect  P»  will  be  then 

expended.     If,  on  the  other  hand,  this 

resistance  at  the  commencement  be  =0,  and  Sf  i>  iaowwae  aimul-  " 

tanoBBoly  with  tha  depth  of  ponctration^  so  that  at  the  end,  after 

the    body  has   penetrated    the  second  mass   a   depth  a,   it  be 

=P,  the  mechanical  effect  expended  will  be  then  only     -"t    *  * 

*=i  Pa.  If,  lastly,  the  initial  resistance  be  =  P„  and  increase 
simoltaneottsly  with  the  apace,  so  that  after  describing  a  space  a, 
it  becomes  P^  we  shall  then  have  to  put  the  mechanical  effect 

JPi  +  P^S 
2        ' 
If  the  body  B,  whose  mass  may  be  M,  hegaw  with  the  velocity  v 
to  penetrate  a  mass,  nnd  if  thin  valnrity  nf  pMiiitisliim  iiiiiniiii|  it 
will,  in  virtue  of  its  via  two,  have  produced  the  mechanical  effect 

'w~^=a~  G,  if  G=Mg  represent  its  weight. 


1 
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When  the  resistaiice  is  constant  we  must  put  :  Ps  =  -^G;  on 
the  other  hand^  when  the  resistance  beginning  from  nought 
gradually  increases :  Ps  =  ^  .2G  . ;  and  when  it  increases  gra- 
dually from  Pi  to  Pj:  (Pi  +  Pj)  *  =  ^  .  2  G. 

The  initial  velocity  v  is  generated  if  a  third  mass  A,  whose 

magnitude  may  be  =  M^  and  weight  =  G^,  be  allowed  to  impinge 

upon  the  second  mass  B,  with  a  certain  velocity  c.     If^  now^  these 

masses  are  inelastic^  we  then  have  the  velocity  with  which  the  two 

proceed  after  impact,  and  begin  to  penetrate  the  mass  E : 

__     M^c     ^      G^c 

^''MTMj^  ~  G  +  G^' 

In  the  driving  of  a  pik  or  post,  Fig.  320,  B  consists  of  a  pile 

shod  with  iron,  and  ^  of  a  heavy  body 

falling  from  a  certain  height,  which  is 

called  a  ram,  or  block  of  iron.     If  the 

height  of  fall  =  H,  we  shall  have : 

2ff~\G  +  Gj  '2ff~\G  +  G, 
hence  the  mechanical  e£Pect  of  the  pile 
due  to  the  velocity  v  ,      ja' 

G, 


FIG.  320. 


i  j .  fl; 


=(; 


GHf      ^ 

and  ram  toge- 


l.P* 


\G  +  gJ 


G+  G 
and  that  of  the    pile 
ther 

But  if  the  resistance  of  the  bed  of  earth 
be  constant,  the  mechanical  effect  ex- 
pended in  the  penetration  of  the  pile 
will  be  =  PSf  hence  we  shall  have  to 
put: 

GH;  or,  2.  P$  =    ^ 


G  +  Gi/   ""  -'-"  -  G-^Gy' 
the  first  if  the  ram  does  not,  during  penetration,  remain  upon  the 
pile,  and  the  second  if  both  go  down  together. 

The  weight  G+G|  produces,  in  penetrating,  the  mechanical 
effect  (G+  Gj)  9 J  we  may  then  more  correctly  put :  (P — G — Gj)  s 

b2 
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=  ^^  „  ;  but   G+  G,  is   amall  compared  with   P,   nnd  may 

G  +  G, 
generally  be  neglected.  Vu^-^^'-l    hi  tw^c,   fi.^y  r-*r 

Hence,  were  the  impact  perfectly  clastic,  we  should  have  to  put : 

Pt=  ('-?  "'A  .  Gff.     Were  G  small,  compared  with  G„  as  for 

\G  +  Gi/ 
instance,  in  the  driving  of  a  nail,  we  should  have  either  P#=G,tf,  (  ; 
or  P8  =  iGH.      ila^tli 

Eran^le.  k  pile  of  400  Hn.  weight  is  driven  by  the  lut  roond  at  20  blow*  of* 
500  Ibi.  heavy  ram,  Uling  &om  a  height  of  S  feet,  6  inchei  deeper,  what  redrtaDce 
will  the  grouod  offer,  or  what  lo»d  win  the  pile  Buatain  without  penetrating  deeper  ? 
Here  O  =  400,  O,  =  700  Ibi.,  H  =■  &,  andi  =  ^  =  0.025  feet,  whereby  H  ia 
roppoied  that  the  pile  penetiatei  Eqially  £u*  for  eai^  blow.     From  the  fint  fonnolK 

p^  I — ^22 — ViSlli  „   (i-'\    .80000  -  32400  Iba.;  and  from  the  »econd! 
Vj00  +  400/      0,025  \ll/  ' 

-nS^  =  *??-— — 

n>r  duration,  with  lecurity,  luch  pilei  m  only  loaded  from  -^hi  to  tV  "^^  "i^ 
strength.  ^^^^^ 

„Q_  321.  §  36p  The  fonnulie  found  above 

are  applicable  to  the  breaking  of 
bodies  by  descending  weights  or  balls. 
Let  BB,  Pig.  331,  be  a  prismatic 
body  of  the  mass  M,  or  weight 
=Mff,  supported  at  its  extremities, 
which  is  bent  a  depth  CD=s,  by- 
a  vreight  G^  falling  from  a  height 
AD=H  upon  its  middle,  and  in 
this  manner  broken ;  the  conditions 
under  which  this  is  posaible  are  to  be 
determined. 
Prom   §   190,   the  deflexion,  or  the  height  of  the    arc,    is 

given  s  =  Ta-^^,  from  the  pressure  P   in  the  middle  of  the 

beam,   and  from   its   length  BB=l,  and  if  further  its  moment 
of  flexure  WE  is  known ;  therefore,  inversely,  the  pressure  coires- 


Thia  pressure 

however  is   not  constant,  but  increases   simnltaneonsly  with  t, 
hence  the  mechanical  effect  expended  in  the  deflexion  by  a  depth  t, 


not  =  Ps,  but  only  i  Pg,  i.e.i.  48l?^=96»^'  '^'^  mecha- 
nical effect  may  now  be  equated  to  that  which  the  falling  body  com- 
municates to  the  beam.  Since  the  beam  rests  on  its  extremities, 
we  must  (from  ^  219)  consider  only  the  third  part  of  its  mass 
as  inert,  and  hence  put  for  this  medianical  effect : 

The  first,  if  the  weight  Gj  flies  back  after  its  descent,  and  the 
second  if  it  remiuDs  on  the  beam  during  the  firacture. 

If  we  suppose  a  rectangular  beam  of  the  depth  A,  and  breadth  b, 


■fn=  ^  .  —ji~  i  accordingly,  the  mechanical  effect  for  tbe  rupture 

f*u  u  111.       ,     P'P     bfUK*        , 

of  the  beam  will  be=-jV  .  jjTp"  ~Tr  P"  ""    ^^  ™*y  °^^  P     ■ 

^-  ^^{iG  +  Gj  =-6E'  °'^-iG  +  G  =  18B- 

EroMpfe.— From  what  height  must  ta  iron  veight  C,  of  100  Iba.  be  tUowed  to 
fd]  to  break  ■  caat-iron  plate,  36  inches  long,  12  inchet  hroad,  and  3  inchM  thick, 
in  ita  middle !  The  modolui  of  elaatidt;  <tf  caatJran  S  —  17000000,  and  the 
modolu*  of  itrengib  K  —  19000,  hence  it  foOowi  that  -. 

MK*     12  .  3  ■  36  ■  19000'    216  ■  19"    216  ■  361 
6S   "      6.17000000      "       i;       *       IT       "^ 
If  now  a  nibic  inch  of  cait  iron  weighi  0,275  !■».,  the  weight  ot  a  plate  G  mO  then 
be  -  12  .  3  .  36  .  0.27a  =■  1296  .  0,27S  =  3&6,4  Ibi.i  hence : 

a  [ ^! y  =  356,4  .  (_1?2_V  =  HM  i  on  the  other  hand. 

-%  '        =  218  a"  '  *5.70.    Hence  the  height  of  &11  reqiured  ii : 
H=  J^  =  6J,6  Inchea,  at  H  -  ^^  =  33,5  inchei. 


§  261 .  HardneK.—Wh.ea  the  modulus  of  elasticity  of  the  impin  g- 

pfo.  322.  ing  bodies  is  known,  we  may 

then  find  the  force  of  comprea- 

.    aion  and  its  amount.     Let  the 

'    transverse  sections  of  tbe  bodies 

I    AmiAB,  Fig.  322,  be  *;  and 

I    fj,  the  lengths  /,  and  Iq,  and 

I    the  moduli  of  elasticity  E^  and 

_     _  I    Eg.     If  both   impinge  against 

20 
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each  other  with  a  force   P,  the  compressions  effected  will  he 
from  §  188 : 

and  their  ratio : 

FE  P 

If  for  simplicity  we  represent  — ^  hy  H,  we  obtain  X^  =  -g  , 

P  \     ff 

and  Xq=7t-j  as  well  as  --^=-=^.   If^  after  the  example  of  Whewell,* 

we  call  the  quantity  -y-  the  hardness  of  a  body,  it  follows  that 

the  depth  of  compression  i$  inoereely  proportional  to  the  hard* 
ness. 

If  a  mass  M=  —  impinges  with  the  velocity  c  upon  an  immove- 
able  or  indefinitely  great  mass,  it  then  expends  its  whole  vie  viva  upon 
the  compression,  hence  |  Ps=z—^=z—  G.    But  now  the  space 

8  is  equal  to  the  aggregate  of  the  compressions  \  and  X^,  and  \ 

P  P 

=  jf,  and  Xa=-7^ ;  hence  it  foUows  that 

^1  -"a 

,=Xi  +  Xa=P^^.f^J=-^r^»  .  P, 

as,  inversely,  P  =  yy^^  A    «,  and  the  equation  of  condition 


4  .  rr\  ^  .  «*=o"  ^*  therefore. 


M  +  H^      G 
from  which  P,  X^  and  X^  may  be  calculated. 

Sxati^le.  If  t  iTTong^t-iron  himmer,  of  4  square  inches  base  and  6  indies  high, 
ttxikes  with  a  ydodty  of  50  feet  upon  a  plate  of  lead,  of  2  square  inches  base  imd 
1  inch  thick,  the  following  relations  present  themselves.  The  modulus  of  elastidty 
of  wrought  iron  is  J^  »  29000000,  and  that  of  lead  E^  -  700000;  hence,  the 

hardness  of  these    bodies  is:   H,   -   ^ »  ^  '  29^)0000  ^  15333333    ^^ 

p  0        2   700000 
^9  ■  -^  ■  -^— J 1400000.    If  we  put  these  Talues  into  the  formuU 

*  The  Mechanics  of  Bngineering,  §.  207. 
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9^e  a/  ^      '  •  — ,  and  labstitiite  for  the  weight  of  the  hammer  «  4  .  6  .  0,29 

B  7  Ibt.;  therefore,  —  «  7  . 0,031  «>  0,217,  we  shall  then  obtain  the  space  of  the 

9 
hammer  in  the  compression : 


.       i;a      /    20733333.0,224         .^       7  0,46443         «n«A»  :    v  no^n 

•  "  ^Vm33333  .  14^000  "^  W  HmSS^  =  ^'^^^^  ^^^^   ==    ^'2*^ 

lines.    From  this  the  force  of  impact  or  pressure  follows  i 

H^IL  19333333 .  1400000    ^  ^.^^       ..^^^ ,.        .    .,        ., 

^^H^^,  •  • 20733333 '  ^'^^^^  =  ^^^^^  ^'  ^^"^^  *^  ~"- 

P  27037 

presdon  of  the  hammer  is :  X,  =  -7?  =  ■  =5  0,0014  inches  ss  0,016  lines, 

ii\        19333oo3 

/*  270^7 

and  thst  of  the  leaden  pUte:  X,  =  ^^  =  1460000'   "  ^'^^^^   ^^^^    "^  ^'^^ 

lines. 

§  262.  Elastic  and  inelasHe  in^^aci. — If  two  masses  M^  and 
M2  move  with  the  velocities  Ci  and  c^  the  common  velocity  of  the 
two  at  the  moment  of  maximum  compression  will  then  he  from 

§  266 1;=    ^     j^  ^,  and   the  mechanical  effect  expended  on 

the  compression  from  §  259 : 

2       •Afi+3fa"'     2ff      ^  G^  +  G^ 
This  mechanical  effect  may  he  also  put : 

consequently  the  sum  of  the  compressions  of  both  masses  will 
be  : 


^  •      »^  V  ^  (G,  +  GJ  •   if,  if,  ' 
from  which  the  compressing  force  P,  and  the  compressions  of  the 
separate  masses  \  and  X^  may  be  found. 

If  the  masses  are  inelastic^  these  compressions  will  remain  after 
impact^  but  if  only  one  of  the  two  bodies  be  inelastic^  the  other 
will  again  recover  its  form  in  the  second  period^  and  produce  a 
mechanical  effect  which  will  generate  anew  change  of  velocity.     If^ 

for  example,  jlf^  =  _!  be  elastic,   the  mechanical   effect  in  this 
second  period  of    impact   \  PAj  =  \  .  jf^^jj  \tj^    &^  )    ^ 

=    L    ^    .  ^  \  J  .  yy  ,^yy  will  1)6  ffivcu  out  I  hcucc  we  shaU 

20* 
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have  in  this  case  for  the  velocities  Vi  and  v^  after  impact  the 
formula: 

MjVi+M^v^^MiCi  +  M^^  and 

i.c.  M,v,* + M^v^^^M.e," + 3f^,«_(c,_c^« .  -^^ .  5^^. 

If  the  loss  of  velocity  c^ — v^  he  put  =  ar,  we  shall  then  have 

the  gain  of  velocity  t;^ — ^a=-5^->    ^^^    t^e    last    equation    will 
assume  the  form : 

If  this  be  multiplied  by  -.    V.  and  „  _/..  be  put 

=  1  —  TT  ^„ ,  we  sliaQ  then  obtain  the  quadratic  equation  : 

whose  solution  will  give  x,  or  the  loss  in  velocity  of  the  first  body : 
and  the  gain  in  velocity  of  the  second : 

JEranipfe.  If  we  assume  the  iron  hammer  in  the  example  of  the  preceding  parm* 
graph  to  be  perfectly  elastic  and  the  plate  of  lead  inelastic,  we  shall  then  obtain  the 
loss  in  velocity  of  the  7  lbs.  heavy  hammer,  descending  with  a  50  feet  veloctty,  since 
Cj  ==  0  and  M^  =  ».  
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=  50(1 +  0,26)  =  63  feet; 
hence,  the  velocity  of  the  hammer  after  the  blow  is  t  «i  =  c^ 
=  —  13  feet    The  yelodty  of  the  supported  plate  of  lead  =  0 


=;e,^63==50  —  63 


§  268.  Imperfectly  elastic  impact.— U  the    bodies  impinging 

they  only  partially 


hence  the  loss  of  the  mechanical  effect  in  question  is  known : 

Now,  in  order  to  find  the  velocities  r,  and  o,  after  impact,  we 
have  to  combine  them  with  each  other  and  to  solve  the  equations ; 

MiVi-\-M^^=M^Ci  +  M^^  and 
if ,t>j« + if j»a« = if iCi* + M^^ 

In  the  same  manner  as  in  the  former  §,  the  lost  qf  velocity  qf 
the  first  body  it  given: 


Cl-»l=(Cl— Cj) 


M„ 


('V=^It^> 


and  the  gain  o/velocUy  qf  the  body  preceding  : 


"«-*«- ('^'-^'^  sr+^  v^w  H,+H,  )■ 
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These  two  general  formula  also  embrace  the  laws  of  perfectly 
elastic  and  perfectly  inelastic  impact.  If  in  them  we  put  /<i=f<s 
=1^  we  then  obtain  the  formula  already  found  above  for  the 
impact  of  perfectly  elastic  bodies^  but  if  we  assume  fi| =/i^=0,  we 
then  obtain  the  formula  for  inelastic  impact,  &c.  If  both  bodies 
have  the  same  degree  of  elasticity,  therefore,  fii=/i«a>  ^®  ^*^®  more 
simply: 

t^a-^,=  (ci-^2)  jg^  (1+  v^p- 

If,  further,  the  mass  M^  is  at  rest,  and  infinitely  great,  it  then 
follows  that : 

Cj — 1^1=^1  (1+  v^,  i.  e.  »!=  — Ci  V^, 

as  inversely,  /*=  (  —  j  •     If  now  M^  be  allowed  to  fall  firom  a  height 

h  upon  a  similar  mass  M^  and  if  it  reascend  to  a  height  A|,  we 
may  then  find  from  the  two  the  co-efficient  of  imperfect  elasticity 

by  the  formula  f>=T^*    Newton  has  already  found  in  this  man- 

for  ivory  /*=(|y=gx=^°'''®'  (orghsB  f^=^(^'  =  0,9875« 

=0,879;  for  cork,  steel,  and  wool,  /*=(n)   =  0,555«  =  0,809, 

It  must  be  here  supposed  that  the  impinging,  or  striking  body,  is 
spherical,  and  the  body  impinged  upon,  or  the  support,  flat. 

Eatan^k,  What  velocities  will  two  steel  plates  acquire  after  impact,  if  they  pos- 
sessed before  impact  the  Telodties  e^  »  10  and  e^  s=  —  6  feet,  the  one  weighs  30 
the  other  40  lbs.  ?    Here 

c,-i.j  =  (10  +  6)1?  (l  +  I)  =  16  .  *  .  H  =  15^8  =  14,22  feet;  hence,  the 

yelocities  sought  are  «,  =  c^  •—  14,22  ===  10  —  14,22  =  —  4,22  feet,   and 
t^  =  e^  +  10,66  =  --  6  •<-  10,66  ^  4,66  feet 


ner 


§264.  ObUque  impaci. — If  the  directions  of  motion  SiC^  and 

flfjCj  of  two  bodies  A  and  B,  Fig.  828,  deviate  firom  the  normal 

NN  to  the  plane  of  contact,  the  impact  is  then  oblique.    We 
may  reduce  the  theory  of  this  to  that  of  direct  impact  if  we  resolve 
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the  velocities  Si  C,  =  Cj,  and 
jS,  Cg  =  Cg,  in  a  Qormal  and 
tangential  direction ;  the  lateral 
velocities  in  the  direction  of  the 
normal  N^f  conunanicate  a  cer- 
tain impact,  and  hence  are 
I  altered  to  the  aame  amount  aa 

I  tOT  centric  impact ;  the  velocities, 

I  on  the  other  hand,  parallel  to 

the  plane  of  contact  communi- 
cate DO  impact,  and  hence  renuun  unaltered.  If  we  join  the  normal 
velocity  of  a  body  changed  in  accordance  with  the  laws  of  centric 
impact  to  the  remaining  unchanged  tangential  velocity,  we  ahall 
ohtain  the  resultant  velocitiea  of  these  bodies  after  impact  If  we 
represent  the  angles  which  the  directions  of  motion  make  with  the 
normal  by  oj  and  o^  then  Ci5,N'=aj  and  C^^N=a^  we  shall 
obtain  for  the  normal  Tclocities  S,£j  and  S^E^  the  values  c,  cot.  a, 
and  c,  eo$.  a^  for  the  tangential  velocities  on  the  other  hand  S^F^ 
and  S^^ :  e,  <tn.  a,  and  Cg  tin.  a^.  The  first  velocities  suffer  alte- 
ration from  the  effect  of  the  impact,  and  the  one  passea  into 

»j=c,  co».a,— {c,co».a,— Cjeof.  aJ^r-Jjg.  (1+  V^ 

end  the  second  into : 

t»3=Ca  cot. «,  +  {«,  CO*.  Oi—<ra  CM.  oJ-jgr-jJjgr  {1+  v^, 

M^  and  M,  representing  the  masses  of  the  bodies. 

The  resultant  velocity  .3,6,  of  the  first  body  is  given  by  7,  and 
c,««.Oi,tp,=  v'tJi'+c,'  tin.  a,^  and  the  velocity  Sj  Gj  of  the 
second  body  by  v^  and  Cg  sin.  Ogj  w^=  \^v^  +  c^tin.a^;  the 
deviations  &om  the  normal  are  also  given  by  the  formula : 

,  and  tang.  <t'2=-^ — ^j 

-i  "a 

^  representing  the  angle  G,S,JV  and  ^g  the  angle  G^S^. 

Exen^U.  Two  aphtrei  of  30  and  SO  lb*,  impinge  tgunit  ekch  other  with  the 
Telodtie)  c,  •■  20  ud  e^  —  25  feet,  which  deviate  tttaa  the  nonnal  b;  the  ta^ 
a,  =  31°  35'  ukd  %  HI  B&*  20',  In  what  directioiu  end  with  what  vetodtie)  will  tbe 
two  hodie*  proMsd  after  impact  ?  The  anifbrni  companent  nlodtiea  are : 
ff,  ite. «,  =  20 .  tfiL  21"  35'  =  73S7  feet,  and  e,  *<n.  ^  -  25  .  *ia.  65°  20' 
=  22,719  feet ;   the  Taiiable,  on  the  other  hand,  c,  cm.  a,  =  20  .  cw.  21'  35' 
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'i  -  1B.59B  —  {lB,S9e  —  10,433)  ^  =  18^98  —  6,103  ^  IWM  feet,  and 
n,  =  10,433   +    8,16ft  .  I  CE  10,433   +   3,D«2  =  13^9&  feet.     The  reiulUirt  tb- 

w,  =  -/I3,49ft»+ 7,357'  =  ■/ 236,24  =  16,37  feet,  and 
tn,  =  -/13,495*  + 28,719'  =  ■/ 698,27  =  26,42  fcetj  uid 
7.357 
^  13,494  • 

^,  =  28*  36' uid  (<nv-ft= -ll^.i^,  («iW.  ^  =  ft226Z2,  ft  =  59«  17'. 

„„  32^  §  266.    If  a  mtiM    ^,   Fig.  324, 

strilces  againfit  another  maaa,  inde- 
finitely great,  or  against  an  immove* 
able  resiBtance  BB,  we  have  c,  =  0 
and  M,  =  od,  it  then  follows  that 
W|  =  Cj  CM.  Oj  —  c,  «w.  Oi  (1  +  V  p) 
=  —  c■^  eo».  Oi  '/fx  and 

..  =  „  +  „»..  ^.«U1±j4.) 

=  0  +  0=0; 

if  now,  further,  p  =  0,  i»i  will  also 

=  0 ;  but  if  fi  =  1,  n,  will  =  —  c,  «w.  a, ;  •.cm  tn^a«/tc  im- 
paett  the  normal  velocity  u  ertiirely  lost ;  in  elastic,  on  the  other 
hand,  it  it  changed  in  the  oppotUe  direction.  For  the  angle 
by  which  the  direction  of  motion  after  impact  deviates  from  the 


for  inelastic  bodies  the  tang,  ^|  is  therefore  = ^Sin=  go, 

i.  e.  ^,=90'',  and  for  elastic  tang.<^^=  —  tang.a^,  i.e~^^  —  — Oy. 
After  the  impact  of  an  inelastic  body  against  an  inelastic  resist- 
ance, the  first  pBoceeds  with  a  tangential  velocity  c^  tin.  a, 
in  the  direction  SF  of  the  plane  of  contact ;  after  the  impact  of  an 
elastic  body  against  an  elastic  resistance,  the  bocfy  proceeds 
with  a  uniform  velocity  in  the  direction  SG,  which  lies  in.  a  plane 
with  the  n<»-mal'  NN  and  the  initial  direction  X8,  and  mates  with 
the  Dormat  the  same  angle  GSN  as  does  the  direction  of  motion 
with  it  before  impact,  but  on  the  opposite  side.     The  angle  XSNy 
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which  the  direction  of  motion  before  impact  m&kes  with  the 
normal  or  the  vertical,  is  called  the  anffle  of  inddence,  and  the 
angle  GSN,  which  the  direction  of  motion  after  impact  makes  with 
the  same,  the  mtffle  qf  reflexion ;  and  it  may  therefore  be  enun- 
ciated, that  in  perfectly  elastic  impact,  the  angles  of  reflexion  and 
incidence  lie  in  the  same  plane  vith  the'vertical,  and  are  equal  to 
each  other. 

In  imperfectly    elastic   impact,    the 
ratio  v'fi  of  the  tangents  of  these  angles, 
ia  equal  to  the  ratio  of  the  velocity  given 
back  by  the  eipansion  to  Aa^wf  the  ve- 
locity lort^  the  compression.     By  the   Lef 
aid  of  this  law,  the  direction  may  be  easily 
found  in  which  the  body  A,  Fig.  325, 
must  impinge  againat  the  immoveable 
resistance  BB,  that  after  impact  it  may 
pursue  a  certain  direction  S¥.    If  the 
impact  be  elastic,  we  must  let  fall  from  a  point   Y  of  the  given 
direction  the  perpendicular  YO  on  the  incident  perpendicular  NN, 
prolong  the  some   until  the   prolongation   OF,  is  equal  to  the 
perpendicular :  SY^  is  then  the  direction  of  the  impact  in  ques- 
tion,   fbt  from    this    construction,    the    angle    NSYj  =  NSY. 
If  the  impact  be  inelastic,  we  may  make  OY^  =s  -/^  .  OY,  then 
YjS    will     be    likewise     the    initial    directitm     sought,     nnce 
lanff.oj       OY.       ,   ,  .- 

If  a  perpendicular  YR  be  let  Cfdl  upon  the  line  SR  parallel  to 

the  plane  of  contact,  and  its  prolongation  RXhe  made  =    I-  RY, 

we  shall  then  also  obtain,  for  evident  reasons,  in  SX  the 
direction  of  the  incidence  soi^ht. 

Jlaaari.  The  theory  of  obUque  impact  hti  eapeeial  ^i[riicstkin  to  the  gsme  of 
biUurds.  (5k  "  Thterie  matb^itiqne  de*  effelt  dn  jeu  de  billud,"  par  CorioUt.) 
According  to  Coriolu,  in  the  striking  of  b  billiard-ball  agunit  the  cuihkin,  the  ratio 
of  the  reflected  tehKity  to  tliat  of  the  incident  =  0,5  to  0,6 1  therefore  /•  •=  0^* 
E=  0,2!t  to  0,6*  —  0,36.  With  the  M^stance  of  thii  value,  the  direction  may  now 
be  known  in  which  a  ball  jt  niugt  itrike  agaiiut  the  cnihion  BB  that  it  may  be 
reflected  from  thii  towarda  a  pvea  point  Y.  We  may  let  fall  from  the  given  point 
¥  (be  perpendicolar   ¥R  to  the  line  ct  gravity  of  the  ball  parallel  to  the  cuihion, 

prolong    it     by  BX  =      —  =  -r    to  —  of  iW  value,  and  draw  the  straight  line 
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y.X:  the  point  of  istencctioQ  DiaOit  plat*  when  tbe  twll  'f  mutt  be  itndc  thtt  it 
m^  lebound  to  f.  Bj  the  motioa  of  rotttion  of  the  lull,  thia  ntio  trill  be  MmewlMt 
■Iterad. 

&  267.  Id  oblique  impact  a  friction  taVes  place  between  the 
impinging  bodies,  which  changes  the  lateral  velocities  in  the 
direction  of  the  plane  of  contact.  The  friction  of  impact  ia 
determined  like  that  of  the  friction  of  pressure,  P  repreaentmg 
the  pressure,  and  /  the  co-efficient  of  friction,  it  is  F^fP. 
It  is  distinguishable  from  the  friction  of  pressure  in  this :  that  like 
impact,  it  acts  only  during  a  very  short  time.  The  changes  <ft 
velocity  produced  by  it  are  not  immeasurably  small,  for  the 
pressure  P,  and  consequently  the  iMit  of  it/P,  is  generally  very 
great.  If  we  represent  the  impinging  mass  by  M,  and  the  normal 
acceleration  generated  by  the  pressure  P,  by  p,  we  shall  then  have 
p  —  jifp^  and  hence  F  =  S^f'  "  "^^  **  '^^  retardation 
or  the  negative  acceleration  due  to  friction  during  the  impact 
£_  —  fp-^  j.  e./ times  as  great  as  the  normal  pranaugc.     But  the 

two  pressures  have  equal  durations ;  hence,  therefore,  the  change 
of  velocity  effected  by  friction  ia  f  timet  at  great  at  the  change  qf 
the  normal  velociii/  effected  by  impact. 

In  the  case  where  a  body  impinges 
upon  an  immoveable  mass  BB  at  the 
angle  of  incidence  a.  Fig.  S26,  the  change 
in  the  normal  velocity  from  the  former 
paragraph  is  u  =  c  cot.  o  (1  +  V'/') ; 
hence,  the  change  in  the  tangential  ve- 
locity effected  by  friction 

-fw=fc{\  +   v^)  cot.  a. 
The  lateral  velocity,  therefore,  after  im- 
pact ctvR.a,  passes  into 

cm.  a  —fc  (1  +  vV)  cot.  a  =  [tin.  a~fcot. a  (1  +  v^)]  c, 
and  in  the  case  of  perfectly  elastic  bodies  =  [tia.  a  —  2/«w.  o)  c, 
and  in  that  of  inelastic  =  [sin.  a — fcos,  a)  c. 

Bodies  very  often  have  a  rotation  about  their  centre  of  gravity 
from  the  effect  of  the  friction  of  impact,  or  the  motion  of  rotation, 
if  present  before  impact,  becomes  consequently  changed.  If  the 
moment  of  inertia  of  the  round  body  A  about  its  centre  of  gravity 
S  =  My*,   and  the  radius  of  gyration  SC  —  a,  we  shall  have 


=  /;?■«'  =/^(l+  V,i)c«w.a. 
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the  moBH  of  the  body  reduced  to  the  point  of  contact  C=—~-; 

hence,  the  acceleration  of  rotation  generated  hy  the  friction  F  ia : 

F  fMp    _^      fl» 

and  the  correspondent  change  of  velocity : 

In  a  cylinder  p  =  2,  and  in  a  sphere  =  ^jhence  the  change  in 
the  velocity  of  rotation  generated  by  the  impact  against  the  plane  ia : 
w,  =  2/ (1  +  v^S  <;  w-  a  and  =  g/ (1  +  v^  c  eo».  a. 

Exafi^lt.  If »  biUiMrd-b*U,  with  a  1&  feet  Tclodt;  aod  it  an  uf^e  of  inddenea 
a  =  45°,  ttnke  igiinit  the  ctuhion,  whit  natkm  after  impact  will  it  tdu  up  >  If 
we  pat  for  the  Vji  the  mein  nine  0,S&,  we  thiU  hare  the  -kiMa)  nonnal  ydodty 
after  imp*»  =  —  -/^ e  tot.a  =  -  fifii .M.ent.  ii'  =  —  iAb  .  v'J=  — S,e33ft 
and  if  with  Cariolia  we  tdie  /=  0,20,  we  than  then  obtain  tbe  lalenl  velodlj 
paraUeltothe  fluhion  -o  c«m.a  — /{!+  ■Z'^)  era*,  o^  (1—0,20.  1,S5)  10,607 
=  0,69  .  10,607  =  7,319  feet,  and  for  tbe  angle  of  reflexion  f  -. 

img.  f  =  ^^  =  1,2548 ;  therefore,  f  '-  51°  27',  and  the  Tebdt;  after  impact 

win  remain  ? '''^^        i=  9,300  feet.     Beiidei,   the  ball    will  have  further  a 

Telodty  of  rotatton  4/.  1,56  .  10,607  =  8,220  feet  abont  ita  vertical  Une  of  graTitj. 
Since  the  baU  movea  with  a  rolling  and  not  « iliding  motion,  we  molt  annme  that 
beaidet  ita  progreadve  vehidty  c  =  15  feet,  it  poiienet  an  equal  amount  of  velocity 
of  rotation,  and  Ihia  may  likewiK  be  rewlved  into  the  componeota  c  rai;  a  =  10,607 
and  e  rbi,  a  =  10,606.  The  flnt  component  aniwer*  to  a  rotation  abont  an  axi* 
parallel  to  the  cntluon,  and  paiaea  into  c  mi.  a  —  4  /  (1  +  v^i)  c  cot.  a 
=  10,607  —  B,230  =  2,3S7  feet,  the  other  component  r  rin.  n  ^  10,607  feet 
•nnren  to  ■  rotation  about  an  ail)  nonnal  to  the  cuihion,  and  renutini  Dnifbra. 

no,  327.  §  267.  Rotatory  bodies. — If  two 

j  bodies,  A  and  B,    capable   of  ro- 
tating about  two  fixed  axea  G  and 
I  K,   Fig.   327,  atrilce   against  each 
other,  changes  of   velocity   ensne, 
I  which  may  be  determined  from  the 
I   moments  ofinertiaJfiyi'andJIfjy,* 
of  the  masses  of  these  bodies  abont 
I  the  fixed  axes,  with  the  assiatance  of 
the  formulte  already  fiiund.     If  the 
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perpendiculars  GH  and  KL,  let  fall  from  the  axb  of  rotation  upon 
the  line  of  impact^  are  a^  and  a^  we  then  have  the  inert  masBes  re- 
duced to  the  points  H  and  L  where  the  perpendiculars  meet  the  line  of 

impact  =  — ^^i—  and  — ^r- »  wid  if  these  values  be  substi- 

tuted  for  M^  and  M^  in  the  formula  for  free  centric  impact^ 
we  obtain  the  changes  of  the  velocity  of  the  points  H  and  L 

Cj  and  ^2  representing  the  velocity  of  these  points  before  impact. 
But  if  we  introduce  the  angular  velocities^  and  represent  these 
before  impact  by  e^  and  e^,  and  after  impact  by  wi  and  &»2>  ^^  ^^^ 
have  to  put  Ci  =  a^  €^,  c^  =  a^  ^ a>  and  shall  obtain  for  the  loss 
in  angular  velocity  of  the  impinging  body  : 

and  for  the  body  impinged  upon^  the  gain  of  the  same : 

consequently  the  angular  velocities  themselves,  after  impact, 
will  be: 

«,  =  *,  +  «a(ain-a,*J  (1  +  ^   M^^'a^i+M^^' 

If  both  bodies  are  perfectly  elastic,  we  shall  have  ^  =  1, 
therefore  1  +  V^  =  2,  and  if  inelastic,  ^i  =r  0,  therefore 
1  +  v^  =  1.  In  the  latter  case,  the  loss  of  vis  viva  produced  by 
impact 

-  K<h  *i      «,  *.)  •   M^  yi  ^» + jf^^a  „^s  • 
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y|.   agg  Btample.  The  irmcd  axle  AO, 

Fig.  326,    bu  Uie  motneot  of 

inertiB  aboHt  lU  uia  of  rotatian 

O,  E=  Jf,  ft*  =  4O00O  :  f,  end 

the  tat  hutuiier  B£  one  kbont 

it«  wdi  £.  ^   ISOOOO^vi  the 

■iiQ  CC  of  the  Bde  U  2  feel, 

and  the  tzta  £C  of  the  hammer 

6  feet,  and  the  ugnlar  idodtj 

oC  the  aile  at  the  moment  of  impact  on  the  hammer  —  1,05  feet ;  what  ii  thi* 

TchMitT  after  impact,  and  what  effect  ii  la«t  at  eai^  blow,  if  there  ii  an  entire 

abieace  of  elaiddty  >    The  angnlar  Tdodtf  of  the  axle  loag^t  i* : 

-  -  ■.°'-..irr;"S-TT  -  ■■.»(-*)  -  ■•"■»•'"« 

=>  0,741  fiwt,  and  that  of  tlie  hammer-  ^  —  '^l'^'*  -  0.147  feet,  {.  #^  three 
timea  kaa  than  Oiat  of  the  axle.    The  Ion  of  mechanical  ^Ibct  bf  eich  blow  ii : 

(a  ■  1,05)* «  .  1.05  ■  150000  600000 

^  "       2j        ■  40OO0  .  36  +  150000  .  4    "  ''■^*'  '  "'''   '  IM  +  80 

-0.0155.  4,41.  i^  -  MlfLlbi. 

no.  319.  k  ^^-  A  body  ^,  in  a  state  lA  free  and  pro- 

gressiTe  motioti.  Fig.  829,  impinges  againat  a 
body  BCK,  capable  of  rotating  abont  a  fixed 
axis  K,  tbe  velocities  after  impact  may  be  foand, 
if,  in  place  of  Oj  cj  and  a,  u^  in  tbe  formula  of 
tbe  preceding  paragraph,  we  pat  the  progressive 

inert  mau  M■^^  of  the  first  body,  tbe  other 
dcnraninatioDs  remaining  tbe  same.  Hence,  tbe  velocity  of  tbe 
first  mass  after  impact  is : 

and  tbe  angular  velocity  of  tbe  seomd : 

^  =  <■  +  «>  K -«>.,)  (1  +  ^  ■  jg^^$«^  ■ 

If  the  maas  M^  be  at  rest,  therefore  c,  =  0,  we  have : 
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If,  on  the   other  hand,  M^  is  at  rest,  that  is,  the  oscQlating 
body  the  impinging  one,  we  shall  have  Ci  =  0,  and  hence 

r,  =  i,,c,(l+V?).-^j^J^,  and 


•»« 


The  velocity  communicated  by  impact  to  another  at  rest,  de- 
pends not  only  on  the  velocity  of  impact  and  ^  the  masses  of 
the  bodies,  but  also  on  the  distance  KL  =  Oji  at  which  the 
direction  of  impact  NN  is  distant  from  the  axis  K  of  the 
rotatory  body.  If  the  fi^  mass  be  the  impinging  one,  the 
rotatory  mass  wiU  assume  the  angular  velocity 

and  if  the  oscillating  mass  strike  against  the  free,  this  will  acquire 
the  vdocity 

but  both  velocities  will  be  so  much  the  greater,  the  greater 
TLT  ^%   ?  Tui — i  o' i5= — i>   therefore  the  less 

If  for  a^  we  put  a±_x,  when  x  is  very  small,  we  shall  obtain  the 
value  of  the  last  impression : 

or  in  consequence  of  the  smallness  of  the  powers  of  x, 

If  now  a  correspond  to  the  least  of  all  the  values  of 
^i  «a  +  ^^,  the  member +  (Afi—^A  *  will  disappear, 

because  the  addition  of  the  quantity  {x)  will  give  to  it  a  different 
sign  to  that  of  a  diminutive  ( —  x).    Therefore  : 

(aTi— ^^)  X  must  be  =  0,  t.  e.  ^^  =  M,,  consequently : 


(' 
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Sk=,,.  /^. 


If  at  this  distance  one  body  impinge  against  the  other,  then  will 
the  Utter  take  the  greatest  velocity,  and  be  in  fact 

in  the  ease  where  the  rotatory  body  is  impinged  upon ;  and 

when  the  free  botty  receives  the  blow. 

The  point  D  in  the  line  of  impact  of  the  distance  corresponding 
to  the  greatest  velocity,  or  of  the  arm  a,  is  Bometimes  impro- 
perly called  the  centre  of  impact,  but  more  properly  the  poirtt  of 
impact. 

froMpfe.  What  potitioiihu  the  ptuDt  of  impact  if  the  tne  mtueoniiM  of  aniron 
tphere  of  16  lbs.  wei^t,  and  the  rotttorj  nuu  bave  >  moment  of  inertia  ot 
1000  -Vf?  The  diatanee  of  thii  point  from  the  fixed  «xit  of  the  lart  body : 
/lOOO  _     ,-^2fi  -1,906  ttti.     If  the  imjwct  be  inelaitic  and  the  UoA 


m 
■  V-T 


ttiike  against  the  sphere  irith  the  velodt;  •  -■  3  feet,  the  latter  will  take  np  the 
Tdodtjr  t>  -  I  .  7,906  ~  11^6  feet. 

§269.  BalHatic  pendulum.  —  An  application  of  the  laws  laid 
down,  is  found  in  the  theory  of  the  baiUttic  petubdum,  or  the 
pendulum  qf  Robins.    It  consists  of  a  mass  MH,  turning  about 
^^  gjj,  a    horiEOntal    axis    C,     Pig.    880, 

which  is  set  into  oscillating  motion 
by  a  ball  projected  against  it,  which 
serves  for  the  measurement  of  its 
velocity.  That  as  inelastic  a  blow 
as  possible  may  ensue,  there  is  an 
opening  made  on  the  further  side, 
which  from  time  to  time  is  filled  by 
fresh  wood  or  clay,  &c.  The  ball 
remains  after  each  projection  stick- 
ing in  this  mass,  and  oscillating  in 
common  with  the  whole  body.  For 
the  measurement  of  the  velocity  of 
the  ball,  it  is  requisite  to  know  the 
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angle  of  elongation  of  this  pendulum^  on  which  account  there 
is  further  a  graduated  arc  BD  applied^  and  an  index  E  fixed  to 
the  centre  of  gravity  of  the  pendulum^  which  slides  along  with 
the  former. 

From  the  foregoing  par^raph^   the  angular  velocity  of  the  bal- 
listic pendulum  after  the  impact  of  the  ball  is :  «  =  ^r — J  ^  ' — si 

if  Ml  is  the  mass  of  the  ball^  ^^2  ^^^  moment  of  inertia  of  the 
pendulum^  c^  the  velocity  of  the  ball^  and  a^  the  arm  CG  of  the 
impact^  or  the  distance  of  the  line  of  impact  NN  from  the  axis  of 
revolution  of  the  pendulum.  If  the  distance  CM  of  the  centre  of 
oscillation  M  of  the  entire  mass^  together  with  the  ball  from  the 
centre  of  suspension  C,  i.  e.  the  length  of  the  simple  pendulum, 
which  oscillates  in  equal  times  with  the  ballistic,  =  I,  and 
the  angle  of  elongation  BCD  =  a,  we  have  the  height  of  the 
isochronously  oscillating  simple  pendulum : 

h  =  CM—  CH=  I—  I  COS.  a  =  I  {I— cos.  a)  =  2/  (sin.  |Y  ; 

and  hence  the  velocity  at  the  lowest  point  of  its  path : 

or  the  corresponding  angular  velocity :: 


By  equating  these  two  values  it  will  follow  that  the 
velocity : 

^  M^a^  'V  /  2 

But  now,  according  to  the  theory  of  the  simple  pendulum, 
j_ moment  of  inertia _Mia^-{- M^ y^ 
~  statical  moment  ""    {Mi-\-M^  s  \ 

s  being  the  distance  of  the  centre  of  gravity  S  from  the  axis  of 
revolution,  hence 

M^ a^  -H  M^y^^  =  {M^  +  M^  si,  and 


'^ - "^ \  M,    • ;  ^^^^- «»•  2- 


If  the  pendulum  makes  n  oscillations  per  minute,  the  time  of 
oscillation 


'A^ 


CENTHB   OP   PEMCMION, 

''     60-'  -     60"    /. 

-=— ,  hence  v',;=2i-:J! 


and  the  required  velocity  of  the  ball 

-  _-"i  +  M,    120m      .    « 

ted".!^'  cTT  '^fj™^-!'  a  body   lurniag    .boo.    a 
de^n^r  ''i,     '  f'"'  "f-  "^  ™  -f "»  Wy,  which  i. 

^^rZT  "*«,"»''"  »«.  -'"«■  'te  direction  of  the  bio. 


d  the  centre  of  gravity  of  the  body. 


Let  BD  be  a  plane  of  gravity 
passing  through  the  axis  of  revo- 
lution XTof  the  body  in  Fig  331j 
YYa  second  perpendicular  axis 
in  this  plane,    and  ZZ  a  third 
MJa,  at  right  angles  to  this  plane 
of  gravity.     An  element   M^   of 
the  body  is  determined  by  the 
co-ordinates   AK^x^,   KL=!/„ 
and  LM=z„  in  this  system  of 
axes  intersecting    in    the    point 
A,  and  another  element  by  the 
co-ordinates  afj,  y^  ^a,  &c.     If,c 
be  the  angular  acceleration,  we 
shall  have  the  force  of  inertia  of 


^e  element  3f,  ^  Q,  =  jtf,  .  ,  .  ^^^^  if  these  be  resolved  into 
the  component  forces  R  parallel,  and  S  at  right  angles  to  the 
""^!J^P^''°^8'^"*y'  *^«  "imilarity  of  the  triangles  KML 
and  QMR  or  MQ8,  gives  R=M,  .  <^=.M,.„  and  L^.j,,. 
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From  this  the  aggregate  of  the  component  forces  parallel  to  the 
plane  =  k  {MyZ^  -^M^^-^  . .)  and  that  of  the  component  forces  at 
right  angles  to  this  plane : 

K  {Mj  yj  +  Afa  ya  +  •  •  )• 
Since  the  plane  BD  passes  through  the  centre  of  gravity,  the  sum 
of  the  moments  MiZi-\-M^2'^  •«  =0,  hence  there  remains  only 
the  sum  of  the  forces  jc(Jlfiyi+ilf3ya+  ..)•  If  now  P  be  blow,  and 
fF  the  resistance,  or  the  reaction  of  the  axis,  we  shall,  in  the  first 
place,  have  to  put : 

P=:  fF  +  i:(J|fjyi  +  2lfay,...). 
The  statical  moment  of  the  force : 

or  the  distance  KM  represented  by  r^  =  kM^^^  the  moment  of 
the  force  of  another  particle  of  the  mass  =  k  M^  r^%  &c.,  hence  the 
statical  moment  of  the  entire  inertia  =  jc  {MiV^* -^  M^r^ -h  .  • .)  • 
If  now  we  put  t)ie  distance  NO  of  the  direction  of  the  impact  from 
the  direction  of  the  axis  =&,  we  shall  have  the  moment  of  percussion 

P  about  XX^Pbf  whilst  that  of  W^O ;  we  may  hence  also  put : 

and  obtain  by  elimination  of  k  from  both  equations : 

P=:  ?r+^y:^^^^tju),  i.  e.  the  reaction  sought : 

If,  lastly,  we  represent  the  distance  ANo(  the  direction  of  the  impact 
from  the  axis  YY  by  a,  and  the  distance  AXJoi  the  point  of  appli- 
cation 17 of  the  reaction  ^from  the  initial  point  by  «,  we  shall 
have  frurther  the 

moment  Pa  =  mom.  Wu  +  mom.  r  {M^x-^y^  +  ^9^09  +  •  •  )* 
and  the  distance  of  the  point  of  application  sought  will  be : 

Jlfiri«-hAfj,r8*+  ..  — ^(ilfiyiH-Afjjyg-h  ..) 
The  reaction  fr=0,  if  ft  {M^yy+M^y^-^-.  .)^M^r^+M^r^'^  .., 

1    h--  ^^  ^^  "^  ^^  ^i   "^  '  '  ^  moment  of  inertia 
*   '    '     ""    Jl^iVi  +  ^iVi  +  •  •     ^  statical  moment"^ 
and  also  its  moment  =  0,  if 


-.  a 


Pa=i:(afia?iyx+ilf,4fgyg+..),  «.  «.    tA'i  n 


-    »     '^M    /■; 


"i 
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.     I.       ^     -  ;     2    j^^i^igi  +  ^i^aya  +  ■• 
Jtfiyi  +  Jtfjyj  +  . . 

The  point  0  determined  by  these  co-ordinates  a  and  b,  in  the 
plane  of  g;raTity  containing  the  fixed  axis  is  called  the  centre  of 
percumon.  Every  blow  passing  through  this  point,  and  at  right 
angles  to  the  plane  of  gravity,  is  completely  taken  up  by  the  mass, 
without  leaving  any  residuary  effect  upon  the  axL^  <>''  producing 
any  pressure.  The  formula  (1)  shews  that  the  centre  of  percussion 
is  at  the  same  distance  from  the  axis  of  revolution  (compare  §  251) 
as  the  centre  of  sijapsnaian.    £ '■   '"■'   '^'' 

That  a  hammer  may  not  jar  by  its  blow  the  hand  which  holds  it, 
or  react  upon  the  wrist  about  which  it  turns,  it  is  requisite  that 
the  blow  pass  through  the  centre  of  percussion, 

Bxampta.—\.  In  •  prigmttlc  bu  CA,  Fig.  332,  which  tonu  tbont  one  of  iU 
MtreinepoinU,  tb«  centre  of  percnuion lie* about  f70  —  A  —  ^   ~  4I   —   )   CA 
(tam  the  «xii.     If,  therefore,  the  bir  be  Sied  tt  one  extremity  uoA  be  ttnicfc  at  • 
vto.  333. 


point  0  at  the  dittance  CO  —  ^  cA,  then  no  jar  irill  be  fblt.— 2.  In  a  panllelipiped 
BDE,  Fig.  333,  which  tnmi  about  an  aiia  XX  rnnniDg  p«raUel  to  It*  tarn  sides  and 
'    it  SA  =•  t  from  the  centre  vt  gravitf ,  the  distance  AO  of  the  centre  of 

n  O  from  the  axis  b  •=  ^—,  where  d  is  the  semUUsgonal  -of  the  lateral 

*  throosli  which  the  axU  ;ijr  passes  <  j  220).    If  tfae  Jbroe  of  the  blow  P 
were  to  pass  through  the  centre  of  gravitf ,  the  reaction  would  be : 


,*"i'  +  id')  " 


•  i'  +  iiP  ~  Zt'  +  iP 


§271.  Excenirie  impact. — Lastly,  let  us  further  investigate  a 
simple  case  of  excentrie  impact,  when  both  masses  are  perfectly 
.  firce.  When  two  bodies  A  and  BE,  Fig.  384,  impinge  upon  each 
other  so  that  the  direction  of  impact  NN  passes  through  the 
centre  of  gravity  iS,  of  the  one  body,  and  beyond  the  centre  of 
21* 
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Via.  334.  gravity   Sg  of  the  other  body,  the  im- 

pact with  respect  to  the  first   body  is 
centric,  and  with  respect  to  the  other 
exceatric.     The  efiects  of  this  acentric 
impact  may  be  found  from  the  proposi* 
tion,  §  S14,  if  we  assume  first,  that  the 
second  body  is  free,  and  that  the  direc- 
tion of  impact  passes  throngh  the  centre 
of  gravity  S^  and  secondly,  that  this 
body  is  fixed  at  its  centre  of  gravity,  and 
that  the  percutical  force  acts  as  a  force  of 
revolntion.  If  now  C|  be  the  initial  velocity  of  A,  c^  that  of  the  c«itre 
of  gravity  of  BE,  and  if  the  two  velocities  pass  into  t*i  and  Vq  from 
the  efiect  of  the  blow,  there  will  remain  as  in  ^  266, 

If  further  e  be  the  initial  angular  velocity  of  the  body  BE,  and  in 
its  revolution  about  the  axis  passing  through  the  centre  of  gravity, 
and  perpendicular  to  the  plane  NNSq,  and  if  this  velocity  pasa 
from  the  efiect  of  the  blow  into  w,  and  M^^'  represent  the 
moment  of  inertia  of  this  body  about  Sj,  or  »  the  distance  S^K  of 
the  centre  of  gravity  S,  firam  the  direction  of  impact,  we  shall 
then  also  have 

If  both  bodies  are  inelastic,  then  the  points  of  contact  of  the 
two  will  have  at  the  end  equal  velocities,  therefore,  further  v,  will 
=v^  +  tu.  If  we  determine  from  the  above  eqnations  f,  and  w  by 
V|,  and  put  the  values  obtained  into  the  last  equation,  we  shall 
then  obtain : 

_M,  fa-..)  M,^h-..) 

•' W,       +'"+      M^,-      +'■ 

and  from  this  may  be  determined  the  loafl  in  velocity  of  the  first 
body: 

_J>f*'  h  — «.— «) 
'''"^' -  (M,  +  JBJ  y,' +  J»,«" 
the  gain  in  progressive  velocity  of  the  second :  i  - ,      . 

J|f,y.(,,_,-^.)  ■■'■  ' 

'■"''- (ilf,  +  iH,)  },•  + Af,  s" 
and  the  gain  in  angular  velocity ; 

_     Af|  I  (c. — Ca — si)  ^ 
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For  the  case  of  perfectly  elastic  impact^  these  yalu&  are  double ; 
and  for  that  of  imperfectly  elastic  impact,  they  are  (1  +  V/i)  times 
as  great. 

Exaaqfle.  An  iron  baQ  A^  of  65  lbs.  weight,  strikes  a  parallelipiped  BE  of  fir, 
originally  at  rest,  with  a  36  feet  velocity ;  the  length  of  this  body  is  5  feet,  its 
breadth  3  feet,  and  thickness  2  feet,  and  the  direction  of  the  impact  iV:^  deviates  by 
S^  IT  «  •  B>  \i  feet  from  the  centre  of  gravity  S^  then  the  following  velocities  after 
impact  are  given.  The  specific  gravity  of  fir  may  be  taken  »  0,45,  the  weight  of  the 
parallelipiped  is  therefore  »  5  x  3  x  2  x  62,5  x  0,45  »  843,75  lbs.  The  square  of 
the  semi-diagonal  of  the  lateral  surface  parallel  to  the  direction  of  impact  is ; 

•■-(i-yMf)'-'*-^.-  •■','.*•" 

hence  the  velocity  of  the  ball  after  impact  fs : 

___ifj3^ci ^/,  843.75.7,25         \ 

(3f,  +  if,)  y*  +  ^1  •*  "*        V        956".  7,25  +   65  .  1,75V 

-  36  (i  _  ^-^s^^)  -  36  (1  -  0,958)  «  1,512  feet ; 

farther,  the  velocity  of  the  centre  of  gravity  of  the  parallelipiped : 

Jf.t^e,  65.7,25.36 

''^  "  (3f,  +  Af^  |;>  +  Jfj  J>  *^       7130,06  ^*^^^  "** ' 

lastly,  the  angular  velocity  of  this  body  is  i  t  L     T.      / 


V,  =  Cj  — 


"1     *./ ' 


A. 


p^n^Tt^P         ^  7130,06  "'°'    ""• 
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SECTION   V. 


STATICS   OFFLUID   BODIES. 


CHAPTER  I. 


ON    THE    EQUILIBKIUM  AND  9KE8SU&E   OF   WATER   IN   VESSELS. 

§  272.  Fluidity. — We  regard,  fluid  bodies  as  systems  of  material 
points^  whose  cohesion  is  so  feeble^  tha.t  the  smallest  forces  are  suffi- 
cient to  effect  a  separation^  and  to  move  them  amongst  each  oth^ 
(§  59).  Many  bodies  in  nature^  such  as  au*^water^  &c.^  possess  this 
property  of  fluidity  in  a  high  degree  ;:  other  bodies,  on  the  contrary^ 
such  as  oil^  fat^  soft  easth,  &e.,  ase  fluid  in  a  low  degree.  The 
one  are  called  perfectly  fluid,  the  other  imperfectfy  fluid  bodies. 
Certain  bodies^  as  for  instance^  paste,  ase  intermediate  between 
solid  and  fluid  bodies- 

Perfectly  fluid  bodies^-  of  which  only  we  shall  subsequently 
speak,  are  at  the  same  time  perfectly  elastic,  t.  e.  they  may  be 
compressed  by  external  forces,  and  will  perfectly  resume  their 
former  volume  after  the  withdrawal  of  these  forces.  The  amount 
of  the  change  of  volume  corresponding  to  a  certain  pressure  is 
different  for  different  fluids;  in  liquid  bodies  this  is  scarcely 
perceptible,  while  in  affr\form  bodies,  which,  on  this  account,  are  also 
called  elastic  fluids,  it  is  very  great.  This  slight  degree  of  compres- 
sibility of  liquid  bodies  is  the  reason  why  in  most  investigations  in 
hydrostatics  (§  63)  they  are  considered  and  treated  as  incompres- 
sible or  inelastic.  As  water,  of  all  liquids,  is  the  one  most  generally 
diffused  and  the  most  useful  for  the  purposes  of  life,  it  is  taken 
as  the  representant  of  all  these  fluids,  and  in  the  investigations 
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of  the  mecbamcs  of  fluids,  water  only  ia  spoken  of,  whilst  it  is 
tacitly  understood  that  the  mechanical  properties  of  other  UqaldB 
are  the  same  as  those  of  water. 

From  a  Binular  reason  in  the  mechanics  of  the  elastic  fluid  bodies 
ordinary  atmospheric  air  ia  only  spokm  of. 


Btmart. — A  MlnniD  of  wtter  of  one  tqnue  inch  ti 
bj  ■  irei^t  of  15  Ibt.  wUch  coireipondi  to  the  ■tmoipheric  preuurc,  bj  ■bout 
0,00005  or  50  mOliontlu  of  ill  Tolume,  while  the  Mme  colonui  of  >ii  nnder  thu 
pieunre  woold  be  compreued  to  one  hilf  of  iti  originil  nriame. 

§  373.  Principle  qf  egaaUiy  qf  pressures. — The  characteristic 

proper^  of  fluids,  which  essentially  distinguiahes  them  from  soUd 

bocUes,  and  which  Bervea  as  a  basis  of  the  laws  of  the  equilibrium 

of  fluid  bodies,  u  the  c<g>alniity  of  trarumitting  the  pressure  which 

is  exerted  upon  a  part  of  the  surface  qf  the  frnd  in  all  iSrectiotu 

uttehanged.    The  pressure  on  solids  is  transmitted  only  in  its  proper 

direction  (§  83) ;   while,  on  the  other  hand,  when  water  is  ptesaed 

on  one  side,  a  tension  takes  place  in  the  entire  mass,  which  exerts 

itself  on  all   sides    and  may   be  obserred  at   all  parts   ti  the 

surface.     To  satisfy  ourselves  of  the  correctness  of  thi»  lair,  we 

may  make  use  of  an  apparatus  filled  with  water,  as  is  ^own  in 

the  horizontal  section  in  Fig.  835.     The  tubes  AE  and  BF,  kc., 

sss  equally    distant    aad    at  an    equal 

height  above  the  horizontal  base,  are 

closed  by  perfectly    moveable    and 

accurately  fitting  pistons,  the  water 

pres8e8>  therefore,  by  its   weight  as 

strongly  against  the  one  piston  as 

against  the  other.     Let  us  do  away 

with  this  pressure,  and  regard  the 

water  as  devoid  of  weight.     Let  us 

press  the  one  piston  with  a  certain 

pressure  P  against  the  water,  this 

\ pressure  will  then  be  transmitted  by 

the  water  to  the  other  pistons  S,  C,  D,  and  for  the  restoration  of 
equilibrium,  or  to  prevent  the  pushing  back  of  these  pistons,  it  is 
requisite  that  an  equal  and  opposite  pressure  P  act  against  each  of 
these  pistons.  We  are,  therefore,  justified  in  assuming,  that  the 
pressure  P,  acting  upon  a  point  A  of  the  surface  of  the  mass  of 
water,  produces  in  it  a  tension,  and  not  only  transmits  this  in  the 


32b  pkinciple  or  echtalitt  op  tbessukks. 

Btraight  line  AC,  but  also  in  every  other  direction  BF,  DH,  &c., 
to  every  equal  area  of  the  surface  C,  B,  D. 

If  the  axes  of  the  tubes  BF,  CG,  &c..  Pig.  336,  are  paraUel  to 
na.  336.  each  other,  the  preBsures  which 

act  apon  their  pistons  may  be 
united  by  addition  into  a  single 
pressure  j  if  n  be  the  anmher  of 
the  pistons,  then  the  aggregate 
I  pressure  upon  these  amounts  to 
P,  ^  nP,  and  in  the  case  re- 
presented in  the  figure  P,=3P. 
But  now  the  areas  F,  of  the 
pressed  surfaces  B,  C,  D,  are  equal  to  r  times  the  preroed  sur- 

p 
face  F  of  the  one  piston,  hence  n  may  not  only  be  put  =  -p-, 

but  also  =  -=i,  therefore  =i  =  -J. 

If  the  tubes  B,  C,  D,  form  a  single  one,  as  in  Pig.  337,  and 
if  we  close  it  by  a  single  piston,  F^  then  becomes  a  single  surface, 
and  P,  is  the  pressure  acting  upon  it,  hence  there  follows  this 
general  law,  the  pressure  which  afiuid  body  exerts  igwM  Afferent 
porta  of  the  aides  of  a  veaael,  M  proportional  to  the  area  of 
these  parts. 


This  law  corresponds  also  to  the  principle  of  virtual  velocities.  If 
the  piston  AD=F,  Fig.  338,  moves  inwards  through  a  space  AAj = s, 
it  then  presses  the  column  of  water  Fs  from  its  tube,  and  if  the 
piston  BE  =  Fi  it  passes  outwards  through  the  space  ££,=>„  it 
then  leaves  a  apace  P,«,  behind.  But  since  we  have  supposed  that 
mass     of    water  neither  allows    of    expansion  nor  compression. 
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its  volame  then  by   this  motion   of  the    piston    must    remain 
unaltered,  that  is,  the  increase  Fs  must  be  equal  to  the  decrease 

Fj  «i.      But    the  equation   F^s^  =  F*  gives  -^=— ,    and    by 

P      F 

combining  this  proportion  with  the  proportion  -5^=-^^,  it  follows 

p       g 

that     p  =— >  hence,  therefore,  the  meehanical  effect  P^s^  =  me- 

chanical  effect  Ps.  (§  80). 

Bxangfie.  If  the  piston  JD  has  a  diameter  of  If  inches,  and  the  piston  BE  one  of 
10  inches,  and  each  is  pressed  by  a  force  P  of  36  lbs.  upon  the  water,  this  piston 

exerts  a  pressure  P,—J^  Pb--_  .  36»1600  lbs.    If  the  first  piston  is  pushed 

Ff        1,5* 

J^         9     6       27 
forwards  6  inches,  the  second  will  only  go  back  by  «,»--«»  -t^« — ^.B0,135in. 

°  "^   '    Fj         400      200       ' 

Semark.  Numerous  applications  of  this  law  will  come  before  us  in  the  hydraulic 

press,  or  water  column  machines,  in  pumps,  &c. 

§  274.  TTie  Jkdd  surface.  —  The  gravity  inherent  in  water 
causes  all  its  particles  to  tend  downwards,  and  they  would 
actually  so  move  unless  this  motion  were  prevented.  In  order  to 
obtain  a  coherent  mass  of  water,  it  is  necessary  to  enclose  it  in 
vessels.     The  water  in  the  vessel  ABC,  Fig.  S^,  is  then  only  in 

equilibrium  if  its  free  surface  HR  is  per- 
pendicular  to  the  direction  of  gravity,  and 
therefore  horizontal,  for  so  long  as  this 
surface  is  curved  or  inclined  to  the  horizon ; 
then  there  are  elementary  portions  E,  F, 
&c.,  lying  higher,  which  from  their  extreme 
mobility  in  virtue  of  their  gravity  slide 
down  on  those  below  them,  as  if  it  were 
on  an  inclined  plane  GK, 
Since  the  directions  of  gravity  for  great  distances  can  no  longer 
be  regarded  as  parallel,  we  must,  therefore,  consider  the  free  sur- 
face, or  the  level  of  water  in  a  large  vessel,  as  for  example,  in  a 
great  lake,  no  longer  as  a  plane,  but  as  part  of  a  spherical 
surface. 

If  any  other  force  than  that  of  gravity  act  upon  the  particles  of 
water,  the  fluid  surface  in  the  state  of  equilibrium,  will  be 
perpendicular  to  the  direction  of  the  resultant  arising  from  gravity 
and  the  concurrent  force. 

If  a  vessel  ABC,  Fig.  340,  is  moved  forward  horizontally  by  a 
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nniform  accelerating  force  p,  the 
free  surface  of  the  water  in  it  will 
form  U)  inclined  plane  DF,  iat  in 
this  case  every  element  E  of  this 
surface  will  be  impelled  downwards 
by  its  w^ht  G,  and  horizontallj 

by  its  inertia  P=-  G,    there   will 

then  be  resultant  R,  which  will  make  with  the  direction  of  gravity 
a  uniform  angle  R£6=a.  This  angle  is  at  the  same  time  the 
angle  DFH  which  the  surface  of  the  water  makes  with  the  hori- 

Eon.     It  is  determined  by  tang.  a~jj=-. 

MB.  HI.  Iff  on  the  other  band,  a  vessel  ABC, 

Pig.  341,     rotates  uniformly   about  its 

vertical  axis  XX,  the  sur&ce  of  the 
water  then  forms  a  hollow  surface 
AOC,  whoae  sections  through  the  axis 
are  paraboUc.  If  w  be  the  angular 
velocity  of  the  vessel  and  the  water  va 
it,  G  the  weight  of  an  element  of  water 
B,  and  y  its  distance  ME  from  the 
vertical  axis,  we  shall  then  have  for  the  centrifugal  force  of  this 

element  F=^  ^  (§  231),  and  hence  for  the  angle  ItEG=  TBM 

=f,  which  the  resultant  R  makes  with  the  vertical  or  the  tangent 
to  the  water  profile  with  the  horiean :  i 

From  this,  therefore,  the  tangent  of  the  angle  which  the  line  of 
contact  makes  with  this  ordinate  is  proportional  to  the  ordinate. 
As  this  property  belongs  to  the  common  parabola  (§  141),  the 
vertical  section  AOC  of  the  surface  of  water  is  also  a  parabola 
whoae  axis  coincides  with  the  axia  of  revolution  XX. 

If  a  vessel  ABH  be  moved  in  a  vertical  circle.  Fig.  342,  uni- 
formly about  a  horizontal  pawHal  axis  C,  the  surface  of  the  water 
will  form  in  it  a  cylindrical  surface  with  circular  sections  DEH.  If 
we  prolong  the  direction  of  the  resultant  R  of  the  gravity  G,  and 
the  centrifugal  force  Fof&n  element  E  to  the  intersection  O  with 
the  vertical  VK  passing  through  the  centre  of  revolution,  we  shall 
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via.  342.  then  obtain   the    similar  triangles 

ECO  and  EFR,  for  which 
OCFR     G 
BC~EF~F' 
but  now,  if  we  put  the  radius  of  gy- 
ration £C=y,  and  retain  the   last 

notation,   F=^~^,  it  follows  that 

3 
the  line  i 

rn-9     „        82,2     /30\'    2936 

if  «  represents  the  number  of  revo- 
lutions per  minute.  As  this  value 
of  CO  is  one  and  the  same  for  all  the  particles  of  water;  it 
follows  that  the  components  uf  all  the  particles  forming  the  section 
DEH  are  directed  towards  0,  and  hence  the  section  perpen- 
dicular to  the  directions  of  these  forces  is  a  circle  d^cribed 
from  0  as  a  centre.  According  to  thtSj  the  surfaces  of  water  in  the 
buckets  of  an  overshot  wbcel  form  perfect  cylmdrical  surfaces, 
corresponding  to  one  and  the  same  horiiontal  axis. 

§  275,  Pressure  on  the  bottom. — The  pressore  of  water  in  a  ves- 
no.  343.  sel  ABCD,  Fig.  843,  immediately 

under  the  water  level  is  the  least, 
but  becomes  greater  and  greater  in 
proportion  to  the  depth,  and  is  great- 
est immediately  above  the  bottom. 
To  prove  this  generally,  let  us  as- 
sume that  the  level  of  the  water 
Hffi^  whose   area  may  be  F^  is 
uniformly  pressed  by  a  force  Pg, 
for  example,  by  the  superincum- 
bent atmosphere,  or  by  a  piston,  and  let  ns  suppose  the  whole  mass 
of  water  divided  by  horizontal  planes,  as  H-^R^,  H^R^  into  equally 
thick  strata  of  water.     If  now  X  be  the  thickness  or  the  height  of 
such  a  stratum,  and  y  the  density  of  water,  we  shall  then  have  the 
weight  of  the  first  stratum  G,  =  F^y,  and  hence  the  entire  pres- 
sure on  the  subjacent  water:  P^  =  P^+F^y.    If  we  divide  this 
pressure  by  the  area  F^  of  the  following  horizontal  section  H^R^, 
we   shall    obtain    the    pressure    for   each  unit  of  this  sur&ce: 

Ptti-p^-^  ^r>oi'i  sinceF,,  on  account  of  the  infinitely  small  dts- 
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tance  between  H^  and  H^Ri,  is  infinitely  little  different  from  F^ 
and  may  be  substituted  for  this  '•  Pi  =  Pa  +  ^i  where  p^  repre- 
Bents  the  external  preBsure  on  the  unit  of  surface.  The  pressure 
of  the  succeeding  horizontal  section  H^  if,  may  be  detennined.^^ 
exactly  as  the  pressure  of  the  stratum  If\R\,  if  we  take  into 
consideration  that  the  initial  pressure  upon  the  unit  is  now 
P\  =  Po  +  ^y>  whilst  it  was  then  only  fig.  The  pressore  in  the 
horizonta)  stratum //i^R,  then  follows  :  ^,  =  j>i  +  ^y=/>g+^+^ 
=P(,+^^'r  likewise  the  pressure  in  the  third  stratam  H^fts 
=JL^S?i.y,  in  the  fourth  =  p^  +  ^y,  and  in  the  «th  =  jj^+nAy. 
But  now  nA  is  the  depth  GpGbj^  A  of  the  nth  stratum  bdknr  the 
level  of  the  water,  hence  the  pressure  upon  each  unit  lA  stirfiiee  in 
the  nth  horizontal  stratum  may  be  put :  p  ■=  p^  +  hy. 

The  depth  h  of  an  element  of  surface  below  the  water  level,  is 
called  the  head  of  water ,  and  the  pressure  of  water  upon  any  unit 
of  suriace  may  from  this  be  found,  if  the  estemally  acting  pressure 
he  increased  by  the  weight  of  a  column  of  water  whose  base  is  this 
unit,  and  whose  height  is  the  head  of  water. 

The  head  of  water  A  on  a  horizontal  surface,  for  instance,  on 
the  bottom  CD  is  at  all  places  one  and  the  same ;  hence  the  area 
of  this  surface  =  F,  and  the  pressure  of  water  against  it  is : 
P=(p„+Ay)J'=^o  +  J=%y=P(i+i''fty,  or  if  we  abstract  the  outer 
pressure:  P=F7iy.  The preisure  of  toater  agairut  a  horizontai 
mrfaceit  therefore  eqvivaletU  to  the  iM^kt  ef  the  tw^t>n»ewi»bend 
column  of  water  Fh. 

Fin.  344.  This  pressure  of  water  against  a 

horizontal  surface — sgunst  a  hori- 
zontal bottom,  for  instance  —  or 
against  a  horizontal  part  of  a  lateral 
wall,  is  independent  of  the  form  of 
the  vessel;  whether,  therefore,  the 
vessel  AC,  Pig.  344,  be  prismatic 
as  a,  or  wider  above  than  below  as  b, 
or  wider  below  than  above,  as  c,  or 
inclined  as  d,  or  bulging  out  as  e, 
&c.,  the  pressure  on  the  bottom  will 
be  always  equal  to  the  weight  of  a 
column  of  water  whose  base  is  the 
bottom  and  whose  height  is  the 
depth  of  the  bottom  below  the  level 
of  the  water.      As  the  pi-essui-c  of  water  transmits  itself  on  all 
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sides,  tbia  law  ia  therefore  applicable  when  the  surface,  as  BC, 
Fig.  845,  is  pressed  upon  from  below  upwards.  Every  unit  of 
surface  in  the  stratum  lying  in  BC  is  pressed  by  a  column  of 
water  of  the  height  HB  =  RK  =  h ;  consequently,  the  pressure 
t  CB  =  Fky,  F  being  the  area  of  the  aurface. 


It  further  follows  from  this,  that  the  water  in  tubes  communi- 
cating with  each  other  ABC  and  DEF,  Fig.  346,  when  equilibrium 
subsists,  stands  equally  high,  or  that  the  two  levels  AB  and  EFtae 
in  one  and  the  same  horizontal  plane.  For  the  aubsiatence  of  equih- 
brium,  it  is  requisite  that  the  stratum  of  water  HH  be  ss  forcibly 
pressed  downwards  by  the  emperincumbent  column  of  water  BR,  as 
pressed  upwards  by  the  mass  of  water  lying  below  it.  But  ss  in  both 
cases  the  surface  pressed  is  one  and  Uie  same,  so  must  the  head  of 
water  in  both  cases  be  one  and  the  same,  therefore  the  level  AB 
must  stand  as  high  above  HR  as  the  level  EF. 

§  276.  Lateral  preggure. — ^The  laws  found  above  for  the 
pressure  of  water  against  a  horizontal  surface,  are  not  directly 
applicable  to  a  plane  surface  inclined  to  the  horizon ;  for  in  this 
case  the  heads  of  water  at  different  places  are  different.  The 
pressure  p  =  hy  on  each  unit  of  surface  withia  the  horizontal 
stratum  of  water,  which  lies  a  depth  k  below  the  level,  acts  in  alt 
viB.  347.  directions    (§   278),  and  conse- 

quently also  perpendicular  to  the 
fixed  lateral  walls  of  the  vessel, 
which  (from  §  128)  perfectly 
counteract  it.  If  now  Fy  be  the 
area  of  an  element  of  a  lateral 
surface  ABC,  Pig.  347,  and  h, 
its  head  of  water  FH,  we  shall 
then  have  the  nonnal  pressure  of 
the  water  against  it  :Pj=Fi .  A,y; 
if  ^3  be  a  second  element  of  the 
suriVkce,  and  A,  its  head  of  water, 

.;.   .■  ■  -,    ;,,/■  ^  -T  ti 
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we  shall  then  have  the  normal  pressure  on  it :  P^  =  PJ>it  >  ^°^ 
for  a  third  element  P,  :=  F^i^,  Stc.  These  normal  pressnrea 
form  a  system  of  parallel  forces,  whose  resultant  P  is  the  sum  of 
these  pressures ;  therefore  P  —  {F^hi  +  F^h^  +  , , .)  y.  But 
DOW,  forther,  Fihi  +  F^h^  +, ..  is  the  sum  of  the  statical  mo- 
ments  of  F^,  F^  &c,,  with  respect  to  the  surface  OHR  of  the  water, 
and  =  F^i  F  representing  the  area  of  the  whole  surface,  and  A  the 
depth  SO  of  its  centre  of  gravity  below  the  level ;  hence,  the 
aggr^Bte  normal  pressure  against  the  plane  surface  is  i*  =  fhy. 
We  mean  here,  by  the  head  of  water  of  a  surface,  the  depth  80  of 
its  centre  of  gravity  below  the  level  of  the  water ;  the  general  rule, 
therefore,  is  true  that :  the  jpreaure  of  water  agamtt  a  ^ane 
surface  it  eqmvalent  to  the  toeight  of  a  column  of  water  who$e 
bate  it  the  surface  and  whote  height  i»  the  head  <(f  water  of  the 
tmrface. 

,  It  must  further  be  stated,  that  this  pressure  t^  the  water  is  not 
no.  348.  dependent  on  the  quan^ 

tity  of  water  which  is  be- 
fore or  below  the  pressed 
surface,    that    therefore, 
for  example,  a  flood-gate, 
AC,    Pig.    348,    nnder 
otherwise  similar  circum< 
stances,  has  to   sustain 
the  same  pressure,  whether  the  water  to  be  dammed  up  be  that  of 
a  small  sinice  ACEF,  or  that  of  a  larger  dam  ACGH,  or  that  of  a 
.^reat  reservoir.     From  the  breadth  AB  =  CD  —  b  and  height 
AD  =  BC  =  d  of  a  rectangular  flood-gate,  F  ^  ab,  and  the 

lead  of  water  SO  =  5;  hence,  the  pressure  of  water 

Therefore  the  pressure  iacreases  as  the  breadth,  or  as  the  square  of 
the  height  of  the  pressed  surface. 

Biamplt.  IfthemteTitwii]3}fef:thigbbefor««b(HtnlofMk4feetbr(wd,  Sfeet 
Ugh,  and  2J  inctm  tliicli,  wli&t  will  be  the  force  required  to  dr«w  it  up }  Tb« 
folume  of  th«  bovd  ii  4  .  S  .  ^  „  "  cubic  feet.  If  now  we  take  the  denuty 
ofo»k  utnntted  with  water  from  f  S8  at  62,&>t  1,11  -  67,3  Iba.,  the  weight  of  thia 
boardwiUbe!  O  -  H  .  67,3  -  280,5  lbs.  ne  preaure  of  the  water  «g*in«t  the 
boaid,  and  alio  the  prennre  of  thii  lait  agaiait  tke  guidei  will  be  1 
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/•  -  i  •  /yV  .  t  .  62,5  -   49  .  3*,2S  -   1531,25  lU.  j   if  now  we  Uke  the 

co-cfflcient  of  friction  for  wet  wood  from  1  161,/—  0,68,  the  frictioa  of  thii  board 
igaitut  H*  pudM  wiUbe/'o/P  "  D,SB  .  I531,2S  -  1041,25  Ibi.  If  to  thit  be 
■dded  the  weight  of  the  board,  we  ihtU  obtain  Ibe  tores  reqoited  to  poll  It  itp 
-  1041,25  +  67,3  -  1108,551bi. 

§  277.  Centre  of  pretmre.'-'Yha   reaaltaot  P  =  Fhy  of  the 
no.  349.  collective    elementary    pressores 

-f  At*  -^»^r»  **■!  ^^t  ^'^  erery 

other  lystem  of  puallel  forces,  a 
deSnite  point  of  application, 
which    is  called  the    centre   qf 

iprettwe.  Equilibrinm  will  sub- 
siat  for  the  whole  pressore  of  the 
aorface,  if  this  point  be  aappinrt- 
ed.  The  statical  moments  c^  the 
elementary  pressures  F^Ajr,  FJt^y, 
&x.,  with  respect  to  the  plane 
of  the  level  OHR,  Fig.  849,  are : 
F^h^y .  A,  =  FjAj'y,  FJi^y,  &c. ;  therefore,  the  statical  moment  of  the 
whole  pressure  with  respect  to  this  plane  is :  (F,Ai'  +  F^  + . , .)  y. 
If  we  put  the  distance  KM  of  the  centre  M  of  this  pressure  from 
the  level  of  the  water  =  z,  we  shall  then  have  the  moment  of 
pressure  =  P»  =  {F^hi  +  F^A,  +  .  .  .)  Zy,  and  by  eqoating 
both  momeaits,  the  depdi  in  question  of  the  centre  M  below  the 
sur&ce; 

f,Ai+J!;a,+ ..   '°  Fh 

if,  as  before,  F  represent  the  area  of  the  whole  snrfac^  and  A  the 
depth  of  its  centre  of  gravity  below  the  surface.  To  determine  this 
pressure  completely  we  must  know  further  its  distance  from  another 
plane  or  lin^.  If  we  pat  the  distances  F^O■^J  F^G^  &c.,  of  die 
elements  ot  the  suriace  F^,  F„  &c.,  from  the  line  AC  which  deter- 
mines the  angle  of  inclination  of  the  plane  ^  jT),  y^  &c.j  we  shall 
then  have  the  moments  of  the  dementary  pressures  with  respect  to 
this  line  ^  '^lAijriri  F^i^^y,  &&,  therefore,  the  moment  of  the 
whole  surface  =  {F^Kj/-^  +  -^A^g  +  •  ■ )  ri  >"^  '^  '^  repre- 
sent the  distance  MN  of  the  ceatre  M  from  this  line  by  v, 
we  shall  then  have  the  moment  also  =  {Fihy  +  FJi^  +  • . )  vy; 
if,  lastly,  we  make  both  moments  equal  we  shall  obtain  the  second 
ordinate: 
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If  a  be  the  angle  of  inclination  of  the  plane  ABC  to  the  \i<mxoa, 
and  x^,  DTj,  &c.,  the  distances  F^R^,  F^to,  &c.,  of  the  elements 
Fy,  f  J,  &c.,  as  likewise  u  the  distance  of  the  centre  of  pressure 
Mitom  the  line  of  intersection  ^B  of  the  plane  with  the  level  of 
the  water,  we  shall  then  hare  : 

Aj  =  :r,  sin.  a,  h^^x^  sin.  a,  &c.,  as  well  as  ;;  ^  u  sin.  a ; 
and  if  these  values  be  put  into  the  expressionB  for  z  and  v,  we 
shall  then  obtain  : 

_  F^  J,'  +  fj  jj*  +  . , moment  of  ioCTtia       , 

~  ^1  a-,  +  Fj  a-j  + . ,  statical  moment  ' 

_  FiXyy^  +  F^x^^  +  . . centrifiigal  moment 

i*',iF,+^aa?a+  ...  statical  moment 

We  may,  therefore,  find  the  distances  u  and  v  of  the  centre  of 
pressure  from  the  horizontal  axis  ATL  and  from  the  axis  AX 
formed  by  the  line  of  fall,  if  we  divideZhe  statical  moment  of  the 
surface  with  respect  to  the  first  axis,  onie'^fLits  moment  of  inertia 
with  reapect  to  the  same  axis,  and  a  second  time^ita  centrifugal 
moment  with  respect  to  both  axes.  The  first  distance  is  at  onoe 
the  distance  of  the  centre  of  suspension  from  the  line  of  interwc- 
tion  with  the  line  of  the  water  (§  251).  It  is  easy  to  see  that  the 
centre  of  pressure  coincides  perfectly  with  the  centre  of  percussion, 
det^mined  in  §  270,  if  the  line  of  intersection  AYot  the  surface 
with  the  level  be  regarded  as  the  axis  of  revolution. 

If  the  pressed  snr&ce  is  a  rectangle  AC,  Fig.  350,  with  hori- 
xontal  base  CD,  the  centre  of  pressure  M  will  be  found  in  the  line 
LK  let  fall  upon  CD  bisecting  the  basis,  and  will  be  distant  |  of 
tbis  line  from  the  side  AB  in  the  surface  of  water.  If  this  rect- 
angle does  not  reach  the  surface  as  in  Fig.  351,  if  further  the 


distance  KL  of  the  lower  base  CD  from  the  surface  be  l^,  and 
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that  of  the  upper  base  AB  =  L,,  we  then  have  the  distance  KM 
of  the  centre  of  pressure  &om  the  fluid  surface : 


'  =  I- 


v-y 


'V- 

For  the  case  of  a  right-angled  tnangle  ABC,  Fig.  352,  whose 
cathetns  AB  lies  in  the  fluid  sttrface,  the  distance  KM  of  the  centre 

ofpres8nreilffrom^£(§22S),  »=|-7r^   =   W>  if  /  represent 

the  height  BC  of  the  triangle  and  tiie  distance  of  4he  same  point 
from  the  other  cathetns,  as  this  point  in  every  ease  lies  in  the 
line  CO  bisecting  the  triangle,  which  passes  from  the  point 
0  to  the  middle  point  of  the  baae,  NM  =  r  =  i  ft,  wbete  t 
represents  the  base  AB, 

If  the  point  C  lies  in  the  surface,  aa  in  Fig.  858,  therefore,  the 
cathetos  AB  below  this  point,  we  have 

■'        JOIf  =  K  =  i^'  =  f/and  ATJtf  =  «  =  }  .  I  =  J  *. 
na.  35a.  ,  ^  .    '  no-  3M. 
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Examplt.  Whit  force  K  molt  be  expended  to 
draw  up  »  tnp-door  AC  turning  lUwut  tn 
uai  fiP;  F!g.  35S  ?  Let  iti  length  CA 
-  M  fM.  itt  breadth  EF  -  If  feet.  Hi 
weight  —  3S  lU. ;  further,  the  diftuce  CK 
of  the  axil  of  revolution  C  from  the  niiAMje 
HR,  measured  in  the  plane  of  the  door, 
"  1  fbot,  and  the  angle  of  indina^on  of 
thii  plane  to  the  horiton  —  68>.  The  preaaed 
mdtet  i(  F  ^  I  .  -  _  —  iqnare  feet,  and 
the  head  of  water  or  the  depth  of  ita  centre  of  graritj  below  the  tnifKe, 
»-fl5ri».«-{ffC+  C5)  «i*  B  -  (ffC  +  f  ^C)  «*fc  a  -  (l  +  ^-^)»*»-68* 

-  -g-  afti.  68"*  -  — '—^ 1,5067  feet  j  henoe,  the  prewme  of  water  ob  the 

■nrCkoe  ia :  J>  =  Fhf  —  -g- .  1,5067  .  66  —  186,4S   Ibi.      The  ann  ti  thii  fbrce 


n«_  M  y  6        81  —  16         ' 

•^  0,705  ft.  i  hence  the  itatical  moment  of  the  prettore  of  water  ~  186,41 . 0,709 
^  131,46  ft  Iba.    If  the  centre  of  giavit;  J  of  the  tnp-door  liei  about  half  the 

length  CS  —  X '  T  "  T  '^  ^"^  *''"  *''*  "^  njoiix&m,  the  am  CD  of  the 
wed^t  of  the  rerolving  door  will  be  -  M  eo».  o  =  -g- ,  «».  68*  =  y  .  0,3746 
^0,2341ft.,  andhencethestatica]  moment  of  tfaii  weight »35. 0,2341  — 9,19  (L Dm. 
By  the  addition  of  both  momenti,  we  obtain  the  whole  moment  for  drawing 
up   the  tn^hdoor  -  131,4S   +   8,19  -   136,65  fL  Ibt. ;   and  if  the  fiMce  K  for 

thii  effect  act  at  the  arm  C^  -  1,25  feet,  iU  amount  wU  be  -  ■     '       -  112  Iba. 

via.  356.  §  ^79.  If  water  presses  against  both 

sides  of  a  plane  surface  AB,  Fig.  856 ; 
there  arises  from  the  resultant  forees 
corresponding  to  the  two  aides  a  new 
resultant,  which  is  obtained  b;  the 
subtraction  of  the  former,  because  these 
two  act  oppositely  to  each  other. 

If  ^  is  the  area  of  the  pressed  portion 

on  the  one  side  of  the  surface  AB,  and 

A  the  depth  AS  of  ita  centre  of  gravity  below  the  IcTcl  of  the 

water ;  fiurther,  F,  the  area  of  the  portion  Ai  B^  on  the  other  side 
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of  the  surfacej  and  h^  the  depth  Ai  8^  of  its  centre  of  gravity 
below  the  corresponding  level  of  the  water^  we  then  have  for  the 
resultant  sought,  P  =  FTiy  —  F^h^y  =  {Fh  —  F^h^)  y. 

If  the  moment  of  inertia  of  the  first  portion  of  the  fluid  surface 
with  respect  to  the  line  in  which  the  plane  of  the  surface  intersects 
that  of  the  water,  =  Fa^,  the  statical  moment  of  the  pressure 
of  water  of  the  one  side  is,  therefore,  =  Fa^ .  y ;  if  further,  the 
moment  of  inertia  of  the  second  portion  with  respect  to  the  line  of 
intersection  with  the  second  surface  of  water  =  -^i^i'^  the  statical 
moment  of  the  pressure  of  water  of  the  other  side  about  the  axis 
lying  on  the  second  surface  is  then  =  F^x-^y.  Further,  if  the  dis- 
tance AA^  of  the  axes  =  a,  we  then  obtain  the  augmentation  of 
the  last  moment  in  its  transit  from  the  axis  A^  to  the  axis 
A,  =:  FJiy^  a  y,  and  hence  the  statical  moment  of  tiie  pressure  of 
water  with  respect  to  the  axis  in  the  first  surfaee 

From  this,  then,  it  follows  that  the  statical  moment  of  the 
difference  of  both  mean  pressures  =  (Fa*  —  -^i^i* — ^F^h'^y, 
and  the  arm  of  this  latter  force,  or  the  distance  of  the  centre  of 
pressure  from  the  axis  in  the  first  surfisM^  of  water  is: 

F^  —  F^x^*  —  aF^h^ 
^~  Fh  —  F^h^ 

If  the  portions  of  surfaee  pressed  are 
equal  to  one  another,  which  takes  place 
when,  as  Fig.  857  represents,  the  entire 
surface  AB  is  below  the  water,  we  have 
then  more  simply  P  =  F  (A  —  h^^y  and 
tt  =  A;  the  last,  because  h  —  h^  =  a,  and 
a?j«  =  a*  — 2aA  +  a'  (§217).  In  the 
last  case,  therefore,  the  pressure  is  equiva- 
lent to  the  weight  of  a  column  of  water, 
whose  base  is  the  surface  pressed,  and  whose  height  is  the 
difference  of  altitude  R  H^  of  both  surfaces  of  water,  and  the  centre 
of  pressure  coincides  with  the  centre  of  gravity  8  of  the  surface. 
This  law  is  also  further  correct  if  both  surfaces  of  water  are  besides 
further  pressed  by  equal  forces,  for  example,  by  a  piston  or  by  the 
atmosphere.  For  this  pressure  upon  each  unit  of  surface  =  p, 
and  therefore  the  corresponding  height  of  a   column  of  water 

^  =  -  (§  275),  we  have  then  to  substitute  for  A,  A  +  a?,  and  for 

y 

A„  Aj  -f  ip;   and  by  subtraction,    we  have   the   residuary    force 

22* 


FIG.  357. 
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P=  {h  +  x—lhi  +  x'])Fy  =  (h~ht)Fy.  Pot  thia  reuon, 
the  pressnre  of  the  atmosphere  in  hydroetatio  inrestigations  is 
genmdly  left  oat  of  coiuideration. 

Srampb.  The  hei|^t  ^B  of  the  nppei  mifkce  of  iraler  in  ■  ceul,  Hg.  S56, 
unoanti  to  7  feet,  the  witer  in  the  lock  itindt  i  feet  high  at  the  doioe-Eate,  uri  the 
breadth  of  tlie  cuul  ud  of  the  lock  metnin:  7,S  feet,  what  mean  i^eetun  hai  the 
Ilnice-g«te  to  nutain  ?  It  ia  f  -  7  .  7,5  •>  52,5,  and  f,  »  4  .  7,5  -  SO  aqnara 
feet    Further,*  -i.7-|and»,-l   -   2fMt,a   -   7-4-3fcet, 

''"5'''"T  "^  *'*  "5  •  *"  "  yil'«we"">>ll««.U>^t*>e"M«wpfww« 
™8*t "  =  P-(,Fh-Fih;}  T-C52,5  .|  —  30  .  Z)  .  62,6-123,76  .  62^-7734,375 
lb«.i  and  the  depthof  it*  iidnt  of  ^plieatioD  below  the  mftoe  of  the  inter  la : 

62,5.1?_30  .^_  3  .  60  .,,. 

3  5  517,6 

•  " 5 TmR  -  4,182feet. 

S2,6  .1  —  60  '*^''* 
2 

^  280.  Prenure  m  a  d^nite  direetion. — In  many  cues  it  is  (tf 
importance  to  know  only  one  part  of  the  preasnre  acting  in  a  definite 
directioa  upon  a  Burfacc.  In  order  to  find  this  eomponent,  we 
resolye  the  normal  pressure  MP=P  of  the  surface  AC=F, 
Fig.  858,  in  the  g^ren  direction  MX,  and  in  the  direetion  MY 
no.  31B.  perpendicnlar    to    it     into    two 

component  preBBurea  MP^=:P^, 
and  J/Pj  =  Py    Let  a  be  the 
angle  PMX,   which  the  narmri 
in  the  given  tju^ip^  ^^  makes 
with    the  oompwont,    we  shall 
then  obtain  for  the  components ; 
P,  =  P«w.  o  and  Pg  =  Psm.  a. 
Let  a  projection  A^  B^  CD  of  the 
surface  AB  be  made  on  a  plane 
at  right  angles  to  the  given  di- 
rection MX,  we  shall  th^i  hare 
for  its  area  P,,   the  formula  Fj=F.  co»,  ADA^,  or  since  the 
angle  of  inclination  ADA^  of  the  nirface  from  its  piojection  is  equal 
to  the  angle  PMX^a  between  the  normal  pressure  P  and  its 
comp<ment   P,,  we   then   have  F^  =  F  cot.    a,    or    inversely  j 

COS.  1=-^,  and  hence  Pi  =  P  .  -^.    But  as  the  normal  presaore 

P=F^y,  it  follows  finally  that  Pj=F,Ay,  i.  e.  /Ae  pressure  with 
which  water  pre»»ei  against  a  surface  in  a  given  direction,  is  equal 
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to  the  vxighi  qfa  columm  qfviaier  whick  hat/or  bate  the  projec- 
tion (if  the  ntrface  perpendicular  to  the  given  direction,  end  for 
height,  the  dtpth  of  the  centre  of  gravity  of  the  mrfaee  below 
that  of  the  water. 

It  b  importtmt  in  most  caeea  of  application  to  know  only  the 
vertical  or  the  horizontal  component  of  the  pressure  of  watar 
againrt  a  surface.  Since  the  projection  at  right  angles  to  the  verti- 
cal direction  is  the  horiEontal,  and  the  projection  at  right  angles 
to  the  horizontal  direction,  a  vertical  projection,  the  vertical 
presBore  of  water  against  a  surface  may  be  found,  if  the  hori- 
Eontal  projection  or  its  trace  be  considered  as  the  sur&ce  pressed, 
and  on  the  other  hand  the  horizontal  pressure  of  the  water  in  any 
direction  may  be  also  found,  if  the  vertical  projection  or  the  ele- 
vation of  the  surface  at  right  angles  to  the  given  direction  be  con- 
sidered as  the  surface  pressed,  but  in  both  cases  the  depth  of  the 
centre  of  gravity  of  the  surface  below  that  of  the  water  taken  as 
the  head  of  water. 

Vat  a  prismatic  pond-dam  ACH,  Fig.  359,  the  longitudinal 
„„  profile   EG  fw   the  hori- 

zontal pressure  of  the  water 
and  the  horizontal  projec- 
tion EL  of  the  snrf ace  of 
water  for  tite  vertical  pre^ 
sure  must  be  regarded  as 
the  surfaces  pressed.  Hence 
if  the  length  AG  of  Hie  dam 
=  /,  the  height  AE=h, 
and  the  front  slope  EF=a,  we  have  then  the  horizontal  pressure 

ofthewater=  ft  .  Hy=5A'/j.,and  its  verticalpres8ure=a/ . -^  ir 

=   ^  aihy.     If  now,  further,  theupper  breadth  of  the  top  of  the 

dam  =  b,  the  slope  at  the  back  CD=:a^,  and  the  density  of  the 
mass  of  the  dam  =  rj,  we  then   have  the  weight  of  the  dam 

f=(b  +  —  -ij  A/y„  and  the  whole  vertical  pressure  of  this  against 

the  horizontal  bottom 
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If  we  put  the  co-efficient  of  friction  =  f^  then  the  friction  or  force 
to  push  the  dam  forward  is : 

In  the  case  where  the  horizontal  pressure  of  the  water  is  to  effect 
this  displacement,  we  have : 

-V/y=l  gay  +  ^«+^y2ijyj    jya/,  or  more  simply : 


=  /[a  +  (2«+a+ir,)^]. 


Therefore,  in  order  that  the  dam  may  not  be  pushed  away  by 
the  water,  we  must  have : 


*</[«+ (2  *+a+fli)-T  or. 


b  > 

For  safety  we  assume  that  the  base  of  the  dam  is  quite  per- 
meable, on  which  account  there  is  further  a  counter  pressure  fronoi 
below  upwards  =r  (ft+a+Oi)  ^  to  abstract,  and  we  may  put 

A  </[(2i+a+a,)  (2l_l)_flJ . 

EaMm^k,  The  deadty  of  the  mass  of  s  clay  dan  11  neadj  twice  as  great  as  that  of 
water,  therefore,  Ii  =  2andll_i«i5  henoe,  for  audh  a  dam  we  may  put 

simply  h  <  /(2  b  +  a).     According  to  experience,  a  dam  will  resist  a  long  time 
if  its  height,  slope  and  breadth  at  the  top  are  equal  to  one  another ;  if  in  the  last 

formula  we  put  A  »  &  ■-  a,  then/ «»  ^ ,  whence   we  must  in  other  cases   put 
*  =  5  1^(2*  +  «  +  tfi)  (l»  -    1 J  —  tf,  J  ,   and  far  day    dams    espedaUy, 

j(„l(2d  -I-  a),  and  inyersely,  &  »  ^*^^     If  the  height  of  the  dam  be  20  feet 

and  the  angle  of  slope  a  »  36<*,  the  slope  a  will  be 

B  k  eotg.  a  :»  20  .  eatg,  Z^*  »  20  . 1,3764  »  27,53  feet, 

60—27  53 
and  hence  the  upper  breadth  of  the  dam  h  «         ^  '      »  16,24  feet 

§  281.  Pressure  on  curved  surfaces, — ^The  law  found  in  the 
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last  paragraph  on  the  pressure  of  water  in  a  definite  direction  is 
true  only  for  plane  snr&oes,  or  for  the  separate  elements  of  curved 
surfaces^  but  not  for  curved  surfaces  in  general.  The  normal 
pressures  on  the  separate  elements  of  a  curved  surface  may  be 
resolved  into  lateral  components  parallel  to  a  given  direction^  and 
into  others  acting  in  the  plane  normal  to  it ;  these  components  form 
a  system  of  parallel  forces^  whose  resultant  gives  the  pressure  in 
the  given  direction^  and  these  components  may  be  reduced  to  a 
resultant^  but  the  two  resultants  admit  of  no  farther  composition 
when  their  directions  do  not  intersect.  It  is  not  possible  in 
general  to  reduce  the  aggregate  pressures  against  the  elements  of 
a  curved  surface  to  a  single  force^  but  particular  cases  present 
themselves  where  this  composition  is  possible. 

Let  Gp  G^  G^  8cc.j  be  the  projections,  and  A^  Ap  h^  Sec, 
the  heads  of  water  of  the  elements  F^,  F^,  F^  Sec.,  of  a  curved 
surface,  we  then  have  the  pressure  of  water  in  the  direction  per- 
pendicular to  the  plane  of  projection : 

Pi^{G^hi+GJi^+G^h^+  . . .)  y, 

and  its  moment  with  respect  to  the  plane  of  the  surface  of  water : 

A«=(GiV+  Gj^»+  G3V+  . . . )  y- 
If  the  curved  surface  pressed  upon  can  be  decomposed  into 
elements  which  have  a  uniform  ratio  to  their  projections,  we  may 
then  put 

^=^=s^,  &c.,  =  n,  we  then  have: 

P.I(a+k+...),=(fii±M±:.)„ 

or,  since  the  ratio  of  the  entire  curved  surface  F  to  its  projection 

F 
Gf  u  e.  77  is  =  n, 

Cr 

Pj= — y  =s  Ghy;  in  this  case  we  have,  as  for  every  plane  sur- 
face, the  pressure  in  any  direction  equivalent  to  the  weight  of  a 
prism  of  water,  whose  basic  surface  is  at  right  angles  to  the  pro- 
jection, of  the  curved  surfacft  jn  the  given  direction,  and  whose 
height  is  equal  to  the  depth  of  the  centre  of  gravity  of  the  curved 
surface  below  the  surface  of  water. 
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no.  360,  gQ^  Jqj  example,  the  vertical  preaaure  rf 

water    aj^aioBt  the  envelope   of  a   conical 

vessel  ACB,  filled  with  water,  Fig.  860,  ia 

equal  to  the  weight  of  a  column  of  water 

which  has  the  bottom  for  its  base,  and  two 

thirds   of  the  length  of  the  axis  CM  for 

height,  because  the  horiEontal  projection  of 

the  envelope  of  a  right  cone  upon  its  base, 

as  lilcewise  the  envelope,  may  be  resolved 

iutd  exactly  similar  triangular  elements,  and 

because  th«  centre  of  gravity  S  of  the  sur- 

fcce  of  the  cone  is  distant  two  third*  of  the  height  of  the  cone 

from  the  vertex,  (§  UO).     If  r  be  the  radius  of  the  base,  and  A 

the  height  of  the  cone,  we  shall  then  have  the  pressure  against  the 

bottom  =  rr*kY,   and  the  vertical  pressure  against  the  envelope 

2 
~8  '^^y>  ^'^^  "^  ^^  bottom  is  rigidly  connected  with  the  sides, 

and  both  pressures  act  opposed  to  each  other,  the  force  with  which 
the  vessel  is  pressed  downwards  by  the  water  is ; 

to  the  weight  of  the  whole  mass  of  water.  If  the  bottom  be  sepa- 
rated by  a  fine  cut  from  the  envelope,  this  will  then  prcBs  with  its 
full  force  5rr*Ay  downwards,  or  on  its  support,  and  on  the 
other  hand  it  would  be  necessary  to  hold  down  the  envelope  with 
a  force  =  ^r'Ay  to  prevent  its  being  raised  off. 

Jtnaori.  Ftmh  thii  Ifae  force  which  the  ttcam  of  s  itcan- 
CDgine  or  the  water  of  a  water-column  machine  exerta  od 
the  patoDt  b  independent  of  the  form  of  (be  pSaton.  Whether 
the  lurfacfi  of  prcasnre  be  augmented  by  being;  hollowed  ont  ow 
rounded,  the  preunre  with  which  the  iteam  or  water  poahes 
forward  the  piiton  U  equivalent  to  the  prodoct  of  the  ooaa 
•ection  or  horizontal  projection  of  the  jnilon  and  the  prenuie 
on  a  nnit  of  lOT&ce.  Tbe  prennre  on  the  laifer  anrftoe  of  a 
fnnnel.ihaped  inst«n  AB,  Fig.  361,  whoM  greater  radina 
C^-rS-raodleuer  radios  OD-GB-r„St-  wi'j),  and 
the  leaction  upon  the  envelope  =  ir  (r*  —  Ci*)}*  I  hence,  tbe 
letlduai;  eflfective  preuore  ii  =  rt*f  —  rfr*  —  r,*)p 
~  wr,<^  —  the  crou  lection  of  tbe  ejlinder  mnlliplied 
^  bj  the  preMure  on  a  unit  of  aurlace. 

^  282.  HorixoKlal  and  vertical  pressure. — Whatever  may  be  the 
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J.-  form  of  a  curved  aur&ce  AB,  Pig.  862, 

the  horizontal    pressure    of  the   water 
against  it   ia  always  equivalent  to   the 
weight  of  a  column  of  water,  whose  base 
is  the  vertical  projection  A^B^  of  the  sur- 
face perpendicular  to  the  given  direction 
of  presBure,  and  whose  height  of  pres- 
sure is  the  depth  CS  of  the  centre  of 
gravity  .S  of  ttie  projection  below   the 
surface  of  water.     The    correctness  of 
this   follows  directly  itava  the  formnla 
Pi  =  (G,Ai  +  GjAj  +  . . . )  y,  when  we 
consider  that  the  height  of  preBsnre  A,,  k^  Sec,  of  the  elements 
of  the  sur&ce  are  also  the  heights  of  pressure  of  their  projections, 
that  therefore  Gyhi-{- G^+ , . .   is   the  statical  moment   of  the 
whole  projection,  t.  e.  the  product  Gh  of  the  vertical  projection  C 
and  the  depth  h  of  its  centre  of  gravity  below  the  surface  of  water. 
We  have  here,  therefore,  again  to  put  P^=Ghy,  aud  to  consider 
h  as  the  height  of  pressure  of  the  vertical  projection. 

The  vertical  section  which  divides  a  vessel  containing  water  into 
two  equal  or  unequal  parts,  is  at  once  the  vertical  projection  of  the 
two  parts,  but  the  horizontal  pressure  on  one  part  of  the  wall  of 
the  vessel  is  proportional  to  the  product  of  iXa  vertical  projection 
and -Id  the  depth  of  its  centre  of  gravity  below  the  surface  of  the 
water,  consequently  the  horixontal  pressure  on  a  part  of  the  wall 
of  the  vessel  is  exactly  equal  in  amount  to  the  oppositely  acting 
horizontal  pressure  on  the  part  opposite,  and  consequently  the  two 
forces  balance  each  other  in  the  vessel ;  the  whole  vessel  is  there- 
ibre  equally  pressed  by  the  enclosed  water  in  all  horizontal  direc- 
tions. 

If  an  opening  O  be  made  in  the  side  of  a  vessel  HBR,  Fig.  368) 
^^  3(3  the  part  of  the  pressure  correspond- 

ing to  the  section  of  this  opening 
disappears,  and  the  pressure  on  the 
oppositely  situated  portion  of  the  sur- 
face F  now  comes  into  action .  Whilst, 
therefore,  the  water  flows  out  at  the 
lateral  aperture,  an  equal  distribu- 
tion of  the  horizontal  pressure  no 
longer  takes  place  over  the  w^iole  extent,  and  there  ensues  a  reaction 
opposite  to  the  motion  of  the  flowing  water:  P=Fhy,  F  being  the 
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projection  of  the  aperture,  and  h  the  height  of  preseore  of  its  pro< 

jection.     By  this  reaction  the  vessel  may  be  aet  into  motion. 

The  vertical  preasure  of  water  is  P,  =  G^h^y  against  an  elanent 

of  surface /i"!.  Pig.   864,  of  the  side  of  the 

Fia.  564.  vessel,  since  the  horizontal  projection  G, 

may  be  regarded  as  the  transverse  section, 

and  the  hoght  of  pressare  Aj  as  the  height^ 

and  therefore  GjA^  as  6)e  volnme  of  a 

prism,  eqaivalent  to  the  weight  of  a  column 

ofwater  HFi  incnmbemt  on  the  element 

and  reaching  the  surface  of  the  water.  The 

elements  ot  the  surface  which  make  up  a 

finite  part  of  tiie  bottom,  or  side  <^  the 

vessel,    hence    suffer   a  vertical    pressure 

which  is  equivalent  to  the  weight  of  all  the 

incumbent  columns   of  water,  t.  e.  to  the 

wei^t  of  a  column  of  water  incumbent  on 

the  wh<Je  portion.     Let  this  volume  =  Kj, 

we  then  obtain  for  the  vertical  pressure  P=  V^y.     Por  another 

portion  A^B^,  which  hes  vertically  above  the  former,  we  have  the 

vertical  pressure  opposed  to  it  Q=  V^y ;  bat  if  both  portions  are 

rigidly  connected  with  each  other,  there  results  from  the  two  forces 

the  force  acting  vertically  downwards  R={Vj — Fal7=Fy=  to 

the  weight  of  the  colttmaa  Bf  water  contained  between  the  two 

portiOTu  of  the  naface.     If  lastly  we  apply  this  law  to  the  whole 

vessel,  it  follows  that  the  aggregate  vertical  preantre  qfthe  water 

againti  the  veaiel  %»  equivalent  to  the  weight  of  the  enclosed  man 

ofwater. 

§  283.  ThichaeiB  ofp^ea. — The  apphcation  of  the  laws  of  the 
pressure  of  water  to  pipes,  boilers,  &c,,  is  of  particular  impor- 
tance. That  these  vessels  may  adequately  resist  the  pressure,  and 
be  prevented  bwBting  from  its  effect,  we  must  give  a  certain 
thickness  to  their  sides,  corresponding  to  the  head  of  water  and 
the  internal  width.  The  bursting  of  a  pipe  may  take  place  in  various 
ways,  viz.  transversely  or  longitudinally ;  the  latter  happens  more 
frequently  than  the  former,  as  will  be  soon  understood  from  what 
follows. 

The  width  of  the  pipe  BD=Zr,  Fig.  865,  and  the  head  of 
water  CK^h,  therefore  the  pressure  on  a  unit  of  surface  p^^hy, 
we  then  have  the  whole  presBure  in  the  direction  of  the  axis  of  the 
pipe  =  in'p=^hy;  if  the  thickness  of  the  aide  AB=DE=e, 
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no.  866,  we  then  have  the  tranBverse  eection  of 

the  masB  of  the  pipe  =  »  (r+e)' — irr* 

=2xre+»e"=2,rt'eA+^Y  and  if 

histly  wfTpat  the  modulus  of  nlwliiity 
=  K,  we  then  have  the  pressure  for 
rapture  over  the  whole  section  of  the 

pipe  =  2»re  n+^  J  K,    for    this 

reason  we  hare  now  to  put : 

or  approximately  and  more  simply 
2  e  K=rp,  and  hence  the  thickness  of 

the  pipe  e=  h-^  =  ?^      In   order, 

therefore,  to  avoid  any  traasrerse  rent  in  the  pipe  or  in  the  boiler, 

the  thickness  of  the  sides  must  be  made  e  >  ^^     Of  all  lon^ta- 

dinal  rents,  AE,  LH,  &c.,  those  rniming  diametrically,  such  as 
AE,  take  place  the  most  easily,  because  they  have  the  smallest 
area,  whence  we  must  only  take  these  into  account.  Let  us  con- 
sider a  portion  of  a  pipe  of  the  length  /,  and  let  us  have  regard  to 
the  occnrrenee  of  a  rent  of  the  length  /,  we  then  obtain  a  tmns- 
Towo  section  of  the  surface  of  separation  =  te,  and  hence  the  force 
for  rupture  in  this  surface  UK.  For  two  oppositely  situated  rents 
this  force  '\b  —%  leK,  whilst  the  preraure  of  water  for  each  half  of 
the  pipe  is  proportional  to  the  transverse  section  2  rl,  and  hence 
is  =  2  rip.  By  equating  the  two  expressions,  it  follows  that 
2leK=2rlp,  i.e.eKi=:rp,  therefore  thethickness  e=^.  To  pro- 
vide  i^^ainst  longitudinal  rents,  the  sides  must  be  made  as  thick 
again,  as  to  provide  against  transverse  rents. 

From  the  formula  e=^=—jT-,  it  follows  that  the  alrength  <ff 

smnlar  pipes  are  tu  the  width*  and  a»  the  headt  of  water  or 
presittres  upon  a  laiit  oftarface.  A  pipe  three  times  the  width  of 
another,  which  has  five  times  the  pressure  to  sustain  on  each  unit 
of  surface  that  the  other  has,  must  have  its  sides  fifteen  times  as 
thick. 

Hollow  spheres,  which  have  to  sustain  a  pressure  p  from  within 


848  THICKNESS  OF   PIPES. 

on  each  unit  of  surface,  require  a  thickness  6=^^,  because  here 
the  projection  of  the  surface  of  pressure  is  the  greatest  circle 
'Kf*,  and  the  surface  of  separation  the  ring  2  Kre  ( 1  +  ^  V  or  ap- 
proximately for  a  smaller  thickness  =  2  mre. 

The  formula  found  give  for  p  =  o,  also  e  =  o,  for  this  reason, 
therefore,  pipes  which  have  no  internal  pi'essure  to  sustain,  may  be 
made  indefinitely  thin ;  but  as  each  pipe  must  sustain  a  certain 
pressure  from  its  own  weight,  we  must  still  give  to  it  a  certain 
thickness  e^,  to  obtain  the  strength  of  a  tube  which  will  resist  under 
all  circumstances.     Hence,  for  cylindrical  pipes  or  boilers  we  must 

pute=ei  +  -^,  or  more  simply,   if  d  represents  the  inner 

width  of  the  pipe,  n  the  pressure  in  atmospheres,  each  corres- 
ponding to  a  column  of  water  83  ft.  high,  and  /li  a  number  from 
experiment  c  =  e^  +  pnd. 

From  experiments  made  we  must  take  for  pipes  of 

Iron  plate  .         .  6=0,00086  nd+0,12  inches 

.  6=0,00288  luf +0,83 
.  e=0,00148  firf+0,16 
.  6=0,00242  firf+0,20 
.  6=0,00507  «rf+ 0,16 
.  6=0,0323  fidf+1,04 
.  6=0,0369  firf+1,15 
.  6=0,0538    fid^+1,58 


Cast  iron 

Copper 

Lead 

Zinc 

Wood 

Natural  stones 

Artificial  stones 


■9f 

99 

99 

99 

99 

99 

99 


Sxtm^.  If  a  perpendicular  water-colmnn  machine  has  cast-iron  pipes  of  10  inches 

inner  width,  how  thick  most  these  be  at  100,  200,  and  300  feet  depths  ?    From  the 

formula,  for  100  feet  pressure,  this  thickness  is : 

100 
»  0,00238  .  -^  .  10  +  0,33  «  0,07  -I-  0,33  -»  0,40  inches; 

for  200  feet,  »  0,14  +  0,33  «  0,47  inches ;  and  for  300  feet  pressure,  a0,22  +  0,33 
b0,55  inches.  Cast-iron  conducting  pipes  are  commonly  proved  at  10  atmospheres, 
for  which  reason,  e  »  0,0238  .  d  +  0,33  inches ;  therefore,  for  pipes  of  10  inches 
width,  the  thickness  e  ■>  0,24  -i-  0,33  ^  0.57  inches  must  be  giyen. 

Bemari$»  The  thickness  of  the  sides  of  steam-boilers  will  be  considered  in  the 
Second  Part  Concerning  the  theory  of  the  strength  of  pipes,  a  treatise  by  Biiz,  in 
the  "  Yerhandlungen  des  Vereins  zur  Beforderung  des  Gewerbfleiszes  in  Preuszen,'* 
Jahrgang  1834,  may  be  consulted.  The  technical  relations  and  the  proving  of 
pipes  is  folly  treated  of  in  Hagen's  "  Handbuch  der  Wasserbaukunst,"  toL  i.  and  in 
Genieys'  "  Bssai  sir  ks  moyens  de  conduire,  &c,  Ics  eanx." 
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CHAPTER  II. 


no.  366. 


^i5^^^J^^^^J^J;^^;^^^!:%^J^ 


ON  THB   EQUILIBRIUM   OF   WATER  WITH   OTHER  BODIES. 

§  284.  Buoyancy. — A  body  immersed  under  water  is  pressed 
upon  by  tbe  water  on  all  sides^  and  now  the  cpiestion  arises  as  to 
the  amount^  direction  and  point  of  application  of  the  resultant 
of  all  these  pressures.  Let  us  imagine  this  resultant  to  consist 
of  a  vertical  and  a  horisontal  component^  and  determine  these 
forces  according  to  the  rules  of  §  282.  The  horizontal  pressure 
of  the  water  against  a   surface  is  equivalent  to  the  horizontal 

pressure  against  its  vertical  projection,  but 
now  every  projection  of  a  body  AC,  Fig.  866, 
is  at  the  same  time  the  projection  of  the 
fore  part  ADC  and  the  back  part  ABC  of 
its  surface ;  hence,  also,  the  horizontal  pres- 
sure of  water  against  the  back  portion  of  the 
surface  of  a  body  is  equal  in  amount  to 
that  of  the  front  portion,  and  as  both  pres- 
sures are  exactly  opposite,  their  resultant  =0. 
As  this  relation  takes  place  for  every  arbitrary  horizontal  direction, 
and  the  vertical  projection  corresponding  to  tins,  it  foUows  that  the 
resultant  of  all  the  horizontal  pressures  is  nothing;  that,  therefore, 
the  body  AC  below  the  water  is  equally  pressed  in  all  horizontal 
directions,  and  for  this  reason  exerts  no  ^ort  to  move  forward  in  a 
horizontal  direction. 

To  find  the  vertical  pressure  of  the 
water  against  the  body  BC8,  Fig.  867, 
let  us  suppose  it  made  up  of  vertical 
elementary  prisms,  AB,  CD,  &c.,  and 
determine  the  vertical  pressures  on  their 
terminating  surfaces  A  and  B,  C  and  2>. 
If  the  lengths  of  these  prisms  are  J^,  i^ 
&c.,  the  depths  of  their  upper  extremities 
B,  D,  Sec.,  below  the  surface  of  water 
HR :  hi,  Ap  &c.,  and  the  horizontal  transverse  sections  F^,  F^,  &c., 
we  then  have  for  the  vertical  pressures  acting  from  above  down- 
wards against  the  extremities  B,  D,  &c.,  =  F^  h^  y,  F^  h^y,Scc.; 
on  the  other  hand,  the  pressures  acting  from  below  upwarda  and 
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againBt  the  extremitieg  A,  C,  fire.  =  F,  (A,  +  /J  y,  Fg  (Aj  +  y  y.  Sec. ; 
and  it  now  foUowa,  from  a  eompoBition  of  these  parallel  forces,  that 
the  resultant  P 

=  J^i(Ai  +  OT  +  -Fa(A,  +  f,)y  +  ...— F,Aiy  — F,A,y-... 

if  V  representa  the  volume  of  the  immersed  body  or  the  water 
displaced. 

Ther^ore  the  buoyancy  or  the  force  vnth  which  the  water 
strives  to  push  a  body  immersed  from  below  upwards,  is  eqm- 
valent  to  the  weight  of  water  displaced,  or  to  a  quantity  of  water 
which  has  the  same  volume  as  the  submerged  body. 

Further,  to  find  the  point  of  application  of  thia  reaultant,  let 
jsB  put  the  distances  AA^,  CC^,  &c.,  of  the  elementary  columns 
AB,  CD,  &c.,  from  a  vertical  plane  HN :  a^,  a^  &g.,  and  determine 
the  moments  of  the  forcea  with  respect  to  this  plane.  If  iS  is  ^m 
point  of  application  of  the  upward  pressure,  and  SSi  =  «  ita 
distance  from  that  principal  plane,  we  shall  then  hare : 

Py  .  a:  =  F,  /,  y  .  fli  +  Fffl^y  .Of  +..;  and  hence, 

_  F,h'h  +  F»h<h+--     _    ^1  "l   +    V><h  +  --     ifrr     y 

"-  Fi/,  +  Fa«i+..  "  r,  +  r, +  .."'"  *^»'  '^«' 
&C.,  represent  the  contents  of  the  elementary  columns.  Since 
(from  ^  100)  the  centre  of  gravity  is  accnrately  detennined  by  the 
same  formula,  it  foQowa  thiU  the  point  of  application  S  of  the 
i^tward  pressure  coincides  with  the  centre  of  gravity  of  the  water 
Aaplaced. 

§  285.  The  we^t  G  of  the  body  acting  in  an  opposite  direc- 
tion associates  itself  with  the  buoyancy  of  the  body  immnsed  or 
under  water,  and  from  the  two  there  arises  a  reaultant  R=  G  —  Vy 
or  =  (c  —  1}  Fr,  if  «  be  the  specific  gravity  of  the  body. 

368  ^'  ^^^  "'*'*  "^  '^^  '*'*^y  ^  hom(^eneouB,  the 

centre  of  gravity  of  the  displaced  water  will 
coincide  with  that  of  the  body,  and  hence  this 
point  will  be  the  point  of  application  of  the 
resultant  R ;  but  ^  there  be  not  homogenity, 
then  these  centres  of  gravity  do  not  coin- 
cide, and  the  point  of  apphcation  of  the  re- 
sultant R  deviates  from  both  centres  of  gravity. 
Let  us  put  the  horiiontal  distance  8H,  Fig. 
868,  of  both  centres  of  gravity  from  each  other, 
=  b,  and  the  horiaontal  diataoce  5^  of  the  point  of  application  A 
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songlit  from  tlie  centre  of  gravity  8  of  the  diflplaced  water  =  a, 
we  shall  have  the  equation  Gb=Ra,  from  which  is  given  : 
Gb         Gb 


Fio.  369. 


R  ~  P—P  • 

If  the  immersed  body  be  left  to  its  own  gravity^  the  three 
following  cases  may  present  themselves.  Either  the  specific 
gravity  of  the  body  is  equal  to  that  of  the  water^  or  it  is  greater^ 
or  it  is  less  than  the  specific  gravity  of  the  water.  In  the  first 
case  the  buoyancy  is  equal,  in  the  second  it  is  less,  and  in  the 
third  it  is  greater  than  the  weight  of  the  mMr.  Whilst,  in  the 
first  case,  equilibrium  subsists  between  the  weight  and  the 
buoyancy,  the  body  must  in  the  second  case  sink  with  the  force 
G —  Fy  =  (e  —  1)  Vr,  and,  in  the  third  case,  rise  with  the  force 
Vy — 6:s(l —  e)  Vy.  The  rising  goes  on  only  as  long  as  the  mass 
of  water  F^,  cut  off  from  the  plane  of  the  surface  and  displaced 

by  the  body,  has  the  same  weight  as  the  entire 
body.  The  weight  G  =  Fc  y  of  the  body  BB^ 
Fig.  869,  and  the  buoyancy  P  =  F^y  now 
eoBstitute  a  couple,  by  which  the  body  is  made 
to  revolve  until  the  directions  of  both  coincide, 
or  until  the  centre  of  gravity  of  the  body  lies 
in  one  and  the  same  vertical  line  with  the  centre 
of  gravity  of  the  displaced  water. 
The  line  passing  through  the  centre  of  gravity  of  the  fioating 
body  and  through  that  of  the  displaced  water,  is  called  the  axis  qf 
floatation ;  and  on  the  other  hand,  the  section  of  the  body  formed 
by  the  plane  of  the  surface  of  the  water,  the  plane  of  floatation. 
Every  plane  which  divides  a  body,  so  that  one  part  is  to  the 
whole  as  the  specific  gravity  of  the  body  to  that  of  the  fluid,  and 
that  the  centres  of  gravity  of  the  two  parts  lie  in  a  line  normal 
to  this  plane,  is  a  plane  of  floatation  of  the  body. 

§  286.  Depth  of  floatation.— U  the  figure 
and  weight  of  a  fioating  body  be  known,  the 
depth  of  immersion  may  be  calculated  before- 
hand, with  the  help  of  the  previous  rule.    If 

G  be  the  weight  of  the  body,  we  may  then 

/J 

put  the  volume  of  the  displaced  water  F=  — ; 

if  we  combine  with  it  the  stereometrical  for- 
!l  mula  for  the  volume   V,  we  shall  obtain  the 
equation  of  condition.     Hence,  for  the  prism  ABC,  Fig.  870, 


FIO.  370. 


b5s  depth  op  ploatation. 

with  rertical  axis,  for  example,  V=F^,  if  F  represent  the  section 

a  pyranAid  ABC,  Fig.  871,  whose  vertex  floats  under  the  water, 
V=\f^,  if  ^  represents  the  section  at  the  distance  of  nnity  from 
the  Tertex ;  hence  it  follows,  that : 

J /y  =  —,  and  hence  the  depth  CE  =  t/=  \/^- 
FIB.  371.  no.  372. 


For  a  pyramid  ABC,  Fig.  872,  floating  with  its  base  below  the 
water,  the  distance  is  given  CE  ^  j/j  of  the  vertex  from  the 
surface,  from  the  height  A  of  the  entire  pyramid,  if  we  put : 

V  =  if{h-~y,%  y,  =  ^h'-^. 

For  a  sphere  AB,  Fig.  378,  with  the  radius  CA  =  r, 

V=Tj^tr — ^1,  hence  we  shall  have  to  solve  the  cubic  equation 

J*  —  8ry*  +   =  0,  to  find  the  depth  of  immemion  DE  of 

the  sphere. 


For  a  floatmg  cylinder  AG,  with  horizontal  axis,  Fig.  874,  of 
a  radius  BC  =  DC  =  r,  if  a"  be  the  angle  BCD  subtended  at  the 
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centre  by  the  arc  immersed^  the  depth  of  immersion  AE^y^r 
(1-— co«.  \  a),  but  to  find  the  arc  immersed,  we   must  put  the 

volume  of  the  water  displaced  =  to  the  oogmont  -^  less  the  trian- 

r  sin*  o  « 

f  gle — o"~»  multiplied  by  the  length  GK=l  of  the  cylinder; 

Ir^     G 

therefore,  (a — sm.a)  — =— ,  and  solve  the  equation  a  —  m.  a 

At       f 

=yrf  ^y  ftpproiimation,  with  respect  to 


a. 


Bxmitplu. — 1.  A  wooden  iphere,  of  10  indies  diameter,  flotts  4}  inches  deep,  the 
volume  of  water  diqdaced  by  it  is  then : 

r-r(|)*(5_|.)  -  1^  -  55^  -  222,66  coble  fache.. 

whilst  the  sdUd  contents  of  the  sphere  are  .7^  >-  **  '<       s  523,6  cubic  inches. 

6  6 

From  this,  523,6  cubic  inches  of  the  mass  of  the  sphere  weigh  as  much  as  222,66 

cubic  inches  d  water,  and  it  follows  thai  the  spedile  gravity  of  the  former  is : 

222.66 

2.  How  deep  iriU  «  wooden  cylinder  of  10  inehei  diameter  aid  tpedile  grmitjr 
t  .  0,425,  link?    '-^'  „  "•'^^•*y  .  ,<  .  0,425  .  ir  -  1,3852;  now  » 

table  of  segments  given  for  the  asea r «  1,32766  of  a  circular  segment. 


the  ang^  subtended  at  the  centre  by  the  arc  a««166«,  and  for Y~^  *"  lf34487, 

the  same  ang^e  «  167® ;  hence,  simply,  the  angle  subtended  at  the  centre  corres- 
ponding to  the  dice  1,3352  is : 

depth  of  immersion : 

y  «-  r  (1  — COS.  fa)  «  5(1  — eoi.  83«  13')  -  5  .  0,8819  -  4,41  inches. 

§  287.  The  determination  of  the  depth  of  immersion  oecurs 
chiefly  in  the  case  of  shipSj  boats,  &c.  If  these  have  a 
regular  form,  the  depth  may  be  calculated  from  geometrical 
formuls  j  but  if  this  regularity  fails,  or  the  law  of  configuration  is 
not  known,  or  if  the  form  is  very  complex,  the  depth  of  immersion 
must  then  be  determined  by  experiment. 

An  example  of  the  first  case  is  in  the  punt  ACLEG,  represented 
in  Fig.  875,  bounded  by  plane  surfaces.  It  consists  of  a  paralle- 
lepiped ACE,  and  of  two  four-sided  pyramids  BFG  and  CEL, 

28     .      , 


r :    ..,*'/    /• 


f  ■« 
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forming  the  tiead  and  the  stern,  and  its  plane  of  floatation  is  com- 
Fio.  375. 


posed  of  a  parallelogram  M8,  and  two  trapeziums  MO  and  SU, 
and  cuts  off  a  bulk  of  water,  consisting  of  a  parallelepiped  MCS, 
and  two  triangular  prisms  PNR,  and  two  quadrilateral  pyramids 
BQP.  If  we  put  the  length  AD  of  the  middle  portion  =  i,  the 
breadth  AF=b,  and  the  depth  AB=h;  fiirther,  the  length  GJV 
of  each  of  the  two  ends  =  c,  and  the  depth  of  immendon,  i.  e. 
BM=CT=y.  The  immersed  part  MCS  of  the  middle  portion 
will  be :  =  MNx  MTx  MB  =  %.  The  base  of  the  quadnlatena 
pyramid  BQP  is  BM .  BR,  and  the  height  PJ,  hence  the  solid 
contents  of  this  pyramid  =  i  BM .  BR  .  PT.    Bat  now : 

and  likewise  : 

hence  the  contents  of  both  pyramidH  are ; 

=a.J.ir.-j.-j--l-ji-. 
The  transverae  Motion  of  the  trianguhu'  prism 

RNO  is  =  J  BQ  .  P7=i  r  .  ^=|j,.  ""•  ">=  "<'« 

hence  the  solid  contents  of  both  prisms  are : 
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By  addition  of  the  three  volumes  founds  the  volume  of  the  water 
displaced  is  known : 

Now  the  gross  weight  of  the  boat  =  O,  we  then  have  to  put : 

The  depth  of  immersion  y  is  determined  from  the  loading  by  the 
solution  of  the  last  cubic  equation. 

Ea^amplet, — 1.  If  the  length  of  the  middle  portion  /  »  50  feet,  the  length  of  each 
end  c  »  15  feet,  the  breadth  d  »  12  feet,  and  the  depth  A  »  4  feet,  with  a  depth 
of  inunersion  y  »  2  feet,  the  whole  weight  amoanti  to 

O=[50+ 15  .f— i^.  15 .  (^)*]  .  12  . 2  .  62,5 « (50  +  7,5— 1,25)  .  24 .  62,5  =87235 lh8. 
2.  If  the  clear  weight  of  the  former  boat  amount  to  50000  lbs.  we  shall  ha.ve  for  the 
depth  of  immersion;  ^^—12^^  —  160y  +  202,02  -  0.  By  trial,  it  as  easily  found 
that  this  equation  may  be  answered  pretty  accurately  by  y  =  1,17,  whence  the  depth 
of  immersion  sought  may  be  taken  as  great. 

Remark.  To  know  the  weight  of  the  load  of  a  ship,  a  scale  is  attached  to  both 
sides,  which  is  called  a  water-gauge.  The  divisions  are  made  from  experiment,  while 
it  is  observed  what  loads  correspond  to  definite  immer^ons. 

§  288.  StabiUty. — The  floating  of  bodies  takes  place  either  in  an 
upright  or  an  oblique  position ;  and  further,  with  or  without  sta- 
bihty.  A  body^  a  ship  for  example,  floats  uprightly,  if  one  plane 
through  the  axis  of  symmetry  is  a  plane  of  symmetry  of  the  body, 
a  body  floats  obliquely  if  it  is  not  divided  by  any  of  the  planes, 
which  may  be  carried  through  the  axis  of  floatation  into  two  con- 
gruent halves.  A  body  floats  with  stability,  if  it  strives  to  main- 
tain its  state  of  equilibrium  (compare  §  130),  if,  therefore,  mecha- 
nical effect  is  to  be  expended  to  bring  it  out  of  this  position,  or  if 
it  returns  of  itself  into  a  position  of  equilibrium  4ifter  having  been 
drawn  out  of  one.  On  the  other  hand,  a  body  floats  without 
stabihty  if  it  passes  into  a  new  position  of  equilibrium  after  having 
been  brought  out  of  one  by  a  shock  or  blow. 

If  a  body  ABC,  Fig.  876,  floating  at  first  uprightly,  is  brought 
into  an  inclined  position,  the  centre  of  gravity  S  of  the  water 
displaced  passes  from  the  plane  of  symmetry  EF,  and  assumes  a 
position  £f|  on  the  larger  half  immersed.  The  buoyancy  applied  at 
Si  P=  Fy,  and  the  weight  applied  at  the  centre  of  gravity  of  the 
body  G=  — P  form  a  couple  by  which  (§  90)  a  constant  revolu- 

23* 


tion  is  produced.  About  wli&tever  point  this  revolution  may  take 
place,  the  point  C,  yielding  to  the  weight  O,  will  always  go  down, 
and  Si,  or  another  point  M  of  the  vertical  S^P,  obedient  to  the  force 
P,  will  rise,  therefore  the  plane  of  symmetry,  or  of  the  axis  EF  of 
the  ship,  will  be  drawn  downwards  at  C,  and  upwards  at  M,  and 
hence  it  will  remain  upright  if  3f,  as  in  the  figure,  lie  above  C,  or 


ncline  itself  still  more  as  in  Fig.  877,  if  Jf  lie  below  C.  From 
this,  then,  the  stability  of  a  floating  body,  or  ship,  is  dependant 
on  the  point  M,  in  which  the  vertical  through  the  centre  of  gravity 
Sj  of  the  displaced  water  intersects  the  plane  of  symmetry,  'Hiia 
point  is  called  the  metacentnaa.  A  ship,  or  another  body,  floats, 
therefore  from  this,  with  stability,  if  its  metacentrum  lies  above  the 
centre  of  gravity  of  the  ship,  and  without  stability  if  it  lies  below, 
lastly  if  the  two  points  coincide,  it  is  in  a  state  of  indifferent 
equUibrium. 

The  horizontal  distance  CD  of  the  metacentrum  M  from 
the  centre  of  gravity  C  of  the  ship,  is  the  arm  of  the  force  of 
the  couple  constituted  of  P  and  G=  —  P,  and  hence  the  moment 
of  the  last  is  the  meaaure  of  its  stability  =  P  .  CD.  If  we  repre- 
sent the  distance  CM  by  c,  and  the  angle  of  revolution  SMS^  of 
the  ship,  or  of  the  plane  of  its  axis,  by  <}fi,  we  obtain  for  the 
measure  of  ertiabihty  S—Pc  sin.  ^;  and  this  is,  therefore,  the 
greater,  the  greater  the  weight,  the  greater  the  distance  of  the 
metacentrum  from  the  centre  of  gravity  of  the  ship,  and  the  greater 
the  angle  of  inclination  of  this  last. 

§  289.  In  the  last  formula,  S=PC8in.^,  the  stability  of  the 
ship  depends  principally  on  the  distance  of  the  metacentrum  from 
the  centre  of  gravity  of  the  ship,  it  is  hence  of  importance  to 
obtun  a  formula  for  the  determination  of  this  dbtance.  In  the 
transit  of  the  ship  ABE,  Fig.  878,  from  the   upright  into  the 
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inclined  position,  the  centre  of 
gravity  S  advances  to  8^,  the 
space  HOH^  is  drawn  out  of 
the  water,  end  that  of  RORy 
unks  below,  and  the  buoyancy 
on  the  one  aide  is  tbereby  di- 
minished by  a  fbrce  Q  acting 
»♦  ttia  Mntw  rtf  DTsvitr  Fot 


r. 


r- 


be 


ed 

)le 
he 
ed 
he 
if. 


ce 

VO  01  tne  centre  OI  gravny  V  ui  uic  suip  iruiu  um  ccuin;  ui  gravity 
c^  the  displaced  water  by  e,  we  obtain  the  measure  of  the  stabOity 

S=Pc«n.  ♦=?  (^  +  c«n.  A 

If  the  angle  of  rerolation  be  small,  the  transrerse  sections 
HOHj  and  ROR^  may  be  regarded  as  equally  small  triangles ;  if 
we  represent  the  breadth  HR—H-^R^  of  the  ship  at  the  place  of 
immersion  by  b,  we  may  then  put 

as  also  fin.  f =^,  from  which  the  stability  is : 
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S=P(-rV^+  «*)  =  (i^+ «)''*■ 


'   F 

If  the  centre  of  gravity  C  of  the  ship  coincides  with  the  centre 

of  gravity  S  of  the  displaced  water,  we  then  have  e  =  o,  hence  : 

A* 
S  =  ■■(■  ■=.  ■  P 1^,  and  if  the  centre  of  gravity  ctf  the  ship  lies  helow 

that  of  the  displaced  water,  we  then  have   e  negative  ;  hence : 

S=  (t^-e- —  c  j  P  ^.     It  follows  also  that  the  stability  of  a  ship 

is  nothing,  if  e  he  negative  and  at  the  same  time  e  =        j. 

It  is  seen  from  the  results  obtained  that  the  stability  comes  out 

greater,   the  broader  the  ship   b,  and  the  lower  its  centre  of 

gravity  lies. 

Enm^ife.  A  recUiigukr  Sgnre  AD,  FiR.  379,  of  tbe  bretdtb  AB   -  i,  be^ht 

no.  379.  •'^  -  *■  ""^  ''•P*''  "^  ifflmerrion  BH  ~  f,  F~  tg. 

tod  e  — 2~ ''  •'""'■•  "*  "mooiit  of  tUbilitr  i* : 

giVTity  (tf  the  mtM  of  the  bodj  be  pot  ^  i,t ''}  ■  -■ 

Heuce.  the  sUbiUtjr  ceMetlf  If  ~  6«*t  (1  — i),  ■.«.,  if 
^-•/6i(l— i).  Por  t  1=  1—  -  VjTi  =  -/7  =  1,225;  if,  tbereAve,  the 
breadth  ii  not  1,225  of  the  hdgfat,  the  bodf  will  float  without  uj  gtatnUt^. 

5  290.  OMiqite  fiaaiation.  ~  The  formula  S=  P  (^p±  «  *»■  <?) 

for  the  stability  of  a  floating  body  may  be  also  appUed  to  find  the 

different  positions  of  floating  bodies,  for  if  we  put  8=0  we  obtain 

the  equation  for  a  second  position  of  equilibrium,  whose  solution 

no.  3B0.  leads  to   the   determination    of  the 

corresponding  angle   of  inclination. 


= 0,  must  be  solved  with  respect  to  ip. 
The  transverse  section  o^a  paralle- 
lepiped AD,  Fig.  380,  is  F=HRDE 
=  H^R^DE=by,  if*  be  the  breadth 
AB=HR,  and  y  the  pcrpendicular 
(Icplh  EH=DU)  further,  the  trans- 
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verse  section  F^^HOH^^ROR^  as  a  rectangular  triangle  with 
thecathetns  OH^OR^^^b^  and  the  cathetos: 

HH^^RR^:=^\  b  tang.  <^,  F^^  |  ff  tang.  ^. 
If^  farther^  the  centre  of  gravity  F  is  distant  firom  the  base  FU= 
JflHi=^A/a«y.^,andiffromOabout  017=^  OJ?=i*,  it  follows 
that  the  horizontal  distance  of  the  centre  of  gravity  F  from  the 
middle  O,  :=^  OK  =:  ON  -h  NK=  OU  cos.  4>  +  FU  sin.  4> 
^i  b  COS.  4>+-k  ^  tang.  4>  sin.  ^^  and  the  arm : 


According  to  this  the  equation  for  the  oblique  position  of  equili* 
brium  is : 

i  if^tang.<l>{ibcos.4i^+i  b  sin.  »*)      ^    .    ^_^ 

by  cos.  <l>  ^ 

«»•  f  [(■rV+^  tang,  r)  i^—ey]  =0 ; 
which  equation  will  be  satisfied  by : 

sin.  ^=0  and  by  tang,  f^  ^^\/    a8    — 1* 

The    first   equation^    when  f  =^  0,  corresponds    to  upright^ 
and  the  second  to  oblique    floatation.     The    possibility  of  the 

latter    requires   that  ^  >  ■^.    If  now  h  be  the  height  of  the 

paraUelepiped,  and  e  its  specific  gravity^  we  then  have : 

y=€h  and  e=    q^=  (1 — e)  ^,  hence  it  follows  that 


4  ^  /O  /6  C   (1— C)  h*  , 

tang.(p=^2^ — ^-^ 1, 

and  the  equation  of  condition  of  oblique  floatation  is : 


h 
-b> 


A/6€(1— €)• 


AMM^ilBt.— 1.  If  the  floating  panllelepiped  la  ai  high  ai  it  is  broad,  and  has  a 

spedflc gnvity  •  —  i,  then  the  tang.  ^  is  »  >v/ 2  V3  .  i  —  1  —  V3  — 2  =  1 ; 
hence,  ^  »  45<>. 

2.  If  the  height  A  »  0,9  of  the  breadth  b,  and  the  specific  gravity  §,  we  have  then 

tang,  ^  =  ^3. 0,81  — 2  «=  ^0,43  -  0,6557 ;  hence,  ^  -  33"  15'. 
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§  391.  Specifie  gravity. ^The  law  of  buoyancy  of  water  may  be 
applied  to  the  determination  of  the  density^  or  the  specific  gravity 
of  bodies.  From  §  284,  the  upward  pressure  of  water  is  equal  to 
the  weight  of  liquid  displaced ;  hence  if  F  is  the  volume  of  a  body 
and  y^  the  density  of  the  liquid,  we  then  have  the  buoyancy 
P=:  Vy^.  If  now  7,  be  the  density  of  the  mass  of  the  bodies,  we 
then  have  the  weight  of  the  body  6=  Vy^  \  hence  the  ratio  of  the 

y     G 

densities  ^=  p,  i.  e.  the  density  of  the  body  immersed  is  to  the 

density  of  the  fluid  as  the  absolute  weight  of  the  body  to  the 
buoyancy  or  loss  ofweigkt  by  immersion. 

G  P 

Therefore,  y9=p  y^  and  y^rs-^y^;  or  if  y  be  the  density  of 

water,  e^  the  specific  gravity  of  the  liquid,  and  c^  that  of  the  body, 

G  P 

then  will  y^  =  ejy,   and  y,  =  c^y,  ^  =  -p  e^  and  «i=-pt  Cj. 

-// 
If,  therefore,  the  weight  of  a  body  w  its  loss  of  weight  by  immer- 
sion is  known,  then  the  density  or  the  specific  gravity  of  the  mass 
of.  a  body  may  be  found  firom  the  density  or  specific  gravity  of  the 
liquid,  and  inversely^  the  density  or  specific  gravity  of  the  first, 
from  the  density  or  specific  gravity  of  the  last. 

If  the  fluid  in  which  the  solid  body  is  weighed  is  water,  we 
then  have  ci=l,  and  7^=7=1000  Idlogrammes,  or  62,5  lbs., 
according  as  we  take  the  cubic  metre  or  cubic  foot  for  unit  of 
volume,  hence  for  this  case  the  density  of  the  body  is : 

G       absolute  weight  .         i     •■      •       a      ^ 
y3=-H  y=T i — ?-^  tunes  the  density  of  water, 

and  the  specific  gravity : 

_  G_  absolute  weight 
*~P      loss  of  weight  * 

To  estimate  the  buoyancy  or  loss  of  weight,  as  well  as  to  deter- 
mine the  weight  6^  we  make  use  of  an  ordinary  balance,  only  that 
below  one  of  the  scale  pans  of  this  balance  there  is  appended  a  hook, 
to  which  the  body  may  be  suspended  by  a  fine  thread  or  fine  wire, 
whilst  it  dips  into  the  water  contained  in  a  vessel  underneath. 
A  balance  arranged  for  the  weighing  of  bodies  in  water  is  com- 
monly called  a  hydrostatic  balance. 

If  the  body  whose  specific  gravity  we  wish  to  determine  ia 
lighter  than  water,  we  may  connect  it  mechanically  with  another 
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heavy  body,  so  as  to  make  it  sink.  If  this  heavy  body  loses  the 
weight  P^  and  the  system  the  weight  P^  the  loss  of  weight  of 
the  light^  body  is :  P=^Pi — P^  now  if  G  represents  the  lesv-of 
weight  of  the  %hter  body,  we  have  then  its  specific  gravity : 


'»""P"Pi— P/ 

If  the  specific  gravity  of  a  mechanical  combination,  or  a  composi- 
tion of  two  bodies,  and  the  specific  gravities  of  their  constituents 
ei  and  eg  are  known,  from  the  weight  of  the  whole,  the  weights 
6i  and  63  may  be  estimated.    In  every  case  G^  +  G^=^G,  and 

G  G  G 

also  the  volume  — ^+ volume  — ^= volume ,  therefore : 

£1  r  *«  y  ^  y 

G      G      G 

-i-l — 2==--,    By  combining  these  equations  we  have : 

*""         V  «1/        V8  «l/ 

AroMpte^— 1.  If  a  piece  of  limeBtone,  weighing  310  gnins,  becomes  121,5  grains 

310 
lighter  when  under  water,  its  specific  gravity  is  c  =  TTTr  —  ^y^^-  —  ^*  '^^  ^^^ 

x/X|0 

the  specific  gravity  of  a  piece  of  oak,  round  which  a  piece  of  lead  has  been  wrapped, 
and  which  has  lost  by  being  weighed  in  water  10,5  grains ;  if  now  the  wood  itself 
weighed  426,5  grains,  and  the  system  mider  water  was  484,5  grains  lighter  than 
in  the  air,  the  specific  gravity  of  the  mass  of  wood  would  be : 

.  «        ^2g>S        _  1?^  .  0,9. 
484,5—10,5  ""    474 

3.  An  iron  vessel,  completely  filled  with  quicksilver  and  perfectly  dosed,  has  a  net 
weight  of  500  lbs.,  and  has  lost  40  lbs.  in  the  water ;  if  now  the  specific  gravity  of 
cast-iron  «  7,2,  and  that  of  quicksilver  is  13,6,  the  weight  of  the  empty  vessel  is : 

'  \500  13,6^      \7,2  13,6^ 

»  500  (0,08  —  0,07353  :  (0,1388  —  0,0735) 

^      500  .  0,00647        3235  _  .q  ,  « 

0,0653         "  Ib^  "  *^'^  "^' 
and  the  weight  of  the  enclosed  quicksilver : 

500 .  0.0588 
©3  »  500  (0,08  —  0,1388)  :  (0,07353  —  0,1388)  =       ^^^^3 

2940 
lUmark  1.  For  the  determination  of  the  specific  gravities  of  liquids,  meal,  com, 
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Ae^  flte  nuta  mi^iliig  in  open  tb  i*  mffldrat,  beetoM  we  miij  give  la  the  bo£e* 
anf  Tolome  tt  wiD,  by  filling  vcweU  with  them.  If  in  empty  botUe  wd^ 
—  O,  and  the  lame  filled  with  water  O,,  and  the  weight  O,  if  it  coBtain  in;  othe 

infastanee,  we  aliall  then  hare  the  tpedflc  gtaritiet  of  maiMi  of  theae :  i  —     '       . 

Pot  eumple,  to  find  tlie  apedfic  pvrity  of  ij«  (not  lye  gtaini},  a  bottle  ii  filled 
with  the  gnini,  and  «ft«r  modi  ahaking,  then  wti^tod.  After  deduction  d  tlie 
weight  of  tha  empty  bottlei  the  weight  of  the  i^  mi  »  120,76  gnna.,  and  the 
weight  nC  an  equal  qnanttty  of  water  —  Ibifib  ;  thew«ig4t  of  the  rye  ii  •cootdin^j 

"  .rti'fit  "  V,776;  and  theieiive  1  enbic  fbot  of  tU*  giain  wcigha 
-  0,776  .  6i,S  -  4B,S  lb*. 
Rmarlc  2.  The  iHt>bkm  wired  by  Archimedei  of  Andbg  the  ratio  of  tlte  coa- 
■tituenU  from  the  ipedflc  graTit;  ot  a  miitnre,  and  from  the  ipedfic  gitnty  of 
ita  conititnenta,  admit)  only  of  aGmited  application  to  chemical  eomtnnationa,  metallic 
aDoya,  &&,  became  a  contraction  or  expamion  ta  the  man  genenHf  takea  place, 
10  that  the  volnme  of  the  mixture  ii  no  longer  eqna]  to  the  lom  of  the  tolmnea  of 


Rgmark  3.  The  fnither  extendon  of  thia  iub}act,  namely,  iti  applkalioa  to  the 
measorement  td  TOlame,  Ike.,  belonp  to  phyaics  and  chemiatry, 

§  292.  Areometer. — Areometers  are  principaUy  naed  to  deter- 
mine the  density  of  liquids.  These  instroments  are  hollow  bodies, 
formed  about  a  symnietheal  axis,  whose  centres  of  gravity  lie  very 
low,  and  by  floating  perpendicularly  in  liguids,  give  their  density. 
They  are  made  of  glass,  brass,  &c.,  and  are  called,  according  to 
the  variouB  purposes  for  which  they  are  intended,  hydrostatic 
_^^  ,Q,  balances,  salEometers,  hydrometers,  alcohometers,  &c. 
There  are  two  kinds  of  hydrometers,  viz.  the  weight 
and  the  scale  hydrometer.  The  first  are  often  used  for 
the  determination  of  the  weights,  "W.-  the  specific 
gravities  of  solid  bodies.  **  '"^*' 

1.  If  F"  be  the  volome  of  the  portion  of  an  hydro- 
metw  ABC,  Fig.  881,  floating  freely,  and  immersed 
np  to  a  certain  mark  O  in  the  water,  G  the  weight 
of  the  whole  balance,  P  the  weight  placed  upon  the 
plate  while  floating  in  the  water,  whose  density  may 
be  =  X  and  Fj  the  weight  required  to  bo  yat  on 
to  make  it  float  in  any  other  liquid  of  the  density  y^, 
we  shall  then  have 

ry=P+Gand  Vy^=P^  +  Q;  hence, 

"h  _  fi+g 
y         P+G  ■ 
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FIG.  382.  2.  If  P  be  the  weight  which  must  be  put  upon 

the  plate  to  make  the  hydrometer  ABC,  Fig.  882^ 
sink  up  to  a  mark  O,  and  P^  the  weight  which  must 
be  put  upon  A,  together  with  the  body  to  be  weighed^ 
to  obtain  the  same  immersion,  we  shall  then  have 
simply  the  weight  of  this  body  Gi=:P — P^.  But 
if  Pi  must  be  augmented  by  P^  when  the  body  to 
be  weighed  is  put  into  the  cup  D  under  the  sur- 
face, to  preserve  the  depth  of  immersion  unchanged, 
P3  ¥dll  then  be  the  buoyancy,  and  hence  the  specific 
gravity  of  the  body  : 

_  G,  _  P—Pi 

Those  hydrometers  which  have  a  cup  suspended  below  for  the 
determination  of  the  specific  gravities  of  solid  bodies,  minerals  for 
instance,  are  called  Nicholson's  hydrometers, 
no.  383.  8.  Let  the  weight  of  an  hydrometer  ABC,  Fig.  888, 
=  6,  and  the  volume  immersed,  if  this  balance  floats 
in  water,  =  F,  then  O  =  Fy.  If  the  balance  rise 
by  OX=x,  when  immersed  in  a  heavier  liquid,  for  the 
transverse  section  F  of  the  stem,  the  volume  immersed 
is  =  V —  i^^and  hence  G  =  {V —  Fai)  Yi ;  the  two 
formulae,  divided  by  one  another,  give  the  density  of 
the  liquid : 

If  the  liquid  in  which  the  hydrometer  is  immersed 
be  lighter  than  the  water,  it  will  sink  in  it  to  a  depth 
X,  for  which  reason,  G  =  ( F  +  Fx)  y,  and  hence  we 
must  put  y^  =  y  :  (1  +  /i  a?). 


To  find  the  co-efficient  /i  =  -^ ,  the  balance  is  loaded  with  a 

weight  P  of  quicksilver,  which  is  poured  in  and  takes  the  lowest 
position,  so  that  while  floating  in  water,  a  considerable  length  /  of 
the  stem  to  which  the  scale  is  applied,  sinks  lower  down.  If  now 
we  put  P  =  Fly,  we  shall  then  obtain  : 

_   y  _  _P_  _   P^ 
^^  V  ^  Vly  ""  GV 


Examples, — 1.  If  a  Nicholson's  hydrometer  weighs  65  grains,  13,5  grains  must  be 
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tilcen  off  the  pUle,  tbkt  it  mty  liiik  to  the  umc  depth  in  kleohol  u  it  doe*  in  ntcrj 
tht  ipedflc  s"Tity  of  ticohol  it  -  -  ~^^  -'-  -  1  —0,208  -  0,792.-2.  The  nor- 
m*l  ireight  of  ■  Nicholwn'i  balance  ii  lAOO  graiiM,i.r.  1500  gnini  require  to  ba 
put  on  to  make  the  inibnment  nok  to  0 ;  from  thii  1030  gniiu  mutt  be  taken  fay 
the  weighing  of  «  piece  of  brati  placed  npon  the  appcr  plate,  and  121,5  to  be  added 
if  tliii  bodf  ii  placed  on  the  lower  plate.    The  abtolnte  wmght  of  thii  piece  of  I»aa« 

it  therefore  -  1030  gniai,  and  itt  ipedfic  giavitjr  —  ■  ^  ■  ~  8,47.  —  9.  A  icala 
•recHiieter,  of  1161  gnina  wei^it,  Aa  hning  been  U^itened  by  463  gniat. 
ii*e»  6  inehet,  and  baa  therebte  the  oo-elBdent  ft  -^  —  g^  m  0>006S6. 

After  complete  Ailing  and  rettontion  of  the  weight  of  1162  graint,  it  aaeendi,  vben 
floating  In  a  taline  tolotion,  2^',  indiM ;  hence,  the  ipedfle  gTt*it]r  of  thii  it  i 

■=  1  -T  (  (I  -  0,006B6  X  ?|  J  -  1  -\-  0,983  -  1,02. 
Xemark.  "Hie  fortho'  eilennoD  of  thii  tnbiect  belongi  to  phjiiet,  cbemittiy,  and 


§  298,  Ligmds  of  different  denaUiea. — If  several  liquids,  of 

different  densitiea,  are  in  the  same  veaselj  without  their  exerting 

any  chemical  action  upon  each  other,  &om  the  ready  displacement 

of  their   particles,    they    arrange  themselveB  above  each    other, 

,g^  according  to  their  specific  gravities,  vii.  the 

densest  below,  then  the  less  dense,  gndthen  the 

lightest.     The  limiting  snr&ces  are  also  in  a 

state  of  equilibrium,  as  likewise  the  free  snr- 

&ce  horizontal;   for  as  long  as  the  snrface 

of  limitation  EF  between  the  masses  M  and 

N,  Fig.  384>  is  inclined,  columns  of  fiuid, 

of  different  densities,  like  OK,  GJC^,  rest  on 

the  horisontal  stratum  HR,  and  hence  the 

pressure  on  this  stratum  will  not  be  everywhere  the  same ;  and 

lastly,  no  eqailibrimn  wiU  subsist. 

In  commnoicating  tubes  AB  and  CD,  Fig.  386,  the  liquid* 
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arrange  themselyes  one  above  the  other^  according  to  their  densities^ 
only  their  anrfaees  A  and  D  do  not  lie  in  one  and  the  same  level. 
If  Fbe  the  area  HR  of  the  transverse  section  of  a  piston^  Fig.  886^ 
in  the  one  branch  AB  of  two  communicating  tabea,  and  the 
height  of  pressure  or  the  height  EH  of  the  surface  of  the  water  in 
the  second  tube  CJ)  above  HR,  =  h,  we  then  have  the  pressure 
agamst  the  surfiice  of  the  piston  P  ==  Fh  y.  On  the  other  hand, 
if  we  replace  the  pressure  of  the  piston  by  a  column  of  liquid 
AH  J  Fig.  886,  of  the  height  AH  =  hy  and  the  density  7p  we  then 
have  P  =  P^yi  J  and  equating  both  expressions,  we  obtain  the 

equation  h^yi  =  A  y,  or  the  proportion  ^  =  —  • 

Therefore,  the  pi  uwm  u  tsjf- heights^  commumcaiing  tubes,  far 
the  9ub$i»tence  qf  eguiUMum  between  two  different  Uquids,  or 
the  heights  of  the  columns  qf  Uquid  measured  from  the  common 
plane  of  contact,  are  inversely  as  the  densities  or  spec^  gravities 
of  these  liquids. 

As  mercury  is  about  18,6  times  the  density  of  water,  a  column 
of  mercury,  in  communicating  tubes  will  hold  in  equilibrium  a 
column  of  water  of  18,6  times  the  height. 


CHAPTBE   III. 

ON   THE   EQUILIBBIUM   AND  PBESSUBE   OF  AIB. 

§  294.  TensiiQin  qf  gases. — The  atmospheric  air  which  surrounds 
us,  as  well  as  all  kinds  of  air  or  gases,  possesses,  in  virtue  of  the 
repulsive  force  of  its  parts  or  molecules,  a  tendency  to  occupy  a 
greater  and  greater  space;  hence,  we  can  obtain  a  limited  mass  of 
air  only  by  confining  it  in  perfectly  closed  vessels.  The  force  with 
which  gases  endeavour  to  dilate  themselves  is  called  their  etas* 
tidty,  tension,  or  expansive  force.  It  exhibits  itself  by  pressure 
against  the  sides  of  the  vessels  which  enclose  it,  and  so  far  differs 
from  the  elasticity  of  solids  and  liquids,  that  it  manifests  its 
action  in  every  condition  of  density,  while  the  elasticity  of  the 
last-mentioned  bodies  in  a  certain  state  of  expansion  is  nothing. 
The  pressure  or  tension  of  air  and  other  gases  is  measured  by 
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the  barometer,  the  manometer,  and  the  valve.  The  barometer 
ii  chiefly  used  for  determiiiing  the  pressure  of  the  atmosphere. 
„  The  common,  or  as  it  is  called,  the  ciatem  baro- 
meter, Fig.  S87,  consists  of  a  glass  tube,  closed  at 
one  end  A  and  open  at  the  other  B,  which,  when 
filled  with  mcTcmy,  is  inverted,  and  its  open 
end  immereed  in  a  cistern  likewise  containing 
menmry.  By  the  inversion  of  this  instrument, 
there  remains  in  the  tube  a  column  of  mercmy  BS, 
which  (§  393)  is  sustained  in  equilibrium  by  the 
pressure  of  the  air  on  the  surface  of  mercury  HR, 
The  space  AS  above  the  mercorial  column  is  de- 
prived of  air,  or  a  vacuum;  hence,  there  is  no 
pressure  on  this  column  from  above,  for  which 
reason,  the  height  of  the  mercurial  column  above 
the  surface  of  mercury  HR  in  the  cistern,  serves 
for  a  measure  of  the  air's  pressure. 

To  measure  this  height  with  pre<n»oa  and  convenience,  an 
accurately  divided  scale  is  appended,  which  runs  lengthwise  along 
the  tube.  A  more  particular  description  of  the  different  baro- 
meters,  and  an  explanation  of  their  uses,  kc.,  bdongs  to  the 
department  of  physics. 

§  295.  It  has  been  found  by  the  barometer,  that  for  a  certain 
mean  state  of  the  atmosphere  and  at  places  very  little  above  the 
level  of  the  sea,  the  air's  pressure  is  held  in  equilibrium  by  a 
column  of  mercury,  76  centimetres,  or  about  28  Paris  inches  =  29 
Prussian  indies  =  80  English  inches  nearly,  (29,991  exactly). 
As  the  specific  gravity  of  mercury  is  nearly  18,6  (18,598),  it 
follows  that  the  pressure  of  the  air  is  equivalent  to  the  we^ht 
of  a  column  of  water,  0,76  .  13,6  =  10,336  metres  =  31,78  Paris 
feet  =  82,84  Prussian  feet  =  33,824  English  feet. 

The  tension  of  the  air  is  very  often  measured  by  the  pressure  it 
exerts  upon  a  unit  of  surface.  Since  a  cubic  centimetre  of  mer- 
cury weighs  0,0186  kilogrammes,  the  pressure  of  the  atmosphere, 
or  the  weight  of  a  column  of  mercury  76  centimetres  hi^  on  a 
base  of  1  centimetre  square,  =  0,0186  .  76=  1,0336  kilogrammes, 

and  since  a  cubic  inch  of  mercury  weighs  — iwsj-    =  0,5194 


1728 
sure  of  the  atmosphere  is  then  =  29  .  0,5194  =  15,05 
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lbs.  on  the  square  inch^  =  2167  lbs.  on  the  square  foot,  and  in 
English  measure  =  80  •  0,491  =  14,78  on  the  square  inch, 
=  21|1,12  lbs.  avd.  on  the  square  foot.  14,70  lbs.  per  square  inch 
is  the  standard  usually  adopted 

In  mechanics,  the  mean  pressure  of  the  atmosphere  is  commonly 
taken  as  unity,  and  other  expansive  forces  referred  to  this  and 
assigned  in  atmospheric  pressures,  or  atmospheres.  Hence,  to  a 
pressure  of  n  atmospheres  corresponds  a  mercmrial  column  of 
80  .  n  inches,  or  a  weight  of  14,78^1bs.  on  each  square  inch ;  and 
inversely,  to  a  mercurial  column  of  h  inches  corresponds  a  tension 

of  ^  =  0,08571  A  or  =  ^^  =  0,0888  h  atmospheres,  and  to  a 

pressure  of  jp  lbs.  on  the  square  inch,  a  tension  of 

^Cqk  =  0,0644  p  or  J ,  <^  ^  =  0,0678  atmospheres. 

The  equation^  =  ^  or  A  =  ^  give  the  formute  of 

reduction  h  =  1,8604  p  inches  and  p  =  0,5875  h  lbs.,  or 
h  =  2,086  p  inches,  and  /i  =  0,491  h  lbs.  English.  For  a 
tension  h  inches  =  p  lbs.,  the  pressure  against  a  plane  surface 
of  F  square  inches:  P  ^  Fp  ^  0,491  FA  lbs.  English,  or 
=  0,5875  FA  lbs.  Prussian. 

Bxan^ki. — 1.  If  the  water  in  a  vster-pressiire  ensiiie  stands  250  feet  above  the 

250 

8UifiM»  of  the  piston,  the  inressure  against  the  surfice  will  then  be  »  -^^j-  b7,48 

atmospheres^ — 2.  If  the  \>last  of  a  cylindrical  bellows  has  a  tension  of  1,2  atmo- 
spheres, its  pressure  on  every  square  inch  «■  1,2  .  17,676  »  14,73  lbs.,  and  on  the 

surfiice  of  the  piston  of  50  inches  diameter  —  — ^r— •   .  17,67  »  34695  lbs.     As 

w  •  50* 
the  atmosphere  exerts  a  connter-preesnre  —^ —  •  14,73  «■  28922,3  lbs.,  the  pres- 

SQie  on  the  piston  is  «  34695  —  20922,3  -  5772,7  lbs. 

§  296.  Manometer. — To  find  the  tension  of  gases  or  vapours 
enclosed  in  vessels,  instruments  similar  to  the  barometer  are 
made  use  of,  which  are  called  manometers.  These  instruments 
are  filled  with  mercury  or  water,  and  are  either  open  or  closed ; 
but  in  the  latter  case,  the  upper  part  is  either  a  vacuum  or 
fdU  of  air.  The  vacuum  manometer.  Fig.  888,  differs  little 
from  the  ordinary  barometer.  To  measure  by  this  instrument 
the  tension  of  air  in  a  reservoir,  a  tube  GK  is  fitted  in,  one 
end  of  which  6  passes  into  the  reoetsoii;,  and  the  other  K 
projects  above  the  8ar£EU»  of  mercury  CE  in  the  cistern  of  the 
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inatrament.  The  space  EFHR  above  the  mercury  is  hereby  put 
into  commonication  with  the  air-holder,  and  the  air  in  it  assomes 
the  tension  of  the  air  in  the  holder,  and  forces  into  the  tube  a 
colnnin  of  mercury  08,  which  Buataina  in  equilihiium  the  pressure 
of  the  air  which  is  to  be  measured. 

The  siphon  manometer,  ABC,  Fig.  889,  open  abore,  ^res  the 
FiQ.  3B8.  no.  389.  no.  390. 


excess  of  tension  above  the  pressure  of  the  atmosphere  in  the 
vessel  MN,  because  the  pressure  of  the  atmosphere  on  S,  joined 
to  that  of  the  mercurid  column  RS,  is  in  equilibrium  with  the 
tension.  If  £  be  the  height  of  the  barometer,  and  A  that  cX 
the  manometer,  or  the  difference  of  heights  AS  of  the  snrfacea 
of  mercury  in  both  branches  of  the  manometer,  we  shall  then 
have  the  tension  of  the  air  communicating  with  the  shorter  branch 
measured  by  the  height  of  a  column  of  mercury:  b^=b-\-h,  or 
the  pressure  measured  on  a  square  inch  p  =  0,4S1  (b  +  h)  lbs. ; 
or  if  A  be  the  mean  height  of  the  barometer, 

p  =  14,73  +  0,491  A  lbs. 
Cistern  manometers,  Fig.  390,  ABCE,  are  more  common  than 
uphon  manometers.  As  the  air  here  acts  through  a  greater  quantity 
of  mercury  or  water,  as  it  may  be,  upon  the  cohmm  of  fluid,  ita 
oscillations  do  not  so  quickly  affect  the  column  of  fluid,  and  its 
measnrement,  when  thus  at  rest,  is  rendered  both  easier  and  more 
accurate.  For  the  sake  of  convenience  of  measuring  by,  or  reading 
off  from  the  scale,  a  float  is  not  unireqnently  attached  to  it,  whidk 
rests  on  the  mercury,  and  is  connected  with  an  index  hand,  accom- 
panying the  scale  by  means  of  a  thread  passing  over  a  small  roller. 
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wia.  391.  The  expaDsive  force  of  a  gas  or 

I  vapour  eoclosed  in   MN  may  be 

I  likewise  determined,  but  with  less 

accuracy,   by    the  help  of  a  valve 

]  DE,  Fig.  S91j  if  the  sliding  weight 

I is  Bo  placed  that  it  is  in  equilibrium 

with  the  preasure  of  the  air  or  vapour.  It  CS  =  she  the  distance 
of  the  centre  of  gravity  of  the  lever  from  the  fulcrum  C,  CA  =  a 
the  arm  of  the  weight,  and  Q  the  wei^t  of  the  lever  with  its 
valve,  we  then  have  the  statical  moment  vrith  which  the  valve 
is  pressed  down  by  the  weight  =  Ga  +  Q*;  if  now  the  pressure 
of  the  gas  or  vapour  from  bdow  =  P,  the  pressure  of  the  atmo> 
sphere  from  above  =  P,,  and  lastly,  the  arm  CB  of  the  valve 
=  d,  we  then  have  the  statical  moment  vrith  which  the  valve 
strives  to  lift  itself  up  =  (P — Pj)  d,  and  by  equating  the  moments 
of  both : 

Pd—P^d=  Go  +  0.,  aod P  =  P,  +  2l±J^. 

If  r  represent  the  radius  |  DE  of  the  valve,  p  the  internal  and 
Pi  the  external  tension,  measured  by  the  pressure  on  a  square  inch, 
we  then  have : 

P  =  wr^pwadi  P,  =  irf^p^;  hencep  =  ft  H °    ^  ■     . 

Er«mplm. — 1>  If  the  bdght  of  merctnycif  amuiometer,  open»boTe,it3,S  inche*, 
but  thit  of  the  bnximeter  27  Irudwi,  the  nneipoiidiiig  expui^Te  fbrce  ii  then 
k~  t  +  hi-'27  +  ^i~30fi  iiich«i,oTj>'-0,B20  .  Jt''0,S2a  .  3bfi=-liJill».—2.U 
the  beight  of  »  mter-maiiometeT  it  21  inche*,  the  eipuuiTe  force  correiponiling  to 
thii,  irith  the  height  of  the  birometer  kt  27  inehM,  i) 
21 
A  -  27  +  jjg-  -  29M  inchei  -  153*  lb*. 

3.  If  the  itatiol  moment  of  an  unloaded  tafetj-nlTe  ii  10  inch  Iba.,  the  itatical 
moment  of  a  10  lb*,  tliding  wdght  IS  .  10  =  150  inch  Ibi.,  the  irm  of  the  viItc 
meuBTCd,  from  the  valre  to  the  fblcnmi,  4  inchet,  and  the  radioi  <it  the   valTe 
1,5  incbei,  then  the  diSbence  of  the  preinmt  on  Mh  nn&cei  of  the  valve  ii : 
150  +  10  160 

"  »  (1,5)'  . 

Were  the  pteatote  of  the  atmotpbete  p,  —  14  Iba.,  the  tendon  irf'  the  air  belon  the 
valve  would  from  thU  amount  top  =  19,66  Iba. 

§  297.  Lato  of  Mariotte. — The  tension  of  gases  increases  with 
their  density ;  the  more  a  certain  quantity  of  air  is  compressed 
or  condensed,   the  greater   ia  its  tenaion;    and  th»-jpK<tcr  ita' 
24 
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t«mea^  the  more  it  is  allowed  to  expand  or  become  rarefiedj  the 
less  does  its  expansive  force  exhibit  itself.     The  ratio  in  which 
the  tension  and  the  denuty,  or  the  volmne  of  the  gases  stand  to 
each    other,   is  expressed  by  the  law  discovered  by  Matiotte, 
and  named   after   him.     This  law  assumes  that  ike  density  of 
one  and  the  same  qutaUity  (tf  asr  or  ga»  ia  proportional  to  it* 
tention ;  or,  as  the  spaces  which  are  occupied  by  one  and  the 
same  mass  are  inversely  proportional  to  the  densities,  that  the 
volume  of  one  and  the  same   mast   of  gaa  is    inoertely  at  U* 
expannve  force.       Accordingly,    if   a   certun  quantity    of   air 
becomes  compressed  to  one  half  its  original  volume,  its  density  ia 
,Q,         therefore  doubled,  its  tension  is  also  as  great  again 
as  at  first;  and  on  the  other  hand,  if  a  certain 
quantity  of  air  be  expanded  to  oa»-third-  of  its 
original  bulk,  therefore,  its  density  reduced  one- 
I  third,  its  elasticity  will  be  equal  to  one-third  only 
ofitsoriginal  tension.  Ordinary  atmospheric  air,  for 
I  example,  under  the  piston  BF  of  a  cylinder  AC, 
Fig.  392,  which  originally  presses  with  IS  lbs.  an 
every  square  inch,  will  press  on  the  piston  with 
a  force  of  30  lbs.,   if  this  piston  be  pushed  to 
El  Pi,  and  the  enclosed  air  compressed  to  one  half  its  original 
volume,  and  this  force  will  amount  to  8  .  16  =  46  lbs.,   if  the 
piston  come  to  E^  F^,  and  describe  two-thirds  of  the  whole  he^ht. 
If  the  area  of  the  piston  be  1  square  foot,  the  pres|UTe  of  the 
atmosphere  against  it  win  amount  to  =  144  .  15,^=  SAw^lbs.; 
hoice,  to  press  down  the  piston  one  half  the  height  of^e  cylinder 
no  895,         '*  '"^  require  -SSi^  lbs.,  and  to  push  it  t^  two- 
thirds  of  tbis  height  44W^lbs.  to  be  exerted,  f  3hp 

The  law  of  Mariotte  may  be  lilcewise  proved  by 
pouring  mercury  into  the  tube  GH  conmiunicating 
with  the  air  of  a  cylinder  AC,  Fig.  893.  If  a 
column  of  air  AC  b^  originally  enclosed  by  the 
quantity  of  mercury  DEFH,  wbish  has  the  same 
tension  as  the  extemsl  air,  and  afterwards  be  com- 
pressed to  one-half  or  one-fourth  its  volume  by 
the  addition  of  fresh  mercury,  we  shall  then  find 
that  the  distances  of  the  sur&ces  of  Gy  H^,  G,  H^, 
&c.  of  mercury  are  equivalent  to  the  ungle  and 
treble  height  of  the  barometer  h,  &c.,  that  ther^ire  if  we  add 
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to  this  the  single  height^  corresponding  to  the  external  pressure  of 
the  air^  the  tension  will  be  twice  or  four  times  as  great  as  that  due 
to  its  original  volume. 

The  tensions  are  h  and  A|  or  p  nxidpi,  y  and  y,  the  corres- 
ponding densities^  and  Fand  V^  the  volumes  appertaining  to  one 
and  the  same  quantity  of  air^  we  then  have^  according  to  the 
law  laid  down : 

-3-  =—1=—=^:  hence 
y\      y    *i    P\ 

yi=^y=^  y  and  F^^r  f^=-  ^^ 

From  this  the  density  and  also  the  volume  may  be  reduced  from 
one  tension  to  another. 

A»M9»fef. — 1.  If  in  a  blowing  machine,  the  manometer  stand  at  3  inches,  whilst 

the  bannneter  is  at  28  inches,  the  density  of  the  wind  is  »  HLtlm|i»  1,107  times 

'  28        28 

that  of  the  external  air.-^2.  If  a  cubic  foot  of  atmospheric  air,  with  the  barometer  at 

62   5 
28  indies,  weighs        '     lbs.;  with  the  barometer  at  34  inches  it  will  weigh: 

Jill  .  ?i  «    21?51  =  0,985  lbs. 
770        28         21560  ' 

Fio.  394.  §  298.  The  mechanical  effect  which  muat  be 

expended  to  condense  a  certain  quantity  of  air  to 
a  certain  degree^  and  the  effects  which  the  air  by 
its  expansion  will  produce^  cannot  be  directly 
assigned^  because  the  expansive  force  varies  at 
every  moment  of  condensation  or  extension ;  we 
must  therefore  endeavour  to  find  a  special  formula 
for  the  calculations  of  this  value.  Let  us  imagine 
a  certain  quantity  of  air  AF^  enclosed  in  a  cylin- 
der AC,  Pig.  894,  by  a  piston  £F,  and  let  us 
enquire  what  effect  must  be  expended  to  push  forward  the  piston 
through  a  certain  space  EE^^FF^.  If  the  original  tension  =p, 
and  the  original  height  of  the  capacity  of  the  cylinder  =*o,  and 
the  tension  after  describing  the  space  EE^—p^y  and  the  residuary 
volume  of  air  =  *i,  the  proportion  p^  :  jp=*o  :  *i  then  holds  true, 

and  gives /ii = -^ /?• 

While  describing  a  very  smaD  space  jBiJ5,=ar,  the  tension  p^ 
may  be  regarded  as  invariable,  and  hence  the  mechanical  effect  to  be 

24* 
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expended  is  =  Ap^x^    P^tr^  when  A  represents  the  sur&ce  of 

the  piston. 

It  follows  from  the  properties  of  logarithms^  that  a  very  small 
magnitude  y  ^  hyp.  log.  (l+y)= 2^3026  Log.  (l+y)j  if  ^p- 
log.  represents  the  hyperbolic^  and  Log.  the  common  logarithms  ; 
we  may  consequently  put 


=  2,8026  Aps^  log.  (l  +^) 


But  now : 

hffp.  log.  (l  +  —  j=Aj!p.  hg.\^^^J=hyp.log.{si'{-x)—hyp.lqg.Si; 

hence  the  elementary  mechanical  effect  is : 

=47^0  [MfP-  ^9'  (*i  +^) — ^yP'  ^9'  *i]- 
Let  us  imagine  the  whole  space  EE^  to  be  made  up  of  very  small 
parts,  such  as  x,  and  therefore  put  EE-^^nx,  w%  shaU  find  the 
mechanical  effects  corresponding  to  all  Uiese  parts,  if  in  the  last 
formula  we  substitute  for 

*ij  *i+^>  *i  +  '^  ^i  *i+3  a?,  ...  to  *i  +  (» — 1)  ar,  and  for 
*i+3?,  *iH-2a?,  *i  +  8a?,  &c.,  to*i+«w,  or  *^ 

and  by  summation  the  whole  expenditure  of  mechanical  effect  in 
describing  the  space  Sq — s^ : 

hyp.  log.  («i + x) — hyp.  log.  8^ 
hyp.  log.  *i  +  2  a?)— Ajjp.  log.  («i+d?) 
hyp.  log.  (*i  +  8 x) — hyp.  log.  {si -^2x) 

L^Aps^i 


hyp-  ^9'  (*i  +  nx)—hyp.  log.  [«i  +  (»— 1)  x] 
=ApsQ  [hyp.  log.  {Bi  +  nx)—hyp.  log.  s^ 

=ApsQ  {hyp.  log.  8^— hyp.  log.  8^^Ap8^  hyp.  log.  (^j, 

since  one  member  in  the  one  line  always  cancels  one  member 
in  the  following  one. 

Since  -^  =  a  ^^  ^^  mechanical  effect  may  be  put : 


r  I  - 


» .- 


I J 
k  I 


■  1 


ll 


1.  '.ii/  ^-i 


•■4 
1: 


ri 


u 


jr:\^^  .  .yij^na--^  l^-^ii  ''^"^  ''''<'  "  ''■ 


'./-  .••■«<■•  ..''V''--'-"''" 


c:  1 1 1  .vr< 


'    '  /.^i 


r.      .''^     iC 


/ 


Z' 


378 


ihaU 
e  air 


c.r 


/*'_•''' 


cha- 


,....  .■;  ^.'-?  =.//'.•<<■  -■-Ay':* 


V     —      «^Af>    L'WKytC 


7, 


ded 
lion 
ime 


■.  t 


/ 


/ 


A 


;,^/,vJ  .v'-'^'" 


A 


/^  ^  ^  Ij^    " 


A 

.<•< 


A 


yl.^:  ^j^  ?    . A'"^-  -/"^o  •  •  Z.-,^.^;/- A 


'  '»■  / 


or 

ind 
la- 
nd 

by 
he 


■  *r       v^«««^  T*      *UV 


es 
«7 

of  a 


«^- 


'7    >' 


372 


expe 

the 
II 
mag 
log. 
we  1 


Bui 

hei 

Lef 

pai 
m€ 
foi 


an 
de 


8 
U 


LAW  OF  MA&IOTTE.  378 


i=4p*o  *KP-  %•  (^J^'^P^o  *S!P-  fc^'  ^)- 


If  we  put  the  space  described  by  the  piston  Sq — #i=«j  we  shall 
hence  find  that  the  mean  force  of  the  piston  jf  condensing  the  air 
ia  in  the  proportion 

Let  A^l  (square  foot)  and  Sq^I  (foot)j  we  obtain  the  mecha- 
niqal  effect  produced 

L^p  hyp.  log.  (^)^2,80!l6ploff.  (^). 

This  formula  gives  the  mechanical  effect  which  must  be  expended 
to  convert  a  unit  or  cubic  foot  of  air  of  a  lower  pressure  or  tension 
p  into  a  higher  tension  i^^j  and  to  reduce  it  thereby  to  the  volume 

I  ^1  cubic  feet.    On  the  other  hand : 
W 

i=^Asp.  %.  (^)=2,8026  J,,  log.  (&) 

eipresses  the  effect  which  a  unit  of  volume  of  gas  gives  out  or 

produces  when  it  passes  from  a  higher  pressure/?]^  to  a  lower  j9. 

To  reduce  by  condensation  a  mass  of  air  of  the  volume  V,  and 

y 
tension  |7  to  the  volume  Vj^  and  the  tension /ii=:r=-/i^  the  mecha- 

nical  effect  requisite  to  be  expended  is  Vp  hyp.  log.  l-^\  and 

when^  inversely^  the  volume  F^  at  a  tension  pi  is  converted  by 

jr 
expansion  into  the  volume  V,  and  into  the  tension  p=-i^  Pv    the 

effect: 

Fp  hyp.  log.  (j^  =  V^p^  hyp.  log.  (yj 

wiU  be  given  out. 

Sgamphi, — 1.  If  a  blast  concerto  10  cubic  feet  of  air  per  second,  of  28  inches 
tension,  into  air  of  30  inches  tendon,  the  effect  tQ  be  expended  upon  this  for  erery 

^j  «  251596  {hjfp,  log.  15  —  hyp. 

kg.  14)  »  251596  (2,708050  —  2,639057)  «  251596  .  0,068993  »  17358  inch  lbs. 
B  1446,5  ft.  Ibsw— 2.  If  a  mass  of  Tapour  in  a  steam  engine  below  the  surfiEuse  of  a 


x*- 


/        1 
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fditon^  »  rB<  -  SOI  Kpuie  inehet,  tUndj  15  iiidicihig)i,  and  wHh  » tesuca  of 
tbree  itiiKiipIittei,  poihei  up  the  jditon  SS  inches,  Ihe  imi^IhiiImI  eflM  erolved,  rad 
-which  ii  expended  on  the  pitton,  I« : 

L  -  20M  .  16,6  .  15  hyp.  log.  (^^^]  -  H11020  J^.  liy.  4 


.»»|«.  598351b.. 

§  399.  £Uni/a  q/'otr.— Air  enclosed  in  a  vessel  is  at  different 

depths  of  difierent  density  and  tenuon^  for  the  upper  strata  press 

together  the  lower  on  which  they  rest,  so  that  there  is  only  one 

and  the  same  density  and  tension  in  one  and  the  same  horiaontal 

no.  396.         stratom,  and  both  increase  with  the  depth.     But 

in  order  to  discover  the  law  of  this  increase  of 

density  downwards,  or  the  decrease  upwards,   we 

most  adc^t  a  method  very  similsr  to  that  of  the 

former  paragraph. 

Let  ns  imagine  a  vertical  column  of  air  AB, 
Fig.  895,  of  the  transverse  section  AB—\,  and 
of  the  height  AF=».  Let  the  density  of  the 
lower  stratum  =  y,  and  Uie  tension  =  p,  and  the 
density  of  the  upper  stratum  EF  =  y,,  and  the 

tension  =:  pu  we  shsU  then  have  ^  =^.     If  x  is  the  height  ££, 

of  the  stratum  E^F,  we  have  its  we^ht,  and  hence  also  the  dimi- 
nution of  its  tension  corresponding  to : 

y  =  1  .  w  .  yi=  -^)  snd  inrersdy, 
x^  ^  .jf-,  or  as  in  the  former  paragraph : 

«-^  ^.  fty.  (l+^)=*  [*KP-  log.  (i>,4y)-^.  foff.ft]. 

Let  us  pot  for  p^  succesnTely 

ft  +  »,  ft+2y,  p,+8y,  &c.,  topi  +  {«— l)y, 
and  add  the  corresponding  heights  d  the  strata  or  values  of  »,  and 
we  shall  then  obtain  the  height  of  the  entire  column  of  air,  as  in  the 
former  ^. 
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'=y  (*KP-  %•  P—'^SP'  %•  -Pi)=^  *S!P-  %•  ^\  also 

if  b  and  6^  are  the  heights  of  the  barometer  corresponding  to  the 
tensions  p  and  Pi. 

If,  inversely^  the  height  s  is  given^  the  expansive  force  and  den- 
sity of  the  air  corresponding  to  it  may  be  calculated.     It  is 


'  -t  ^ ,  ^;-'y  '7/'  *'' 

•    ,<■,'     t  ^         J,  '  .      /I  -    /  z 


l ,     -i  ^<    •'"  '    ' 


./  J  i^ 


«  =>  58604  .  Log,  ^|2\  „  58604  .  0791813  «  58604  .  0,12  »  7032,48  feet.— 2.  The 

y        10000 
density  of  the  air  on  a  mountain  10,000  feet  high  is :  Loa,  -^  s  ,^--^   «   0,1706  ; 

Yi       O0004 

hence,  -^  »  1>481,  and  -^  «  t-^tt;  «  0,675 ;  it  is  thereftare  only  67i  per  cent. 
Ti  y        i,4oi 

of  the  density  of  that  at  the  foot. 

§  800.  Gt^'Lttssoifs  law. — Heat  or  temperature  has  an  essen- 
tial influence  on  the  density  and  expansive  force  of  gases.  The 
more  air  enclosed  in  a  vessel  becomes  heated^  the  greater  does  its 
expansive  force  exhibit  itself^  and  the  higher  that  the  temperature 
of  the  air  enclosed  by  a  piston  in  a  vessel  is  raised^  the  more  it 
etpands;  and  pushes  against  the  piston.  From  the  experiments 
of  6ay-LussaCj  which  in  later  times  have  been  repeated  by  Budberg^ 
Magnus  and  Begnault^  it  results  that  for  equal  densities  the  expan- 
sive force^  and  for  equal  expansive  forces  the  volume  of  one  and  the 
same  quantity  of  air  increases  as  the  temperature.  We  may  place 
this  law  by  the  side  of  that  of  Mariotte^  and  name  it^  for  distinc- 
tion's sake,  Gay-Lussac's  law. 

According  to  the  latest  experiments,  the  expansive  force  of 
a  definite  volume  of  air  increases  by  being  heated  from  the 
freesing  to  the  boiling  pointy  by  0,367  of  its  original  value, 
or  for  tins  increase  of  temperature  the  volume  of  a  definite  quan- 
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tity  of  air  increases^  the  tension  remaining  the  same^  by  86,7  per 
cent.  If  the  temperature  is  given  in  centigrade  degrees^  of  which 
there  are  100  between  the  freezing  and  boiling  pointy  it  follows 
that  the  expansion  for  each  degree  is  =  0,00867^  and  for  /  degrees 
temperature  =  0^00367  ,  i ;  if  we  make  use  of  Fahrhenheifs 
thermometer^  which  contains  between  the  freezing  and  boiling 
point  180^,  for  each  degree  the  expansion  is  =  .002039^  and  for  / 
degrees  temperature  =  .002039  •  t.  This  co-efficient  is  true  only 
for  atmospheric  air ;  slightly  greater  values  correspond  to  other 
gases^  and  even  for  atmospheric  air^  this  co-efficient  increases 
slightly  with  the  temperature. 

If  a  mass  of  air  of  the  original  volume  Vq,  and  of  the  tem- 
perature 0^  be  heated  /  degrees  without  assuming  a  different 
tension^  the  new  volume  is  then  F=  (1+ 0^00367  0  ^09  ^^^  ^ 
it  acquire  the  temperature  ti,  it  will  then  assume  the  volume : 
Fi  =  (1  +  0,00867  ^i)  Fo,  and  by  dividing  the  ratio  of  the 
volumes  : 

V^_  1  -h  0,00367  t 
Fi        1  +  0,00367  V 
on  the  other  hand,  the  corresponding  ratio  of  density : 

y-r,_  1+0,00367/,  .<...£/...' 

71       V~l  +  0,00867  /  • 

If  moreover  a  diaage  take  place  in  the  tensions,  if  p,  is  tiie 
t^ision  at  zero,  p  that  at  the  temperature  /,  anipi  that  at  /^  we 
then  have : 

F=(l+0,00867  0^  Fo,  farther  ri=(l+0,00867  t^  ^  V^ 

P  P\ 

hence: 

V  _  1  +  0,00867  t      p^      ,  y  _  1  +  0,00867 .  t^    £ 

Fi  ~  1  +  0,00867  ^1  '  p'  '"'*  71  ~  1  +  0,00867. <  ' p^'     ' 

y  _  1  +  0,00867 .  <i    £ 
71  ~  1  +  0,00367 .  /  "  *i" 

Rpan^k.  If  a  mass  of  air,  of  800  cubic  fSeet,  and  of  iMis.  tension,  and  10*  tem- 
perstnre,  is  raised  by  the  blast  and  by  the  warming  apparatus  of  a  blast-famace  to 
a  tension  of  19  lbs.  and  to  a  temperatm«  of  200°,  it  will  at  length  assmne  the  greater 
volmne: 

„       1  +  0,00367 .  200     15    «ftft        1,734        12000        ,^^.     , .   ^_^ 
^1  -   1  ^  0,00367  .  10   •  19-®^^  ^^TOW  '  "TF-  -  1056cuh«5ftet. 

§  301.  Density  of  the  air.— By  aid  of  the  formula  at  the  end  of 
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the  fonner  paragraph^  y  may  now  be  calculated  by  the  density 
corresponding  to  a  given  temperature  and  tension  of  the  air.  By 
accurate  weighings  and  measurements  we  have  the  weight  of  a 
cubic  metre  of  atmospheric  air  at  a  temperature  of  0^^  and 
0^76  metre  height  of  barometer  =  1^2995  kilogrammes.  Since  a 
cubic  foot  (Prussian)  =  0^080916  cubic  metre  and  1  kilogramme 
=  2,13809  lbs.  The  density  of  the  air  for  the  relations  given  is : 
=  0,080916  .  2,18809  . 1,2995=0,08590  lbs.  If  now  the  tern- 
perature  is  =  ^  cent.,  the  density  for  the  French  measure  : 

7  =  i    ,   onnafiy  /  kilogrammes  j  and  for  the  Prussian  measure : 

0,08590        „         J  i?    4V   T?    r  1,  0,081241  „ 

y  ^  1+0,00867  .  /  ^^^'  "^^  ^"^  ^^'  ^^^ '  ^=1+0,00204^^^^' 
If  now  the  expansive  force  varies  from  the  mean,  if,  therefore, 
the  height  of  the  barometer  is  not  0,76  metres,  but  6,  we  shall 
obtain : 

1,2995      '        b    _      1,71  .  b       , ., 

'^""1  +  0,00867  .  /  •  0,76  "  1  +  0,00867  t      ^^' 
or  if  &,  as  is  commonly  the  case,  be  given  in  Paris  inches  : 
_  0,008058  .  b  „ 

^^1  +  0,00867/  ^^**    . 
Very  often  the  expansive  force  is  expressed  by  the  pressure  p,  on 
a  square  centimetre  or  square  inch,  for  this  reason  the  factor 

i;fe' "  li^' **' IbIs  """^  be  introduced,  and  it  thenfol- 

lows  that : 

__1,2995__         p     _      l,2672p 
^    1+0,00867  .  /  *  1,0836  "1+0,00867  .  t      ^' 

_        0,08665  p     _     0,005691  p    ,,,    p^     . 

''~r+0,00867  .  /  •  15fi5~  1+0,00867  .  /  ^"s- *^^"i88««^- 

For  the  same  temperature  and  tension,  the  density  of  steam  is 
■f  of  the  density  of  atmospheric  air,  for  which  reason  ve  have  for 
steam: 

_      0,8122  p     _    0,7857  p     . ., 

^"1+0,00867  t  '  1,0886  "1+0,00867  t      °^'  ^^ 

_0j05868_    _P___M^657£_ 
^1+0,00867  .  t  '  15,05  "1+0,00867. <      ^^^^' 

_    0,050776  p    _  0,008447  j>    ,^    v    v  y> 

~  1+0,00204  /  •  H78~  1+0,00204/  ""*  ^^8™^* 
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SronplM.— 1.  Vhit  wrigU  bu  the  wind  eoaHixai  ia  a  e^SaiOai  tt^eUM,  tt 
40  (cet  Icnsth  uid  6  bet  wUth,  at  a  tanpaitiiw  ttf  10>  nd  18  Ite.  ^cmn  ?  Tlui 
deniitf  of  Out  *iiid  n  ; 

0JXB69I  .  18  0,I(B44  „  „„    ^ 

— JioMT i:o36r  -  "'"^^  "*■' 

the  e^NKitraf  tlie  TCgnlaliag TCMel  ia  —  a-.S*  .40  —  1131  cnbic  feet,  bnee,  the 
qnanti^  of  wind  -  0,0968.113)  -  112  Ibi.— 2.  A  (team  engiiie  omb  per  mjnntc 
500  cabie  feet  ot  Tapoor,  td  107*  tempentme  and  3S  indwi  pntdue,  bow  manj 
pound*  of  water  i*  reqidred  fbr  tbe  generatiDn  ot  tbi*  iteam  ?  Tbe  dendty  af 
thii  iteam  ia: 

0,0ftSS3  M  0,05363  ■  38        0(UB4lha.- 

"  1+0,00367.107'  ■    28     ~     1,393.28     -"'""" 
faenoe,  the  weight  <rf  600  cable  fleet,  or  tbe  weight  ol  tbe  oontfpoaSag  qntntitr  et 
water,  -  600  .  0,O4S4  -  24,7  Ibi. 

ns.  396,  §  3^-  By  aid  ctf  the  results  obtained  in  tbe 

last  paragraph,  tbe  theor;  of  the  airmanometer  may 
be  explained.  This  instrument  GonsistB  of  a  barome- 
ter tube  of  oniform  bore  AB,  Fig.  806,  filled  above 
with  air  and  below  with  metcory,  and  of  a  vessel 
CE  likewise  containing  mercury,  which  is  put 
in  communication  with  the  gas  or  vapour  wboae 
tension  we  wish  to  find.  From  the  height  of  the 
columns  of  mercury  and  of  air,  the  expanuve 
force  may  be  estimated  as  follows.  The  instni- 
ment  is  commonly  so  arranged,  that  the  mercury 
in  the  tube  stands  at  the  same  level  as  die  mer- 
cury in  the  cistern,  when  the  tempertinre  of  the 
enclosed  air  /=10'',  and  the  tension  in  the  space 

EH  equal  to  the  mean   atmospheric  pressure    £=0,76  metoes 

=80  inches. 
But  if  £)r  a  height  cJ  the  barometer  b,  from  EH  a  column  of  mer> 

cury  A,  baa  ascended  into  the  tube,  and  the  length  (tf  the  colnmQ 

of  Uie  residuBry  ur  is  A^  we  have  then  its  tension 

=^+i  ft,  and  hence  6,=Ai  +  ^L±^  ft.    w  Ay 
ftg  A, 

If  a  chai^  of  temperature  takes  place,  the  temperature  from 

observation  of  A,  and  A,  is  not  as  at  first  =  t,  but  t^,  we  then  have 

the  tennon  of  the  column  of  air 

^c-Vt^     1  +  0,00867  .  l^ 

A,      ■  1  +  0,00367  .i       ' 
and  hence  the  height  of  tbe  barometer  in  question  : 

^,~,.^'h  +  ^i    1+ 0,00867. /i     . 

ft,_A,+  -^  .  1  ^  0,00867  .  t   ■  *  ■ 
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For  &  =  28  inehes  (Paris),  and  /=1QP  C,  it  follows  that 

Jj=Aj  +  27  (H-0,00867 /i)  F' ^^^'^^^y  *=*i+*v 

represents  the  whole  length  of  the  tube  measured  to  the  sor&oe  of 
mercury  HR, 

From  the  height  of  the  barometer  b^  it  follows  that  the  pressure 
on  the  square  inch  (Prussian)  is 

p=^  Ax -h  15,6. g  (1+0,00867/1.^=  0,588*1 
-f  14,51  (H-00867  0r;lbs. 

Sgampie. — ^If  an  air  manometer,  of  25  inches  leng^  at  2lo  temperature,  indicates 
a  column  of  air  of  12  inches  in  length,  then  the  conesponding  height  of  the 

barometer  is: 

2&  25 

»,  »  25  —  12  +  27  (1  +  0,00367  .  21)  j^  -  13  +  9  . 1,07707  .  -j- 

a  13  +  60,58  »  73,58  inches,  and  the  pressure  on  a  square  indi 
»  0,538  .  73,38  «  39,59  lbs. 
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DYNAMICS    OF    FLUID    BODIES. 

CHAPTER  I. 

THE   OEKEBAL  LAWS   OF   THE   EFFLTXX   OP  WATER    FROM   VESSELS. 

§  303.  Effiux. — ^The  doctrme  of  the  efflux  of  fluids  from  vessels 
constitutes  the  first  principal  division  of  hydro-dynamics.  We 
distinguish  first  between  the  efflux  of  air  and  the  efflux  of  water ^ 
and  then  again  between  the  efflux  under  uniform  and  that  under 
variable  preeeure.  We  next  treat  of  the*  efflux  of  water  under 
constant  pressure.  The  pressure  of  water  may  be  assumed  as 
constant  when  the  same  quantity  of  water  is  admitted  on  one  side 
as  flows  out  from  the  other^  or  when  the  quantity  of  water  flowing 
out  in  a  certain  time  is  small  compared  with  the  sise  of  the  vessel* 
The  chief  problem,  whose  solution  will  be  here  treated,  is  that  of 
determining  the  discharge  through  a  given  crifice,  under  a  given 
pressure,  in  a  definite  time. 

If  the  discharge  in  each  second  =  Q,  we  then  have  the  expen- 
diture, after  the  lapse  of  /  seconds,  undenWariable  pressure: 
Q^  =  Qt.  But  to  obtain  the  efflux  per  second,  it  is  necessary  to 
know  the  dimensions  of  the  orifice,  and  the  velocity  of  the  particles 
of  fiuid  issuing  from  it.  For  the  sake  of  simpUdty  of  investigation, 
weshaQfor  the  present  assume  that  the  particles  of  water  flow  out  in 
straight  and  parallel  lines,  and  on  this  account  form  hpriemaiie 
vein  or  stream  of  fluid.    If  now  F  be  the  transverse  section  of  the 
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vein  and  v  the  velocity  of  the  water,  or  of  each  particle  of  watw, 
the  discharge  per  second  will  form  a  prism  of  the  base  F  and 
height  v,  and  therefore  Q  will  be  =  Ft;  units  of  volume  and 
G  =  Fvy  Tuiits  of  weight,  y  being  the  density  of  the  water  or 
the  effluent  liquid. 

ErampleB,—!,  If  water  flows  through  a  sluice,  of  1,7  square  feet  aperture,  with  a 
14  feet  Tdodty,  the  discharge  will  be  Q  =  14  . 1,7  =  23,8  inibic  feet,  and  hence 
the  discharge  per  hour  will  be  -  23,8  .  3600^'  -  85680  cubic  feet.— 2.  If  264  cubic 
of  wilcr  was  te  ka|^iMfeM|^ifan|dian  orifice  of  5  square  inches  in 
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mass  Qy  accumulates  in  its  transit  from  a  state  of  rest  into  that 

of  the  velocity  i;,  is  ^  Qy  (§  71).  If  no  loss  of  mechanical 
effect  take  place  in  its  passage  through  the  orifice,  both  me- 
chanical  effects  will  be  equal,  and  therefore  A  Qy  =  g-  Q  y ;  i.  e., 


f^ 


A  =  ^,  and,  inversely,  v  =  v2gh,  or  in  feet,  A  =  0,0165  t^, 

and  »  =  8,03  VT. 

7%c  velocity,  thertfore,  of  water  issuing  through  an  or^e  is 
equivalent  to  the  final  velocity  of  a  body  falling  freely  from  the 
height  of  the  water. 

The  correctness  of  this  law  may  be  proved  by  the  following 
experiments.  If  we  apply  an  orifice  directed  upwards  to  the 
vessel  AC,  Fig.  898,  the  jet  FK  will  ascend  vertically,  and  nearly 
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attain  the  level  HR  of  the  water  in   the  venel,   and  we    may 
ns.  S98.  asBume  that  it  would   exactly   attain  thia 

I  height,  were  all  resistances,  such  aa  thoae 
of  the  air,  friction  at  the  sides  of  the 
vessel,  disturbances  from  the  descending 
water,  &c.,  were  entirely  removed.  But 
since  a  body  ascending  to  a  perpendicular 
h^^t  h,  has  the  initial  velocity  t>=  v'  Hff  k 
(§  17),  it  accordingly  follows  that  the 
velocity  of  efflux  is  v  =  V2y&. 

For  a  different  head  ot  water  hi,  the 
velocity  IB  Vi  =  \^2ghi^  hence  we  have 
v.  Vi~  v'  A  ;  V"  A, ;  therefore,  the  velocUte*  qf^Mx  an  t»  emek 
other  OM  the  fquare  roots  nfthe  hea4a  t^water. 

fcfyfafc— 1.  The  ditchaije  which  t*ket  plioe  in  Mcfa  Hcond  thion^  ui  orttee 
lOb^Mlt^vu^  under  ■  prcMnre  of  5  feet,  ii : 

Q-A-iO  .l!v''27]t.lZD  .  8,03'/6-963,60  .  22,36'>209M  cubic  indies. 
2.  ntt  2S2  cubic  inchie*  mar  ^  diidiarged  through  «n  orifice  of  6  tqasre  indm  in 
cadi  Mcond,  the  head  of  mtei  lequiied  it : 

.  .  ^  (D'-OJBSS  (if)"  -  o,01Sf  («).  -  ^i.^ 
§  306.  Velocity  of  n^btx  and  efflux. — If  water  flows  m  with 


velodty  due  to  the  height  A,  =  s-y' must  be  added  to  the  me- 


chanical  effect  h  .  Qy;  hence  we  have  to  put : 

2? 


(J  +  AJQ,  =^Qy.or»  +  »,=  I-, 


and  therefore  the  velocity  of  eflSux  : 


V  =  v'25{A+ Ai)  =  V2yA  +  c*. 

Since  the  quantity  of  water  flowing  into  a  vessel  kept  con- 
stantly full  is  a>  great  as  that  Q  which  flows  out,  we  may  put 
Ge  =  Fh,  where  G  represents  the  area  of  the  transverse  section 
HR  (Fig.  897)  of  the  water  pouring  in.    Accordingly  if  we  pat 

F 
c  ~  -g-iu  we  shall  then  obtain  : 
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O  /Jiff' 


and  hence :  v  = 


V%gh 


v^-i-i-y 


According  to  this  formula^  the  velocity  increases^  the  greater 
the  ratio  of  the  sections  --=-  becomes ;  the  velocity  is  leasts  viz. 


=  V2ghf  if  the  transverse  section  F  of  the  orifice  of  efflux  is  small 
no.  399.    compared  with  the  transverse  section  G  of  the  orifice 
of  influx^  and  it  approximates  more  and  more  to  an  infi- 
nitely great  velocity^  the  smaller  the  difierence  is  between 

p 

these  orifices.      U  F  si  G,  therefore  -^  =  1^  then 

^  =  — jT^  =  oo ,  and  therefore  also  c  =  oo .  This 

infinite  value  must  be  understood  to  express  that 
the  water  must  flow  to  and  firom  a  bottomless  vessel 
AC,  Fig.  899^  with  an  infinite  velocity^  that  the  stream  of 
fluid  CF  may  entirely  fill  up  the  orifice  of  discharged.    If  we 

Gc 
put  V  =s     „  ,  we  shall  then  obtain : 


*=[(4y-04^"'~''=- 


G 


V 


1  + 


2ffh' 


which  expression  indicates  that  the  transverse  section  F  of  the 
stream  fiowing  out,  for  an  infinite  velocity  of  influx,  is  constantly 
less  than  the  transverse  section  G  of  the  stream  flowing  in,  and 
hence,  that  the  discharging  orifice  is  not  quite  filled  when  it  is 

greaterthan  ^ 


V 


1  + 


2gh 


V  — 


Remark,  The  aocnracy  of  this  fixrmula,  given  by  Dtniel  BenkooUi, 
27* 


V^^T?) 


- ,  hii  of  late  been  brought  into  doubt  by  many  phfloaophen. 


I  have  endeaYouzed  to  prove  how  unfounded  are  the  objectiona  made,  in  an  article 
**  Bfflox,"  in  the  *'  Allgemeinen  Maschinenencydopadie." 
BxmKpk*  If  water  runs  finun  a  circular  orifioe,  5  inches  in  width',  in  the  bottom  of 
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ft  priimitic  TEuel  ot  60  aqmre  inche*  tmuyene  Mdioii,  under  a  prewiTc  of  6  feet, 
the  velodtf  ii  then : 

~  8.03  ■  3,4<9  19.666  19.666 

wrT*   "   ^ a  soil    "     10945"^'*  "•** 


v- 


^^27)'   "   V  0.8931   °     1094S" 


§  806.  Vetoeily  qf  eghtx,  pretrure  and  detiaty. — The  above 
no.  400.  formuls  are  only  true  if  the  pressure  of  the  air 
on  the  fluid  surface  is  as  great  as  its  preasnre 
against  the  orifice;  but  if  these  pressures  are 
different  from  one  another,  we  hare  then  to 
extend  these  formulee.  If  the  upper  mriace 
HR,  Pig.  400,  is  pressed  by  a  piston  K  with  a 
force  P^,  which  case,  for  example,  presents  itself 
in  that  of  the  fire-engine,  we  may  then  imagine 
it  to  be  replaced  by  the  pressure  of  a  colomn 
of  water.  If  Aj  be  the  height  of  this  column, 
and  y  the  density  of  the  liquid,  we  may  therefore  pat  P^  =  Gh^. 


A  +  A,  =  A  +     -^  ,  we  then  obtain  for  the  velocity  of  efflux  : 

V  =    a/  3  j  (  a  +    -'  Y  when,  moreover,  we  rappose  -^  to 

be  very  small.    If,  further,  we  represent  the  pressure  on  each 

p 
unit  of  surface  of  G  by  p„  we  have  mwe  simply  -^=p^,  and  hence 


r  =    /^f  %  g  (A  +   ^).     Again,  if  we  represent  the  pressure 

of  water  at    the  level  (rf  the  orifice  by  p,  we  may  then  put 

p  =  (a  +  ^)y;therefore,A+^  =<  whence e=^2ff5. 

7%e  veioaty  ofeffiux,  thertfore,  increaies  at  the  aqtiare  root  of 
the  prettwe  on  each  unii  of  tur/aee,  and  inoemly  at  the  tqtuare 
root  of  the  density  t^thefiuid.  Under  equal  pressures,  thenfore, 
a  fluid  of  a  densi^  represented  by  4,  runs  out  half  as  ixA  as  one 
of  density  1.  Since  the  air  is  770  times  lighter  than  water,  it 
would  if  it  were  an  inelastic,  flow  out  ^770  =  27{  faster  than 
water.  If  the  water  does  not  flow  freely,  but  under  water,  in  con- 
sequence of  a  coonter-pressure,  a  diminution  of  the  velocity  of 
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efflux  then  takes  place.  If  the  month  of  the 
vessel  AC,  Fig.  401,  is  the  depth  FG  =  h 
below  the  snrfaoe  of  the  npper  water  HR,  and 
FOi=hi  below  the  surface  11^1^  of  the  lower 
water,  we  then  have  the  pressure  downwards 
p  :=  hy,  and  the  counter-pressure  upwards 
p^  ss  hi  y,  hence  the  force  of  efflux  is: 
p  —  pi  =  (h  —  Ai)  yt   and  the  velocity  of 

efflux  t;=  ^2^  (^2=a^  =  ^/2g{h—h,). 

For  efflux  under  water  the  difference  of  level  h — h^  between  the 
surfaces  must  be  rqjarded  as  the  head  of  water. 

If  the  water  on  the  side  of  the  outer  orifice  be  pressed  by  the 
force  p,  and  on  the  aide  of  the  inner  orifice  or  of  the  surface  of 
water  by  the  foree  j^^,  we  have  then  generally  : 


*'=aA^ 


A  + 


P\—P 


)• 


Bafampin^ — 1.  If  the  pbton  of  a  12  inch  cylinder,  or  that  of  a  lire-engine,  be 
praned  down  with  a  fiorce  of  3000  Ibt.,  and  there  were  no  obetade  in  the  tabes  or 
pipes,  the  water  weald  then  issoe  throng^  the  numth-pieoe  of  tSie  tabe  and  be  dhncted 
vertically  upwards  with  a  veloeity 

_  600  .  4 

If  12,5 


V^^f  -    \l^9-^  -  8,03  ^ 


3000 


i.62,6 


8,03  ^. 


-  65,28  feet,  and  ascend  to  the  height  h  -  0,0155.  «>  -  66,18  feet^2.  If  water 
rushes  into  a  rarefied  space;  for  example,  into  the  condenser  of  a  steam-engine,  whilst 
it  is  pressed  from  abo?e  or  on  its  exposed  snrftoe  by  the  atmosphere,  the  last  fonmda 

•-\A^(*^^)fortto«l«dtyof«fflaxi.tt«.tob.wHed.  Ifih.I.«.d 
of  water  A  »  s  feet,  and  the  extemsl  barometer  stand  at  27  indies,  and  the  internal 
at  4  Paris  indies,  we  shall  now  have  ^~^^    -  27  —  4  »   23  Paris  inches 

r 

23 
— jg  1,035  —  1,9837  Prassian  indies  »  2,005  En^ish  indies,  or  a  cohimn  of  water 

s  13,5  .  2,005  »  27,67  feet,  and  the  ydodty  of  the  water  rushmg  into  tiie  vacaom 

V  -  8,03  v^3-f  27,67  -  44,4  feet.--3.  If  the  water  in  the  feed-pipe  «f  a  steam- 
engine  boiler  stands  12  feet  abore  the  saifece  of  the  water  in  the  boilflr,  and  the 
the  pressure  of  steam  be  20  lbs.  aad  the  ptessure  of  the  atmoq^here  only  15  lbs.  on 
the  sqoare  indi,  the  vdodty  with  whidi  the  water  enters  into  the  bofler  will  be : 


•  -8,03  >y/l2  + 
«  4,96  feet 


(18  .  20)  .  144 
62,5 


8,03   ^12-igill    -    8.03  -•TIS 


§  807.  HydrauHe  pressure. — When  water  enclosed  in  a  vessel  is 
in  motion,  it  then  presses  more  feebly  against  the  sides  than  when 

25 
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no.  402.  at  rest.     We  must,  therefore,  diatiiigaiBli  the 

hydrodTiiaimc  or  hydrsolic  presmre  £rom  the 
hydroBtBtic  pressnre  of  water.  If  p^  be 
the  pressure  on  each  unit  of  surface  Hj Aj  =  G^, 
Fig.  402,  p  the  pressure  without  the  orifice 
F,  and  h  the  head  of  water  FG^,  we  then 
have  for  the  velocity  of  efflux 

transverse  section  H,Sj  ss  G^  vriiich  lies  at  a  hof^t  FQ,,  =  A, 
above  the  orifice,  thepTesBuie=  ;^  we  then  have  likewise : 

If  we  subtract  one  expression  &om  the  other,  it  then  foUom 
that: 


ter  GjO,  of  the  stratum  H^  = 
neasore  of  the  hydraulic  pMM 


or,  if  the  head  of  water  GjO,  of  the  stratum  i/^  =  6,  be  repre- 
sented by  hj,  the  measure  of  the  hydraulic  ftmme  <tf  water 
atff^ia:  "" 


■p^  the  velocity  e^  of  the  water  at  the  section  G, ;  hence  more 
simply  wemaypQt^  =  ^  +  A,  — (^  — ^. 

Ther^are,ffom  tfut  itJbiUnaa  that  the  hydraulic  head  iff  water 
^  at  any  place  in  the  veael  u  eqwealeiU  to  the  kj/dre*tatie  head 

of  water  ^  +  A,  dminisked  by  the  different  of  the  height  due  to 

the  velocity  at  thU  point,  and  at  the  place  of  entrance.  If  the  upper 
snr&ce  of  the  water   Gj  is  great,  we  may  neglect  the  velocity  of 

inflox,   and    hence   m^   pat  -^  =  -^  +  A,  —  ^  and  the  hjf- 
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draulic  head  qf  water  is  less  by  the  height  due  to  the  velocity  than 
the  hydrostatic  head  of  water.  The  faster^  therefore,  water  flows 
in  conduit  pipes,  the  less  it  presses  against  the  sides  of  the  pipes. 

From  this  cause,  pipes  very  often  burst, 
or  begin  to  leak,  when  its  motion  in 
them  is  checked,  or  when  the  pipes  are 
stopped  up,  Sec. 

By  means  of  the  apparatus  of  efflux 
ABCD,  Fig.  403,  we  may  have  ocular 


4'  ... 


-r  x-L-    j;ir I. -J 


U^       \ 


^is<  ^ .   If,  on  theother  hand,  the  transverse  section  63  be<  Gp 

and  the  water  therefore  flow  through  63  quicker  than  through  6^ 
we  shall  then  have  the  height  of  the  column  of  water  in  the  small 

^  —  ^)  less 

than  A3,  and  hence  it  will  not  reach  to  the  level  HR  of  6^.  Again, 
if  64  be  very  small,  and  therefore  the  corresponding  velocity  v^ 

very  great,  then  ^ ^  may  be  >  A4,  and  hence  the  corres- 
ponding hydraulic  head  of  water  z  may  be  negative,  f .  6.  the  air 
may  press  more  from  without  than  the  water  from  within.  A 
column  of  water  will  therefore  ascend  in  the  tube  E^^  which 
is  inserted  below,  and  whose  outer  orifice  is  under  water,  which 
in  conjunction  with  the  pressure  of  the  water,  will  balance  that 
of  the  external  atmospheric.  If  this  small  tube  be  short,  the 
water,  which  may  be  coloured  for  this  purpose,  will  ascend  from 
the  vessel  K  underneath,  through  the  tube,  enter  the  reservoir 

of  efflux,  and  will  arrive  at  F  and  be  discharged. 

25* 
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Remark.  If  the  diachtrgiiiK  Tend  ACE,  Fig.  404,  couirts 
of  *,  wide  rcKiTDir  AC  tnd  of  k  ntnow  lertietl  tabe  CB,  fbe 
hydntdk  pKMDre  tt  all  plica  in  thii  tube  ii  iheD  negitiTfc 
If  we  diir^ard  the  preamre  of  the  atmoaphere  p„  the  premire 
of  the  mtet  ia  the  Tidnitj  of  the  month  F  mt;  be  put  =  0, 
became  the  whole  head  of  water  here  OF  =•  Jl  wiU  be  ex- 
pended in  genenting  the  velodt;  s  —  -/igk;  on  the  other 
hand,  at  a  place  A^  *-^  ^^  height  6,  G  -  ft,  below  the  nu&ee 
of  water,  tbe  hydraulic  preuuie  "A,  —  A  ~  —  (A —  A,)  neg*- 
tive  i  if,  therefore,  a  hole  be  bored  In  tldi  tube,  no  wato' 
will  mn  oat,  but  air  will  lie  drawn  in  ratlier,  wUdi  wiH 
arriTc  at  F  and  flow  out.  Thii  negitiTC  prcMore  wiH 
be    greatert    diiecUj    tidow    the    water,  becwue  h^   ia    thcfe 


§  308.  By  means  of  the  formula  Q  =  Ffe  =  FVigh,  the 
discharge  iaaaing  in  one  second  can  only  then  be  calculated 
directly  when  the  ori£(%  is  horitoatal,  because  here  only  the 
velocity*  throi^hont  the  whole  transrerae  section  F  is  the  same ; 
but  if  the  transverse  section  of  the  orifice  haa  an  inclination  to  the 
horizon,  for  ezample,  if  it  is  at  the  side  of  the  vessel,  the  particles 
,,0,  40S.  of  water  at  different  depths  will 

then  flow  out  with  different  ve- 
locities, and  the  discharge  Q  can 
no  longer  be  considered  as  a 
prism,  and  hence,  therefore,  the 
formula  Q—Fv  =  F'JWgh  can- 
not be  applied  directly.  The  moat 
simple  case  of  this  kind  is  pre- 
sented  in  the  efflux  through  a  cnt 
in  the  aide  of  a  vessel,  or  in 
what  is  called  a  weir,  Fig.  405.  This  cut  forms  a  rectangular 
aperture  of  efflux  EFGH,  whose  breadth  EF  =  GH  ia  repre- 
sented by  b,  and  height  EH  =  FG  by  A.  If  we  divide  thia 
surface  bh  by  horizontal  lines  into  a  great  number  n  of  eqn^y 
broad  laminae,  we  may  suppose  the  velocity  in  each  of  theae  to  be 
the  same.      Since  the  heads  of  water  of  these  lamipee  from  above 

'^c,  we  then  have  th^  corresponding 


downwards  are  - 
I 

velocities  a/ 2  iF  -,  , 
ther,  the  area  ofalamina = i . - 


'  %g  .  — ;  and  sinc^  fiur- 
— ,  we  then  have  the  diacha^ea  : 


HYDRAULIC    PEEaSUBB. 


the  discharge  throi^h  the  entire  section : 


..^  1-' 


i.-i.i 


If  by  the  term  mean  velocity  (v)  be  understood  thai  velocity 
wMch  must  tt^nst  at  all  places,  that  as  much  water,  tn  conae- 
guence,  does  issue  aswith  the  vtiriable  velocities  t^  ^ux  wUhin  the 
whole  profile ;  we  may  then  put :  Q  =  bh  .v,  and,  consequently, 
v  =  I  •/%gh,  i.e.  /Ae  tnfion  velocity  of  water  issuing  through 
a  rectangular  cut  in  the  side  of  a  vessel  is  \  of  the  velocity  at 
the  siit  or  lower  edge  qf  the  cut, 

„^  ^nfi.  ^  ^^^  rectangular  aperture    of 

efflux  KG,  Fig.  406,  with  hori- 
zontal sill  does  not  reach  the  sur- 
face of  the  water,  we  may  find 
the  discharge  by  regarding  the 
aperture  as  the  difference  of  the 
two  cuts  EFGH  and  EFLK. 
Hence,  if  Aj  is  the  depth  HE  of 
the  lower,  and  KE  =  h,  that  of 
the  upper  edge,  we  then  have  the 
discharge  from  these  apertures  |  b  i/~2gh^,  and  |  *  V*  2  y  Aj% 
and  hence  the  quantity  of  water  for  the  rectangular  orifice 
GHKL: 


Q=3  ft  ^/  %gh^  -  j  ft  v^aTV  =  \hsr%g  (A,* 
the  mean  velocity  of  efflux : 


,  and 


fi(Ai-Aa)  " 


^/2g^ 


K-K 
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If  h  IB  tbe  mean  head  of  water  ^  .  ^,  or  the  depth  of  the  centre 

of  the  orifice  below  the  surface  of  water,  and  a  the  height  of  the 
orifice  HK  =  Aj  —  A^  we  may  then  put : 

,    _(»+ if  _(»_«)♦ 

p  =  3  V*  2  y  .  -^ ~ — >  ^  appronmately  : 

=D-*(t)']V^- 

Example.  If  a  icctangnltr  orillee  ia  3  feet  wide  utd  1|  teei  high,  rnnA  the  bwo' 
ed^  liei  Sf  feet  below  tbc  mcftce  of  wUer,  tbe  dischu^  ii  tlum : 
0=4.8,03.3  (2,76*— lji*)=.  16,06(^660— 1,837)  =  16.06.  2,723  =  43.73  cuNe  fl. 
From  the  tonnulB  of  kpproiiniation  the  mean  velodt;  of  efflux  b : 

'  ~\}~^Q^rf\-^'^  V'Tm  =  0  —  0,0036).  11,683-11*83— Ofl4a 
~  11,641  feet,  ud  hcDce  the  dischai^  Q  -  3  .  4  .  11,641  =  43.66  entnc  feet. 
Remark. — If  the  cat  in  the  lide  it  inclined  to  the  horifon  it  in  angie  t,  we  ihaU 

then  b&ve  to  gubititnte  the  height  of  the  iperture  ~ — ^  tat  iti  veitic*!  pnijectiiw, 

whence  we  mnrt  put  Q  =  4  .  r  (*'*?  —  -/V).  If  the  tmuTene  leelioii  td 
the  reterroir  puallel  to  the  ■pertore  be  not  coniidenhl;  greiter  than  the  lection  of 
the  apertore,  we  ihall  then  hare  to  take  into  Mcoaat  the  Tdodty  »i  =  s"  "  '^*'' 
which  the  water  flows  to  it,  and  for  thit  Tetion  put : 

<.-M.^,[(,,g)»_(s.g.]. 

§  809.  TManfftiiar  lateral  orifice. — ^Besides  rectangular  lateral 

FID  407  orifices,    we  have  in   practice  triangular  and 

circular.      Let   us    first    consider    Uie    efflux 

through   a  triangular  orifice  EFG,  Fig.  407, 

with  horizontal  base,  whose  vertex  E  lies  in 

the  surface  of  the  water.     Let  the  base  FG  =  b 

and  the  height  EF=h,  let  us  divide  the  last 

into  n  equal  parts,  and  cany  through  the  points 

of  division,  lines  parallel  to  the  base,  we  thai 

resolve  the  entire  surface  into  small  elements  of  the  areas : 

b     k  U    A  8£     A    . 
-  .  -,  —  .  -,  —  .  -,  Stc., 
n    tt    n     n    n     n 

and  the  heads  of  water : 

A    2A    3A    . 


—     I- 

'•  ''1 


\i-'^-  -' A:/'^^''^:l"  '■"^'  "■■^' 


If  the  bofleof  the  orifice  'EGKYaa  in  the  surface  tmd  the  vertex 
lower  by  A,  we  then  have  the  dischai^  \  bh  V2gh  flowing 
through  the  rectangle  EFGK, 

Q,  =  3  M  VS^— ^  bh  V'2^=tVM  v^. 
Through  the  trapeoum  ABCD,  Fig.  408,  whose  upper  base 
AB=A„  lies  in  the  surface  of  the  water,  and  whose  lower  base  is 
CJ>=b^  and  height  DE=k,  we  may  And  the  discharge  by 
regarding  the  orifice  aa  composed  (tf  a  rectangle  and  two  trian- 
gles, viz: 
(3=1*3*  ^Tffh+-^(bt—b^h  v'2ffA=-,»T(24,  +  8Aj)Av^^. 


Porther,  the  discharge  for  a  triangle  CDE,  Fig.  409,  of  the  base 
DE=b^  and  of  the  height  h^,  and  whose  vertex  C  is  distant 
A  from  the  surface  of  water :  Q  =  discharge  through  ABC  leas 
the  discharge  throu^  AE 

=-ft-  V2^  [2i  (A*— Ai^— SA,A,^. 
As  the  breadth  AB=b  may  be  determined  by  the  proportion 
A  :  £,  =  A  :  (A— Aj),  it  follows  that 


SW  ClftCULAB    LATISAI/   OBIFICBS. 

15        V  *— »,  /■ 

Lastly,  for  a  triangle  ACD,  Fig.  410,  whose  vertex  lies  above  the 
base,  the  quantity  discharged  is 

15         \  tt—'hi  / 

16         \  A-A,  )■ 


_g  V2 

1 

MO.  410. 


SiemKpk.  WlMtqnintitjaf *rUcrflow»tlir<H^tbeM];ure.^£C.D,ng.4Il,irtMMe 
fctttcal  dugon*!  JC  —  1  foot,  if  the  ■ngolu'  pcnnt  J  tetebet  the  naxttft  of  the 
witer?    Theupperlulf  of  tUi  ■qnue  ghe*  tbe  expctulitiire  : 
9-.fft  v'fT^-f  I.S,03  y^-  2,803-.  041  -  3,21. 0,11-  3531  cuUc  het, 
but  the  lower  water  eipeoditiiiB : 

^' is —  V  »— *.  /       "IS"  \  1^1  / 

32,12  ,,  _ ,  ,«,a  ^  n  >i«m\        32,12  .  0,7025 


li 


:  (2  —  1,7678  +  0,5303)  -J 


15 


-  -  1,8309  cobia  fert;  tludi 


charge  thKH^  the  entire  oriOoe  it  g  -  3&31  + 1,6309  =>  1,9B40  enUc  feat. 

§  810.  Circular  lateral  orifieet. — The  discliaTge  throngh  a  dr- 
cular  ofifice  AB,  Fig.  ti2,  may  be  deters 
mined  by  an  approximate  formula  in  die 
foUowing  maimer.  Let  ub  decompose  the 
(nifice  by  concentric  circlea  into  equally 
Bmall  annoli,  and  each  annulua  into  very 
email  dements,  which  may  be  r^arded  as 
parallelograms.  If  now  r  is  the  radios  of 
such  an  annulus,  6  its  breadth  and  11  the 
number  of  its  elements,  we  have  the  mag- 
nitude of  an  element 
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K,  = •    If  A  is  the  depth  CG  of  the  centre  C  below  the 

snrfiice  of  water  HR,  and  ^  the  angle  ACK,  by  which  an  element 
K  is  distant  from  the  highest  point  A  of  the  annnlusj  we  have 
then  the  head  of  water  of  this  element : 

KF=^  CO—  CL  ^  h  —  r  COS.  f, 

and  hence  the  discharge  of  this  element 
2irri 


—  i/2^  (A — r  COS.  ^).    It  is  now  i/A  —  r  cos.  f 
=  V^  [^1— i  J  CO*.  ♦— i  Q  CM.  ^«+.  .J 

=  i/A  fl— i  J  COS.  *— tV(j)  (I  +  CM.  2^)  +. .  J, 
hence  the  discharge  of  an  element : 

=^V'2^  [}—^  •  J  ^-  *— i''^  ©"  ^^■^''^'*  **)"••  •]• 

The  discharge  of  an  entire  annulus  is  now  known^  if  we  put  in  the 
parenthesis  for  1,  n  .  l=n,  for  cos.  ^  the  sum  of  all  the  cosines 
of  ^  from  ^=0  to  ^=2t>  and  for  the  cosine  of  2  t,  the  sum  of 
all  the  cosines  of  2  ^  from  2  ^=::0  to  2  0=4ir.  But  as  the  sum  of 
all  the  cosines  of  a  complete  circle  is=0,  these  cosines  vanish^  and 
the  discharge  for  the  annnlus : 


=  2  wrb  i/2^Ll— tV0)  —  •  •  •] 


If  now  for  b  we  substitute  — •  and  for  r,  — .  — .  — ,   to  —  ,    we 

then  obtain  the  discharge  of  all  the  annuli  which  make  up  the 
circular  surface^  and  lastly,  the  quantity  of  e£9ux  of  the  whole 
circle 

Q=2»r4/2yAL^  (1  +  2  +  S  +  .  .  +  m) 
— rV^9(l»  +  2»+8«  +  ..  +  mM] 
= 2  TT  ^2  ^A  .  ^  .  y  -  -rV  •  ^,  •  :i-; 
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or  more  accurately : 

If  the  circle  reaches  the  surface  of  the  water^  then 

/    ^  Q==TWrirr«4/2^  =  0,964  JFv^A, 

if  F  represents  the  area  of  the  circle. 

It  is  besides  easy  to  conceive  that  in  all  cases  where  the  head 
of  water  at  the  centre  is  equal  to  or  greater  than  the  diameter^  we 

may  put  the  whole  series  =  1,  and  take  Q=F  ^2gh.  l%is  rule 
may  also  be  applied  to  other  orifices,  and,  therefore,  in  aU  cases 
where  the  centre  of  gravity  of  an  orifice  lies  at  least  as  deep  below 
the  fluid  surface  as  the  figure  is  high,  the  depth  A  of  this  point 

may  be  regarded  as  the  head  of  water,  and  Q  put  =  F  ^%gh. 
If  we  consider  that  the  mean  of  all  the  cosines  of  the  first  qua- 

drant  =  -r,  and  that    all  the  cosines  of  the  second  =  —  -j.  the 
4  4 

mean  of  the  first  and  of  the  second  vanishes,  we  may  then,  after 
the  method  adopted  above,  find  the  discharge  of  the  upper  semi- 
circle: 

and  that  of  the  lower : 

Exan^U.  What  quantity  of  water  flows  hourly  thnmgh  a  drcolar  orifice  1  inch 
diameter,  above  which  the  fluid  Bur£u»  stands  ^  inch  high  ? 

-y  -  f,hence  (y)*  -  H  «  0,735 ;  furtiier,  1  -  ^  (A)«  »  i  — o,023  «  0,977, 

and  consequently  the  discharge  per  second : 

Q  «JLlii  12.8,03  ,^/IL!  .0,977--j  .  8,03  .  0,977  Vl  -  16,26 cnWc inches 

per  minute  »  963  per  hour  »  33i  culnc  feet 

§  811.  Discharging  vessels  in  i»o/io».— The  vdocity  of  efflux 
varies  if  a  vessel  previously  at  rest  or  in  uniform  motion  changes 
its  condition  of  motion,  because  in  this  case  every  particle  actsjby 
its  own  weight,  as  well  as  by  its  inertia  against  the  surrounding 
medium. 
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rte.  Hi.  If   we    move   the   veaael    AC, 

Fig.  418,  upwards  with  a  Tertical 
accelerating  force,  whilst  the  water 
flows  through  the  bottom  by  the 
bole  F,  an  increase  takes  place, 
and  if  it  be  moved  downwards  ver- 
ticall;  by  an  accelerating  force,  a 
diminution  of  the  velocity  of  efflux 
euHuee.  If  ;>  is  the  accelerating 
fcffce,  each  element  of  water  M 
preasea  not  only  by  its  own  weight 
Mff,  but  also  by  its  inertia  Mp  ; 
consequently  the  force  of  each 
element  in  the  one  case,  must  be  put  (ff+p)  M,  and  in  the 
other  {g—p)  M,  therefore  instead  of^,  g±.p.     Prom  this  it  fol- 


If  the  vessel  ascends  with  the  accelerating  force  g,  then  is 
v=  v'Z  .  %gh=i  ^gh,  therefore  the  velocity  of  efflux  1,414  times 
that  of  a  v^sel  at  rest.  If  the  vessel  falls  by  its  own  weight, 
therefore  with  the  accelerated  motion  g,  there  is  v=  ^0=0,  no 
water  therefore  flows  out.  If  the  vessel  moves  uniformly  up  or 
down,  there  remains  v=  V%gh,  bnt  if  it  ascends  with  a  retarded 
motion,  then  will  v=  v'2  (ff  — ;>)  A,  and  if  it  descends  with  the 
same  retardation,  then  v=  v'  2  (^  +  p)  A. 

If  the  vesael  moves  horizontally,  or  at  an  acute  angle  to  the 
horison,  (§.  274)  the  fluid  surface  will  be  inclined  to  the  horiton, 
and  a  change  in  the  velocity  of  flow  will  take  place. 

By  the  rotation  of  a  vessel  AC,  fig.  414,  aboat  its  vertical  axis 
ns.  414.  XX,  the  concave  surface  forma  a  parabolic  fun- 

nel AOB,  hence  there  will  be  over  the  middle 
F  of  the  bottom  a  lesser  head  of  water  than  at 
the  e^;es,  and  hence  the  water  will  flow 
through  the  orifice  F  in  the  axis  more  slowly 
than  through  any  other  orifice  K  at  the  bot- 
tom. If  h  represent  the  head  of  water  in  the 
middle,  then  the  velocity  of  efflux  at  the  mid- 
dle will  \x  =  V^gh,   if  y    be    the    distance 
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FK=ME  ot  any  other  orifice  K  from  tlie  axis,  and  «  the  angular 
velocity,  we  shall  then  have  the  correaponding  elevation  of  the 
water  above  the  middle : 

OJIf=i  TM=i  ME  coimg.  T==\  y  .  "^=^=2^ 
if  tt7  be  the  velocity  of  rotation  of  the  orifice  K.     Hence  then  the 
velocity  of  efflnx  for  this  is  

This  fimnttla  is  tme  for  every  arbi- 
trarily aht^fted  vesael>  and  also  for  one 
oloeed  above,  as  AC,  Kg.  416,  so 
that  the  fdnnel  cannot  be  fbrmedL 
Its  application  to  wheels  of  reaction 
and  to  turbines  will  be  fbond  in  the 


-1.  If  a  vtMtl  fnE  of  water  AC,  Fig.  41S,  wtdgtu  350  H»,  Mid  by 
t  rope  punng  orer  ■  toller  JT  ii  drawn  by  •  weight  G  (rf  <50  lln.,  ft  will 

ueend  with  an  accelerating  forcej.  ■•■^^^^■9  =  -ioo  '  "  *''  ™*  ^""^ 
tbe  Tdodty  of  efflux  wffl  be  »  =  -Jl  {g  +  jt)  A  =  V  2  .  t .  ;A  =  •/jgh.  Wen  the 
head  of  water  A  -  4  fast,  the  Telodty  of  efflui  wonld  be  e  - 1  -/^.g  =  3  V  32^ 
-  I<,01  feet.— 3.  If  a  veMel  AC,  Fig.  116,  full  of  water  rerolvei  u  that  it  nukea 
100  revalnti(KU  per  minate,  if  the  depth  c^  the  oriflce  ^  below  the  snrbce  of  water 
in  the  middle  amaanti  to  2  feet,  and  the  dittauoe  from  the  axii  IX  Z  feet,  then  tbe 
velodtj  oC  efflux  i« 


.  ,y/6M 


-'■^"']    -  V  128,8  +  100  .  -^ 
•  32,4  fbet 
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CHAPTER  II. 

ON   THK    CONTRACTION   OF   THB    ?LDID   VEIN    BT    THB   BrPLUX     OP 
WATEB   THBOCOH   OKIPICB8    IN    A    THIN    PLATB. 

§  812.  Co-effidmt  ofveUmijf.—The  laws  of  efflux  developed  in  the 
preceding  chapter  accord  almost  entirely  with  experimeat,  so  long 
as  the  head  of  water  ia  not  small  compared  with  the  width  of  the 
orifice,  and  as  long  as  the  orifice  gradually  widens  inwards  without 
forming  comers  or  edges,  and  is  dose  at  the  bottom  or  sides  of 
the  vessel.  The  experiments  made  by  Michelotti,  by  Eytelwein, 
and  by  the  author  on  this  subject  with  ^oothly  polished  metallic 
month-pieces,  have  shewn  that  the  effective  discharge,  or  that  which 
actually  flows  out,  amounts  to  from  96  to  98  per  cent  of  the 
theoretical  quantity. 

The  month-piece  AD,  Fig.  416,  represented  in  half  its  natural 
no.  416.  size,  gave  for  a  head  of  water  of  10  feet, 

97,5  per  cent.,  for  5  ft.  96,9  per  cent.,  and 
for  1  ft.  95,8  per  cent.*     Since  for  this 
efflux  the  fluid  vein  has  the  same  trans- 
verse section  as  the  orifice,  we  must  dien 
asBome  that  this  diminution  of  discharge 
is  accompanied  with   a  loss  of  velocity, 
which  is  caused  by  the  friction  or  adhesion 
of  the  water  to  the  inner  circumference  ot  the  orifice,  and  by  the 
viscidity  of  the  water.     In  what  follows,  we  shall  call  the  ratio  of 
the  effective  velocity  of  efflux  to  that  of  the  theoretical#!t)=i^2^A, 
the  m-effiaent  of  veloeUy,   and  represent  it  by  t.     From   this, 
therefore,  the  efiective  velocity  of  efflux  in  the  most  simple  case  is 
V,  =  ^p=0  VSjrA,  and  the  diBcha^;e : 

Q  =  Fvi  =  if>Fv  =  i>F  \^ 2gh. 
If  we  substitute  for  ^  the  mean  value  0,97,  we  then  obtain 
for  the  quantity  in  feet 


*  For  experimenti  witb  laigcr  orifleet,  te  "  UDtermchnngcn  io  dem  Gebiete  der 
Hechuuck  und  HrdnuUek,"  Ztc  Abtheil. 
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Q=0,97  .  F  VT^=0,97  .  8,03  F  i/A  =  7,789  F  i/A. 
fLvisvioa .  v^^  is  inherent  in  a  diBcharge  Q  issuing  with  the 

velocity  v^  by  virtue  of  which  it  is  capable  of  producing  the 
mechanical  effect  Qy.^.    But  since  by  its  descent  from  the 

height  h  =  ^-.   the  weight   Qy  produces  the  mechanical  ^ect 

Qy .  A=  Qy-o-^  it  follows  that  by  the  efflux  of  the  water,  this  suf- 
fers a  loss 

=  0,059  Qy  .  g— ,  or  5,9  per  cent. 

Therefore,  the  effluent  water  produces  by  its  ^  viva  5,9  per  cent, 
less  mechanical  effect,  than  does  its  weight  by  falling  from  the 
height  h. 

§  313.  Co-efficiefd  of  contraction. — ^If  water  flows  through  an 
orifice  in  a  thin  plate,  a  considerable  diminution  of  the  discharge 
under  otherwise  similar  circumstances  takes  place,  whilst  the  par- 
ticles of  fluid  rushing  through  the  orifice  move  in  convergirait 
directions,  and  in  this  way  give  rise  to  a  contraction  of  thejhdd 
vein.  The  measurements  of  the  vein  made  by  many,  and  espe* 
cially  of  late  by  the  author,  have  shewn  that  the  vein  at  a  distance 
which  is  about  equal  to  one  half  of  the  width  of  the  orifice,  has  the 
greatest  contraction,  and  a  thickness  equal  to  0,8  that  of  the 
diameter  of  the  orifice.  If  F^  is  the  transverse  section  of  the  con- 
tracted vein,  as  also  F  the  transverse  section  of  the  orifice,  we 

F 

then  have  from  this  Fi  =  (0,8)'  F=0,64  F.    The  ratio  ^  of  these 

transverse  sections  is  called  the  co-efficient  of  contraction,  and 
is  represented  by  a,  and  accordingly  the  mean  value  for  the 
efflux  of  water  through  orifices  in  a  thin  plate  may  be  put: 
a  =:  0,64. 

As  long  as  we  possess  no  more  accurate  knowledge  on  the  con- 
traction of  the  fluid  vein,  we  may  assume  that  the  stream  flowing 
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FIR.  417.  throngli  a  drcnlar  orifice   AB, 

Fig.  417,  tonaa  a  body  of  rota- 
tion ABEF,  whose  envelope  is 
generated  by  the  reroIutioQ  of  a 
circular  arc  AF  about  the  axis 
CD  of  the  stream.  Let  the 
diameter  AB  of  the  oiifice  =  d, 
and  the  distance  CD  of  the  con- 
tracted section  EF,  =  |  d,  we 
then  obtain  the  radina  .* 
MA  =  MF  =  r  of  the  generat- 
ing arc  AF  by  means  of  the  eqoatton : 

~aW^  =  FN  (3  MF~  FN),  or 


f  =  A(— ^)— -»^- 


Orifices  made  after  this  figure  of  the  contracted  vein  give  pretty 
nearly  the  velocity  of  discharge  t^=0,97  .  v. 

The  contraction  (^  the  fluid  vein  is  caused  by  the  water  which 
lies  directly  above  the  orifice  flowing  out  together  with  that  which 
cornea  to  it  jrom  the  ndes.  Iliere  takes  place,  therefore,  in  the 
interior  of  the  vessel  a  convergence  of  the  filaments  of  water, 
similar  to  that  represented  in  the  figure,  snd  the  contraction  of 
the  finid  von  consists  in  a  mere  propagation  of  this  convergence. 
We  may  convince  ourselves  of  this  motion  of  the  water  in  the 
vicinity  of  the  orifice  by  means  of  a  glass  apparatus  of  efflux ;  if 
we  drop  into  the  fluid  minute  substances  which  are  either  heavier 
or  l^hter  than  water,  for  example,  such  as  oak  saw-dust,  bits  of 
sealing  wax,  &c.,  and  allow  them  to  pass  out  with  it  from  the 
orifice. 

§  814.  Contraction  qf  the  fluid  vein. — If  water  flows  through 
triangular  or  quadrilateral  orifices,  and  in  a  thin  plate,  the  stream 
then  assumes  particular  figores.  The  inversion  of  the  jet,  or  the 
altered  position  of  its  transverse  section  with  respect  to  that  of 
the  orifice,  is  very  striking  to  the  eye,  in  consequence  of  which  a 
comer  of  this  section  comes  to  coincide  with  the  middle  of  one 
side  of  the  orifice. 

Hence,  from  a  triangular  orifice  ^£C,  Fig.  418,  the  section  of  the 
stream  at  a  certain  distance  from  the  orifice  forms  a  treble  star- 
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like  rein  DEF,  irom  a  quadiilateral  orifice  ABCD,  Fig.  410,  a 

no.  418.  rie.  419.  na.  420. 


star  of  four  veiiiB  EFGS,  bom  a  five   sided  orifice   ABODE, 

Fig.  4SiO,  a  star  F6HKL,  consistiiig  of  five  veiiiB.     These  Bectiona 

vary  at  different  distances  irom  the  orifice :  at  a  certain  distance 

the^  diminish,  and  at  a  successive  one  agun  increase;  hence  the 

vein  consiets  of  plates  or  ribs  of  variable  breadth,  and  thereby 

forma,  when  the  efflux  is  observed  under  great  presBnre,  bulgea 

and  nodes,  aimilar  to  what  is  seen  in  the  cactas.     If  the  orifice 

ABCD,  Fig.  4£1,  is  rectangular;  at  a  lesser  distance  from  the 

„.  orifice,  the  section  will  then  form  a 

cross  or  star ;  and  at  a  greater  one,  it 

will   again    assume   the  form    of   a 

rectangle  EF. 

Observations  on  various  kinds  oi 
orifices  have  been  made  by  Bidone,  and 
accurate  measurements  of  the  vein  from 
square  apertures  also  by  Poncelet  and 
Lesbros.*  The  last  measurements  have 
led  to  a  small  co-e£Bcient  of  contraction 
0,563.  The  measurements  of  water 
issuing  through  lesser  orifices,  give 
ue,  however,  greater  co-efScients  of 
contraction ;  they  shew,  moreover,  that 
these  are  greater  for  elongated  rectangles  than  for  rectangles 
which  approximate  more  to  the  square. 

§  815.  Co-efficUnt  qf  efflux.— ^  in  the  fiow  of  water  throng^ 
orifices  in  thin  plates,  the  efiiective  velocity  were  equal  to  tUe 
theoretical  v=  ^2gh,  we  shonld  have  the  effective  dischaige: 

Q  =  aF.v  =  aF  v^Zffh, 
because  a  F  represents  the  transverse   section  of  the  vein  at  the 

*  See  JkUgea,  H«ichiiien.«iieydopidie,  aitide  AntflnH. 
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place  of  greatest  contractioiij  where  the  particles  of  water  move  in 
parallel  directions.  But  this  is  in  no  way  the  case :  it  is  shewn 
rather  by  experience  that  Q  is  smaller  than  a  F  i/iffh,  that  we 
must  therefore  multiply  the  theoretical  discharge  F  \^2ffh  by  a 
co-eflBcient  which  is  less  than  the  co-efficient  of  contraction^  in 
order  to  obtain  the  effective  discharge.  We  must  hence  assume 
that  for  efflux  from  an  orifice  in  a  thin  plate,  a  certain  loss  of 
velocity  takes  place^  and  therefore  introduce  a  co-efficient  of 
vdocity  <!>,  and  hence  put  the  effective  velocity  of  efflux  v^ss^v 

«9  V2gh.    From  this  then  we  have  the  effective  discharge: 

Qi=Fi  .  Vi=aJF.  <^  t;=a^Fv=a^  JF  4/2^.  Again,  if  we  caU 
the  ratio  of  the  effective  discharge  to  the  theoretical  or  hypothe- 
tical quantity,  the  co-efficient  of  effttw,  and  represent  it  in  what 
follows  by  fA,  we  then  have  : 

hence  fi^sia  </>,  i.  e.  the  co-efficient  of  efflux  is  the  product  of  the 
co-effMents  of  contraction  and  of  velocity. 

Multiplied  observations,  but  chiefly  the  measurements  of  the 
author,  have  led  to  this,  that  the  co-efficient  of  efflux  for  orifices  in 
thin  plates  ia  not  constant;  that  for  small  orifices  and  for  smaU 
velocities,  it  is  greater  than  for  large  orifices  and  for  great  veloci- 
ties; and  that  it  is  considerably  greater  for  elongated  and  small 
orifices  than  for  orifices  which  have  a  regular  form,  or  which 
approximate  to  the  circle. 

For  square  orifices  of  from  1  to  9  square  inches  area,  with  from 
7  to  21  feet  head  of  water,  according  to  the  experiments  of  Bossut 
and  Michelotti,  the  mean  co-efficient  of  efflux  ia  /i= 0,610;  for 
circular  ones  of  from  ^  to  6  inches  diameter,  with  from  4  to  21 
feet  head  of  water,  /i  =  0,615,  or  about  -|^.  The  single  values 
observed  by  Bossut  and  Michelotti  vary  considerably  from  one 
another,  but  we  cannot  discover  in  them  any  dependance  between 
the  dimensions  of  the  orifice  and  the  magnitude  of  the  head  of 
water.  From  the  author's  experiments  at  a  pressure  of  24  inches, 
the  co-efficient  for  an  orifice  of 

.398  inches  or  1  centimetre  diameter  is  fi  =  0,628 

.787       „        2         „  „  =0,621 

1.181        „        8         „  „  =  0,614 

1.674       „        4         „  „  =  0,607. 

On  the  other  hand,  at  a  pressure  of  10  inches  for  the  round  orifice  of 
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1  centimetre  diameter  ft  =  0,687 

2  „  „  =0,629 
8  „  „  =0,622 
4            „            „             =  0,614. 

From  these  it  is  manifest  that  the  co-efficient  of  efflux  increases 
when  the  dimensions  of  the  orifice  and  the  head  of  water 
decrease. 

If  for  fi  we  take  the  mean  value  =  0,615,  and  for  a  =  0,64,  we 
obtain  the  co-efficient  of  velocity  for  the  effinx  through  orifices  in  a 

thin  plate,  <^  =  ^  =  0,96,  therefore,  nearly  as  great  as  for  efflux 

through  rounded  or  conoidal  orifices. 

Remark  1.  BuiTs  experiments  (See  Poggendorf  s  Aim.  Band  46),  show  that  the 
oo-efficient  of  efflux  for  small  oiiftoes  and  for  small  heads  of  water  or  Tdodtiea  is 
considerably  greater  than  for  large  or  mean  orifices  and  Tdodties.  An  orifice  of 
2,084  lines  diameter,  gave  fDr  If  inch  pressure,  n  »  0,692,  for  35  inches  /i «  0,644  - 
on  the  other  hand,  an  orifice  of  4,848  lines  for  4f  inches  pressore  /i  «  0,682,  and 
for  29  inches  fi  »  0,653. 

Remark  2.. According  to  the  author's  experiments,  the  co-«fficients  for  efflux  under 
water  are  about  \\  per  cent  less  than  for  ^ux  in  air. 

§  816.  Rectangular  lateral  orifices. — The  most  accurate  expe- 
riments on  efflux  through  large  rectangular  lateral  apertures  are 
those  made  at  Metz  by  Foncelet  and  Lesbros.  The  widths  of  these 
orifices  were  two  decimeters,  (nearly  8  inches) ;  the  depths,  how- 
ever, varied  from  one  eentimetre  to  two  decimetres.  In  order  to 
produce  perfect  contraction^  a  brass  plate  of  four  millimetres, 
=  .186  inches,  thickness  was  used  for  these  orifices.  From  the 
results  of  their  experiments,  these  experimenters  have  calculated 
by  interpolation  the  tables  at  the  end  of  this  paragraph  for  the 
co-efficients  which  may  be  used  for  the  measurement  or  calculation 
of  the  discharge. 

If  d  be  the  breadth  of  the  orifice,  and  if  h^  and  h^  are  the  heads 
of  water  above  the  lowest,  and  above  the  uppermost  horizontal 
edge  of  the  orifice,  we  then  have,  from  §  808,  the  discharge  : 

Q=i  *  VTg  {h^  —  h^).  But  if  we  substitute  the  height  of 
the  aperture  a,  and  the  mean  head  of  water  A=  ^  ^      ,we  thenhave 

approximately  Q=^  *""9g^)  ^  ^^K  a»d  hence  the  efiFective 
discharge  Q^:=^iiQ:=:  (\—  gg^a  j  ^  ab  >/%Jh,  If,  further,  we  put 
\  — 96^)'*^'^*'  we  have  then  simply  Q^^ii^ab  V2^A,  and 
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in  order  to  allow  of  our  calculating  by  this  simple  or  general 
formula  of  efflux^  not  only  the  values  of  ft,  but  also  those  of  f^  are 
given  in  the  following  tables. 

Since  the  water  in  the  vicinity  of  the  orifice  is  in  motion^  it 
stands  lower  directly  before  the  aperture^  than  at  a  greater  distance 
from  the  plate  in  which  the  aperture  is  made ;  on  this  account  two 
tables  have  been  compiled,  the  one  for  heads  of  water  measured  at 
a  greater  distance  from  the  orifice,  and  the  other  for  those 
measured  immediately  at  the  side  in  which  the  orifice  lies.  It  may 
be  seen,  moreover,  from  both  tables,  although  with  certain  varia- 
tions, that  the  co-efficients  of  efflux  increase,  the  iomr-the  orifice  is 
and  the  less  the  head  of  water.  Zf .  /* '    /  <^^ 

If  the  orifices  have  different  breadths,  there  is  nothing  left,  so 
long  as  we  have  no  further  experiments,  but  to  use  the  co-efficients 
of  diese  tables  in  like  manner  for  the  calculation  of  the  disdiarge. 
If,  further,  the  orifices  are  not  rectangular,  we  must  determine  their 
mean  breadth  and  mean  depth,  and  introduce  into  the  calculation 
the  co-efficients  corresponding  to  these  dimensions.  Lastly,  it  is 
always  preferable  to  measure  the  head  of  water  at  a  certain 
distmce  from  the  side  in  which  the  orifice  lies,  and  to  use  the  first 
table,  than  directly  at  the  orifice  where  the  surface  of  water  is 
curved  and  less  tranquQ,  than  a  little  above  it. 

JEronyfe*. — 1.  What  qoantity  of  water  flows  thiongli  a  rectanfpilar  aperture, 
2  decimetres  broad  and  I  decimetre  deep,  if  the  surfsce  of  water  is  1}  metre  above 

the  upper  edge  ?    Here^»0,2;  a«0,l,  A= -^-^--S  «     *    ^    '     =  1,55;  hence 


the  theoretical  discharge  Q»0,1 .0;2V2ff.V  l,55-»0,02  .  4,429  . 1,245»0,1103 
cubic  metre.  But  now  Table  I.  gives  for  a  »  0,1  and  ^  »  1,5,  fi|  «  0,611,  hence 
the  eflfecthre  discharge  Q,  «  0,611  .  0,1103  ->  0,0674  cubic  metre.— 2.  What  dis- 
charge corresponds  to  a  rectangular  orifice  in  a  thin  plate  of  8  inches  breadth, 
2  inches  depth,  with  a  15  inches  head  of  water  above  the  upper  edge  ?  The  theoretical 

discharge  is  Q  «  4  •  i  •  7,906  VT  ^  0,8784  . 1,1547  »  1,014  cubic  feet.  But 
now  2  inches  is  about  0,05  metre,  and  15  inches  about  0,4  metre ;  hence,  according 
to  the  table  a  »  0,05  and  ^«0,4,  the  corresponding  oo-effident  /i^s  0,628  is  to  be 
taken,  and  the  quantity  of  water  sought  is  Qi  »  0,628  . 1,014  »  0,637  cubic  feet.-— 
3.  If  the  breadth  »  0,25,  the  depth  ->  0,15,  and  the  head  of  water  ^  *-  0,045 

metre,  then  is  Q  -  0,25  .  0,15  .  4,429  .  ^/0,12  «  0,166  .  0,3464  «  0,0575  cubic 
metre.      To   the    height   0,15    corresponds  for  ^   >»   0,04,   the   mean   value: 

0,582  +  0,603       ^.^«.        ,-          ^^^             0,585  +  0,605        ^^^^      ^, 
f»i»  -^ — —  -  0,5925,  and  A,  »  0,05,  fi^  » g— 2 —  «  0,595;    but 

since  h^  is  given  » 0,045,  we  must  then  substitute  the  new  mean  —^ —  ' 


2 

-8  0,594  for  the  oo-effident  of  efflux,  and  we  therefore  obtain  the  discharge  sought : 
Q,  B  0,594  .  0,0575  »  0,03415  cubic  metre. 
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TABLE  I. 


The  co-cfficient8  for  the  efflux  through  rectangular  orifices  in  a 
thin  vertical  pkte,  from  Poncelet  and  Leabros.  The  heada  of  water 
are  measured  at  a  certain  distance  back  from  the  orifice^  or  at  a 
point  where  the  water  may  be  considered  as  still. 


Hwdofwster, 
ordiftanoe  of 
tbe  Eoihet  of 
witer  from  the 
upper  tide  of 
the  onAod  in 
metres. 


0,000 
0,005 
0,010 
0,015 
0,020 
0,0S0 
0,040 
0,050 
0,060 
0,070 
0,080 
0,090 
0,100 
0,120 

0,14a 

0,160 
0,180- 
0,2001 
0,25a 
0,300 
0,400 
0,500 

o,6oa 

0,700 
0,800 
0,900 
1,000 
1,100 
1,200 
1,300 
1,400 
1,500 
1,600 
1,700 
1,800 
1,900 
2,000 
3,000 


TQBT  or  OKIFXCB. 


0,20- 
orSinchet. 


O,10» 
or  4  inches. 


n 
tf 
tr 

0,592 

0,578 

0,582 

0,565 

0,587 

0,588 

0,589 

0,5» 

0,592 

0)593 

0,595 

0,596 

0,597 

0,598 

0,599 

0,600 

0,602 

0,603 

0,604 

0,604 

0,605 

0,605 

0,605 

0,604 

0,604 

0,603 

0,603 

0,602 

0,602 

0,602 

0,601 

0,601 

0,601 

0,601 


0,593 
0,59a 
0,600 
0,603 
0,605 
0,607 
0,609 
0,610 
0,610 
0,611 
0,612 
0,613 
0,614 
0,615 
0,615 
0,616 
0,616 
0,617 
0,617 
0,619 
0,616 
0,616 
0,615 
0,615 
0,614 
0,614 
0,613 
0,612 
0,611 
0,611 
0,610 
0,609 
0,608 
0,607 
0,603 


0,05- 
or2insfae8. 


r» 


0,607 
0,612 
0,615 
0,620 
0,623 
0,625 
0,627 
0,628 
0,629 
0,629 
0,630 
0,630 
0,630 
0,631 
0,630 
0,630 
0,630 
0,629 
0,628 
0,628 
0,627 
0,627 
0,627 
0,626 
0,626 
0;625 
0,624 
0,622 
0,621 
0,620 
0,618 
0,617 
0,615 
0,614 
0>613 
0,606 


0,03- 
or  1.13  iiKr 


»> 


0,630 
0,632 
0v634 
0,638 
0,640 
0,640 
0,640 
0,639 
0,638 
0,637 
0,637 
0,636 
0,635 
0,634 
0,634 
0,633^ 
0,632 
0,632 
0,631 
0,630 

0y630 

0,629 
0v629 
0,628 
0,628 
0,627 
0,626 
0,624 
0,622 
0,620 
0,618 
0,616 
0,615 
0,613 
0,612 
0,608 


0,02- 
or  .8  in. 


If 


0,660 
0,660 
0,659 
0,659 
0,658 
0,658 
0,657 
0,656 
0,656 
0^655 
0,654 
0,653 
0,651 
0,650 
0,649 
0,648 
0,646 
0,644 
0,642 
0,640 
0,638 
0,637 
0,636 
0,634 
0,633 
0,631 
0,628 
0,625 
0,622 
0,619 
0,617 
0,615 
0,614 
0,612 
0,612 
0,610 


0,01 
or  .4 


0,705 
0,701 
0,697 
0,694 
0,688 
0,683 
0,679 
0,676 
0,673 
0,670 
0,668 
0,666 
0,663 
0,660 
0,658 
0,657 
0,655 
0,653 
0,650 
0,647 
0,644 
0,642 
0,640 
0,637 
0,635 
0,632 
0,629 
0,626 
0,622 
0,618 
0,615 
0,61S 
0,612 
0,612 
0,611 
0,611 
0,609 
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TABLE  IL 


Co-eflScients  of  efflux  through  rectangular  orifices  in  a  vertical 
plate,  from  Poncelet  and  Lesbros.  The  heads  of  water  are 
measured  directly  at  the  orifice. 


Headofwater» 

or  disttnoe  of 

HxiaHT  or  ORmc&l 

the  smfaoe  of 

water  from  the 

• 

upper  nde  of 
the  orifice  in 

0,20- 

0,10- 

0,05- 

0,03- 

0,02- 

0,01- 

inetres. 

or  8  inches. 

or  4  inches. 

or  2  inches. 

or  1.13  in. 

or  .8  in. 

or  .4  in. 

0,000 

0,619 

0,667 

0,713 

0,766 

0,783 

0,795 

0,005 

0,597 

0,630 

0,668 

0,725 

0,750 

0,778 

0,010 

0,595 

0.618 

0,642 

0,687 

0,720 

0,762 

0,015 

0,594 

0,615 

0,639 

0,674 

0,707 

0,745 

0,020 

0,594 

0»614 

0,638 

0,668 

0,697 

0,729 

0,030 

0,593 

0,613 

0,637 

0,659 

0,685 

0,708 

0,040 

0,593 

0,612 

0,636 

0,654 

0,678 

0,695 

0,050 

0,593 

0,612 

0,636 

0,651 

0,672 

0,686 

0,060 

0,594 

0,613 

0,€35 

0,647 

0,668 

0,681 

0,070 

0,594 

0,613 

0,635 

0,645 

0,665 

0,677 

0,080 

0,594 

0/>l3 

0.635 

0,€43 

0,662 

0,675 

0^90 

0,595 

0,614 

0,634 

0,641 

0,659 

0,672 

0,100 

0,595 

0,614 

0,«34 

0,640 

0,657 

0,669 

0,120 

0,596 

0,614 

0,633 

0,637 

0,655 

0,665 

0,140 

0,597 

0,614 

0,632 

0,636 

0,653 

0,661 

0,160 

0,597 

0,615 

0,631 

0/»35 

0,651 

0,659 

0,180 

0,598 

0,615 

0,631 

0,634 

0,650 

0,657 

0,200 

0,599 

0,615 

0,630 

0,633 

0,649 

0,656 

0,250 

0,600 

0,616 

0,630 

0,632 

0,646 

0.653 

0300 

0,691 

0,616 

0,629 

0,632 

0,644 

0,651 

0,400 

0,602 

0,617 

0,629 

0,631 

0,642 

0,647 

0,500 

0,603 

0,617 

0,628 

0,630 

0,640 

0,645 

0,600 

0,604 

0,617 

0,627 

0,630 

0,638 

0,643 

0,700 

0,604 

0,616 

0,627 

0,629 

0,637 

0,640 

0,800 

0,605 

0,616 

0,627 

0,629 

0,636 

0,637 

0,900 

0,605 

0,615 

0,626 

0,628 

0,634 

0,635 

1,000 

0,605 

0,615 

0,626 

0,628 

0,633 

0,632 

1,100 

0,604 

0»614 

0,625 

0,627 

0,631 

0,629 

1,200 

0,604 

0.614 

0,624 

0,626 

0*628 

0,626 

1,300 

0,603 

0.613 

0,622 

0,624 

0,625 

0,622 

1.400 

0,603 

0.612 

0,621 

0,622 

0i622 

0,618 

1,500 

0,602 

0,611 

0,620 

0,620 

0,619 

0,615 

1,600 

0.602 

0,611 

0,618 

0,618 

0.617 

0,613 

1,700 

0,602 

0,610 

0,617 

0,616 

0,615 

0.612 

1,800 

0,601 

0,609 

0,615 

0,615 

0,614 

0,612 

1,900 

0,601 

0,608 

0,614 

0,613 

0,613 

0,611 

2,000 

0r601 

0,607 

0,614 

0,612 

0,612 

0,611 

3,000 

0,601 

0,603 

0,606 

0,608 

0,610 

0,609 

406  wisu. 

§  817.  Wien.  • —  If  water  flows  through  witrt,   or  throu^ 
noteheB  in  a    thin    plate,   as  for    example,   FB,   Fig.  422,    the 
fluid  vein  then    Buflers   a  con- 
traction   on     three    sides,     l^ 
which     a    diminution     of    the 
discharge  is  eSected,  since  the 
qoantitjr  discharged  from  these 
oriflcea  a  Q^=\  fi  bk  ^2gh. 
But  here  the  head  of  water  Eff 
=:A,  or  the  head  of  water  above 
the  sillj  of  the  wier  mnst  not  be  measnred  immediately  at  the 
sill,  but  at  least  two  feet  before  the  plate  in  which  the  orifice  lies, 
because  the  fluid  anr&ce  before  the  opening  suffers  a  depreasicoi, 
which  becomes  greater  and  greats  the  nearer  it  is  to  the  wifice, 
and  in  the  plane  of  the  orifice  amounts  to  a  quanti^  OR  of  from 
0,1  to  0,25  the  head  of  water  FR,  so  that  the  thickness  ft?  of  the 
stream  in  this  plane  is  only  0,9  to  0,75  of  the  head  of  water. 
EiperimentB  instituted  by  many  philosophers  on  the  flow  of  water 
through  notches   in  thin  plates,  have  affi>rded  a  multiplicity  of 
results,  but  not  always  of  the  desired  accordance.     The  following 
short  table  contains  tiie  results  of  the  expmments  of  Foncelet  and 
Lesbros  on  wiers  of  two  decimetres,  or  about  8  inches  breadth. 

TABLZ      OP     THE      CO-EFVICIXNTS     OF      EFFLUX      FOB     WIBU      OV 

2   DICIHITBIS,  =  7.87   INCHES    BREADTH,   ACCOBDINO    TO 

FONCELET    AND    LESBROS. 


Haulofw«tei 

metn 
0,01 

0,02' 

Bin. 

0,03 
1.2  in. 

0,04 
1.6  m. 

0,06 

2.4  in. 

0,08 

metr*. 
0,10 

4  in. 

0,15 
Bin. 

meti». 
0,20 
8  in. 

0,22 
Bi>. 

CtMdBdent 
of  efflnx 

0,424 

0.41? 

0,412 

0,407 

..«. 

o.m 

0,395 

0,393 

0.390 

0.385 

From  the  aven^  of  detenninationB,  we  may  here  put  ;ij=0,4. 
Experiments  on  wiera  of  greater  breadth  gave  Eytelwein  the 
mean  /ii=i,  /*=0,42,  and  Bidone  ^1=3  .  0,62=0,41,  &c.  The 
most  extensive  experiments  ate  those  of  d'Aubuisaon  and  Castel. 
From  these,  d'Anbuisson  asserts  that  for  wiers  whose  breadth 
is  no  more  than  the  third  part  of  the  breadth  of  the  canal  or  aide 
in  which  the  wier  lies,  the  mean  of  ^  is  =  0,60,  therefore  we  may 
pnt  §  u=0,40;  but,  on  the  other  hand,  for  wiers  which  extend 
over  the  whole  side,  or  have  the  same  breadth  aa  the  water-coarse  : 


MAXIMUM    AND    MINIMUM    OF   CONTRACTION.  407 

/i=0^666>  therefore  /i^^  0,444;  lastly,  for  other  relations  between 
the  breadth  of  the  wier  and  that  of  the  canal,  the  co-efficient^ 


'      /    •  ./ 


/ 
r 


*      V       .        / 


c' 


■    ^i.tC^    6 


^u    i  'C    A/^.  -^  c^'/'  /n  o-*'-  ,.  //,,-.  £/  ^^,t  ^ 


>.    i<  ^  /      <'►.       /v.  /c     . 


»  t 


/  *•    '  •/ 


^  /^     ^s'  /'-    ^'  /  ^  /^  V^,  . 


•     'V 


convergence  of  the  side  which  embraces  the  orifice,  the  lateral  flow 
is  entirely  prevented,  and  a  maximum  if  the  side  has  a  direction 
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Opposite  to  that  of  the  fluid  atream,  bo  that  certain  particles  of 
water  nmat  revolve  IKfi  before  arriving  at  the  orifice.  Both  cases 
are  represented  in  Figs.  426  and  426.     In  the  first  case,  the  oo- 


eflSdent  <^  efflux  ia  abont  1,  viz.  0,96  to  0,97 ;  and  in  the  second, 
from  the  measnrementB  of  Borda,  Bidone  and  the  author,  a  mean 
of  0,53.  Changes  in  the  co-efficients  of  efflux  through  convo^ient 
udea  very  often  present  themselves  in  practice ;  they  occur  in  dams 
which  are  inclined  to  the  horizon,  as  in  Fig.  427.  Foncelet  found 
for  a  similar  opening  the  co-efficient  of  efflux  ^=0,80,  when  the 
board  was  inclined  46°,  and  on  the  other  hand,  /i=0,74  only  for 
en  indin^on  of  eS^",  that  ia,  for  aslope  of  i.  For  similar  wiers. 
Fig.  428,  wheare,  as  in  the  Ftmcelet  sluice-board,  contraction 

no.  487.  Fia.  428. 


takes  place  at  erne  side  only,  the  author  found  ^=0,70,  therefore, 
fij=f  ;i=0,467  for  an  incUnation  of  45°,  and  ;i=0,67,  therefore, 
/i]=0,447  for  an  inclination  of  62^°. 

Bxaa^k.  If  ■■loice-boiTd,  inclined  ktu  inf;^  of  50°,  which  goet  •««»  a  chuutd 
3j  feet  bntid,  it  drawn  op  }  foot  high,  and  the  ini&ce  of  mter  itandi  1  feet  tbove  the 
bottmn  of  the  channel,  Uie  height  of  the  ^erture  mt;  be  pot  a«ifm.  &0*~0,383O 
ftet,  the  heui  of  water  ft  -  4  —  i .  0,3830  -  3,B085  faet,  and  the  co-effidentaf 
efflm  fi  ~  0,78  i  hence,  the  diachai^  Q,  -  0,78  .  2,25 . 0,3830  .  7,906  ^3,80B& 
=  10,36  cnbic  feet. 

§  819.  Partial  coHtraciUm. — We  have  only  hitherto  considered 
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those  cases  where  the  water  flows  &om  all  aides  towards  the 
apertore,  and  forms  a  contracted  Tein  around,  and  we  mnst 
DOW  investigate  others,  where  the  water  flows  from  one  or  more 
sides  to  the  aperture,  and  therefore  produces  a  stream  only 
partially  contracted.  To  distinguish  the  circmnstancee  of  contrac- 
tion, we  will  call  the  case,  where  the  rein  is  contracted  on  all  sidea, 
general;  and  the  case,  where  it  is  only  contracted  in  one  part  of 
its  circumference,  partiiU,  or  imperfect  contraction.  Partial 
contraction  is  induced  when  an  orifice  in  a  plane  thin  plate  is  con. 
fined  by  other  j^ates  in  the  direction  of  the  fiuid  stream  at  one  or 
more  sides. 

In  Fig.  429,  are  represented  four  orifices  of  equal  size  a,  b,  e,  d, 
no.  429,  i"  '^^  bottom  AC  of  a  vessel.     The 

contraction  by  efflux  through  the  orifice 
a  in  the  middle  of  the  bottom  is  general, 
because  the  water   can  flow  to  it  from 
all   sides  ;    the  contraction   from    the 
efflux    through    b,    c,    d,   is  partial, 
because  the    wat^  can  only   flow  to 
them  from  one,  two,  or    three   sides. 
Likewise,  if  a  rectangular  lateral  aper- 
ture goes  to  the  bottom  of  the  vessel, 
the  contraction  is  then  partial,  because  it  &lls  away  at  the  bottom 
side,  if  fiirllier  the  aperture  of  the  dam  reaches  the  bottom  in  the 
lateral  walls  of  the  channel,  there  is  then  only  a  contraction  on  one 
side. 

Partial  contraction  is  remarkable  in  two  respects ;  first,  by  giving 
an  oblique  direction  to  the  stream ;  and  secondly,  by  increasing  the 
quantity  of  discharge. 

If  the  lateral  aperture  F,  Pig.  430,  reaches  a  second  side  CD, 
„„  itn  BO  that  no  contraction  takes 

place  there,  the  axis  FK 
of  the  fluid  stream  becomes 
deflected  by  an  angle  KFG  of 
about  9°  from  the  nwmal  FG 
to  the  plane  of  the  orifice.  The 
obliquity  of  the  stream  is 
much  greater  if  two  adjacent 
sides  of  the  orifice  have  pro- 
jecting borders.  If  the  orifice  has  bordera  in  two  oppositely 
situated  sides,  and  contraction  at  these  prevented,  such  a  deviation 
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of  course  will  not  take  place,  but  at  the  other  side^  the  vein  at 
some  distance  from  the  orifice,  will  spread  out  more  than  if  the 
border  were  not  there.  Although  a  greater  discharge  is  obtained  by 
a  partial  contraction,  we  must,  as  a  rule,  endeavour  to  avoid  this, 
because  the  fluid  stream,  in  consequence,  suffers  a  deviation  in  its 
.direction  and  a  greater  extension  in  its  breadth. 

Experiments  on  the  efflux  of  water  with  partial  contraction  have 
been  made  by  Bidone  and  by  the  author.  They  allow  us  to  assume 
that  the  co-efficients  of  efflux  increase  simultaneously  with  the 
ratio  of  the  contracted  part  to  the  whole  perimeter,  though  it  is  easy 
to  perceive  that  this  relation  is  different,  if  the  perimeter  is  almost 
or  entirely  restricted,  and  the  contraction  almost  or  entirely  sup- 
pressed. Let  us  put  the  ratio  of  this  restriction  to  the  entire 
perimeter =n,  and  let  us  represent  by  r,  any  number  deduced  from 
experiment,  we  may  then,  although  only  approximately,  put  the 
ratio  of  the  corresponding  co-efficient  of  efflux  ^^  of  partial  oon- 
trafition  to  the  co-efficient  of  efflux  of  perfect  contraction : 

^  =  1  +  If »,  and  consequently  fi«  =  (1  + «  «)  /j^* 

Bidone's  experiments  give  for  circular  orifices  «= 0,128,  and  for 

rectangular  k  =  0,152 ;  the  author's,  however,  give  for  the  last, 

jc= 0,134.     Rectangular  orifices  with  borders,  are  those  which  are 

most  frequently  met  with  in  practice ;  we  will  assume  for  them  the 

mean  value  k  =  0,143,  and  hence  put  ^  =  (1  -h  0,143  .  n)  /iq. 

For  a  rectangular  lateral  orifice  of  the  depth  a  and  breadth  b, 

b  .  .  .  .        * 

n  =  TT-i — T-n»  if  the  contraction  on  one  side  b  is  suppressed :  if,  for 
2  {a-\-b)  '^'^  ' 

instance,  this  side  lies  in  the  plane  of  the  bottom;  again,  it=:i, 

if  a  side  a  and  a  side  b  are  bordered,  and  n=:r-; ^i  if   on   one 

2(a  +  d) 

side  by  and  both  sides  a,  the  contraction  is  prevented ;  if  for  exam- 
ple, the  orifice  takes  up  the  whole  breadth  of  the  reservoir,  and 
reaches  the  plane  of  the  bottom. 

Example,  What  quantity  of  water  does  a  flow  deliver  through  a  3  feet  broad  and 
10  inch  deep  vertidd  aperture  of  a  dam  at  a  pressure  of  If  feet  above  the  upper  aide 
of  the  aperture,  if  the  lower  one  coincides  with  the  bottom  of  the  channel,  and  henoe 
tliere  is  no  contraction  at  the  bottom  ?    The  theoretical  discharge  is : 

p  «  44  .  3  .  8,03  V  1,5  +  T^^  «  4  .  8,03  V  1,9 166..  =  27,70  cubic  feet. 
According  to  Poncelet's  table  for  general  contraction  /i  =  0,604,  we  have,  therefore* 

3  9 

2Y3 T7\  =  |Q  .   r  =  TT »  he»c«»  for  the  above  case  of  partial  contraction 


n  =B 
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II    (»1  +  0,143  .  V^)  ,  0,604  «  1,056  .  0,604a0,638,  and  the  eflbctive  discharge  is 
Qi  »  0,638  Q  »  0,638  •  27,70  -  17,67  cabUs  feet. 

§  820.  Imperfect  contraction. — The  contraction  of  tlie  fluid 
vein  depends  further  upon  whether  the  water  before  the  orifice  is 
tolerably  still,  or  whether  it  arrives  before  it  with  a  certain  velocity. 
The  quicker  the  water  flows  to  the  orifice,  the  less  oontifacted  does 
the  vein  become,  and  the  greater  is  the  discharge.  The  relations 
of  contraction  and  efflux  above  given  and  investigated,  have  refe- 
rence only  to  the  case  where  the  orifice  lies  in  a  large  side,  and  it 
can  only  be  assumed  that  the  water  flows  to  it  with  a  small 
velocity;  hence  we  must  know  the  relations  of  contraction  and 
efflux,  when  the  transverse  section  of  the  orifice  is  not  much  less 
than  that  of  the  affluent  water,  and  when,  consequently,  the  water 
arrives  at  the  orifice  with  a  considerable  velocity.  In  order  to 
distinguish  these  two  cases  firom  one  another,  we  shall  call  the 
contraction,  where  the  superincumbent  water  is  still,  perfect ; 
and  that  where  it  is  in  motion,  imper/eet  contraction.  The  con- 
traction, for  example,  is  imperfect  in  the  efflux  from  a  vessel  AC, 
Fig.  481,  because  the  transverse  section  F  of  the  orifice  is  not 

no.  431.  much  smaller  than  that  G  of  the  arriving 

water,  or  the  area  of  the  side  CD,  in 
which  this  orifice  lies.  If,  on  the  other 
hand,  the  vessel  had  the  form  ABCJ)^, 
and,  therefore,  the  area  of  the  bottom 
surface  C^D-^  much  greater  than  the 
transverse  section  F  of  the  orifice,  the 
efflux  would  then  go  on  with  perfect  con- 
traction. The  imperfectly  contracted  vein 
is  besides  distinguishable,  not  merely  by 
its  greater  thickness  from  the  perfectly  contracted  fluid  vein,  but 
also  by  its  not  having  so  transparent  and  crystalline  an  appear- 
ance. 

If  the  ratio  of  the  area    of    the   orifice    F,    and  the  side 

F 

containing  the  orifice   G,    therefore,    77  =  n,  the  co-efficient  of 

efflux  for  perfect  contraction  =  fi^  and  that  for  imperfect  =  ^^ 
we  may  with  greater  accuracy,  according  to  the  experiments  and 
calculations  made  by  the  author,  put : 
1.  For  circular  orifices : 

Mm  =  f«o  [1  +  0,04564  (14,821-— 1)],  and 


^^^H    t     •     ■  111 

^H  \  '  • 

^^^Bk!<  '■  ■'  ''A 

^^^^^^■^*  <  •  '^H 
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2.  For  rectangular  orifices : 

/**  =  /^  [1  +0,0760  (9«  —  1)].* 
To  render  tlie  calcalation  easier  in  cases  of  application,  the  eor- 

sections  ^ ^  of  the  co-efficient  of  efflux  on  account  of  imper- 

feet  contraction  are  compiled  in  the  following  short  tables. 

TABLE  I. 


CORRECTIONS  OF   THE   CO-EFFICIENTS  OF   EFFLUX   FOR 

CIRCULAR   ORIFICES. 


» 

0,05 
0,007 

0,10 
0,014 

0,15 
0,023 

0,20 
0,034 

0,25 
0,045 

0,30 
0,059 

0,35 

0,40 

0,45 

0,50 

l^^-Ho 

0,075 

0,0920,112 

0,134 

N 

» 

0,55 
0,161 

0,60 
0,189 

0,65 

0,70 

0,75 
0,303 

0,80 
0,351 

0,85 
0,408 

0,90 
0,471 

0,95 
0,546 

1,00 

f*^-/^ 

0,2230,260 

0«613 

N 

TABLE  IL 

CORRECTIONS   OF  THE   CO-EFFICIENTS  OF   EFFLUX   FOR 

RECTANOULAR  ORIFICES. 


f^^-N 


ih 


0,05 


0,10 


0,0090,019 


0,15  0,20 


0,25 


0,30 


0,35 


0,030  0,042  0,05610,07 1 10,088  0, 1 07|0, 1 28  0. 1 52 


0,40 


0,45 


0,50 


n 

0,55 
0,178 

0,60 
0,208 

0,65  0,70  0,75 

0,80 

0,85 
0,416 

0,90 

0,95 

1,00 

f^^-th 

0,2410,2780,3190,365 

0,473 

0.537 

O.fiOR 

ht 

*  Venrache  iiber  die  unTollkommene  Contraction  des  Wassen,  n.  i.  w.,  Leipsig, 
1843. 
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The  diferent  values  of  the  ratio  of  the    tranBrene  aectioiu 

F  . 

n—y:;  stand  above  in  these  tables,  and  immediately  below  addi- 

tioQB  to  the  co-efficients  of  efflux,  on  account  of  imperfect  coQtrac- 
tioD ;  for  example,  for  the  ratio  of  the  transverse  sections  n=0,86, 
i.  «.  for  the  case  where  the  area  of  an  orifice  is  85  himdreds  of  the 
area  of  the  whole  side  of  the  orifice,  we  have  for  eircnlar  orifices 

^~^  =  0,075,  and  for  rectangular  orifices  =  0,088 ;  therefore, 

the  co-efficient  of  efflux  for  perfect  contraction  in  the  first  case  is  to 
be  made  about  75  thouBandths,  and  in  the  second  about  88  thou- 
sandths greater  to  obtain  the  corresponding  co-efficients  of  efflux 
for  imperfect  contraction.  Wen  the  co-efficient  of  efflux 
/ia=0,61S,  we  should  have  in  the  first  case  r'o„=  1,076  .  0,616 
=0,661,  and  in  the  second,  fiojB=l,088  .  0,615=0,669. 

£Mnpit.— Whkt  diichuse  doa  trtet. 
"o-  ^^  sngiilu  latent  qiertore  F,  li  feet  broad 

tnd  i  toot  deep,  gWe  tf  it  be  cat  in  k 
ncttngolu  nn  CD,  Fig.  432,  2  feat 
bnxkd  ind  1  foot  deep,  ud  the  he*d 
of  YntaEH-  A  in  ttiU  water  UDonnti 
to  2  feet;    The  theoietkal  diidiaige  ii 

—  7,095  eainc  feet,  and  the  G«-«fflcieBt 
of  efflux  tor  perfect  coDtnetioii  ii,  la- 
cndii^  to  P<mcelet,  ;i„  —  0,610;  bat 
now  the  ratio  of  the  tmurerM  lectioiii 

-  0,312,  tuAtor*-  0,312,  frnm  Table  IL, 

-  -  0,071  +  H  (0,088  —  0,071)  -  0,071   +  0,004  -  0,07S ;  henoe  it 

foUowi,  that  the  co-effldeat  of  efflux  for  the  pment  caae  ii  ^f,„  -o  1,075  .  /^ 
-  1,075  .  0,610  -  0,6357,  and  the  diicbaige  Q,  -  0,6557  .  Q  -  0,6657  .  ^Wf 
-4,581  cqUc  fbet.  '~ 

§  S31.  Efflux  qf  water  «  motion, — We  have  hitherto  assumed 
diat  the  head  of  water  has  been  measured  in  still  water;  we  must 
now,  theref(»e,  consider  the  case  when  only  the  head  of  water  in 
motion,  and  flowing  with  a  certain  velocity  towards  the  orifice, 
can  be  messnred.  Let  us  suppose  the  case  ot  a  rectangular  lateral 
orifice,  and  represent  its  breadth  by  b,  and  the  heads  of  water 
with  respect  to  both  horizontal  edges  A,  and  h^  the  height  due  to 
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the  velocity  c  of  the  affluent  water  by  k,  we  shall  then  hare  the 
theoretical  duchatge: 

Q=1*V2>  [(*■+*)*-(».+»)*]■ 
This  formula  ia  not  directly  applicable  to  the  determination  c^ 
the  discharge,  becanse  the  height  due  to  the  velocity  : 

it=  ^=:=-  {y;\  is  again  dependant  on  Q,  and  further  tranafm-- 

mation  leads  to  a  eomplicsted  equation  of  a  hi^er  order,  hence  it 
is&r  simpler  to  put  the  effective  dischai^  Q^  =  fl^ab  ^/Zgh, 
and  understand  by  /i,  not  the  mere  co-effident  of  efflux,  but  cue 
especially  dependant  on  the  ratios  of  the  transverse  sectionB.  Moat 
firequently,  this  case  presents  itself  when  the  object  is  to  measure 
water  flowing  in  canals  and  courses,  because  it  is  seldom  possible 
in  this  case  to  dam  np  the  water  so  high  by  a  transverse  section  BC, 
^,  Kg.  483,   containing  the  orifice 

of  discharge,  that  ihe  orifice  £jP 
becomes  only  a  small  part,  com- 
pared with  the  transverse  section 
of  the  stream  of  water  flowing  to 
I  it ;  and,  hence,  the  velocity  of  the 

last   very    small    compared  witlt 
I  the  mean  velocity. 

From  e:qierimenta  made  by  the 
aathor  on  this  subject  with  Poncelet  orifices,  where  the  head  of 
water  is  measured  one  metre  above  the  plane  of  the  orifice,  the 

expression :  ^-^^ — ^=0,641  (r^l  =0,641  .  «',  may  be  taken   as 


which,  however,  should  not  much  exceed  4 ;  further,  /i^  represents 
the  co-efficient  for  general  contraction,  taken  &om  Poncelef  b  table 
corresponding  to  the  present  case.  If  ^  be  the  breadth,  a  the 
depth  of  the  orifice,  B  the  breadth  and  A  the  depth  of  the  fluid 
stream,  and  A  the  depth  of  the  upper  side  of  the  orifice  below  the 
surface  of  water,  we  have  accordingly  the  effective  dischai^ : 


Q,=  [l.0,64l(^y>..J^»,(»  +  |). 
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The  following  table  serves  for  shortening  the  calculation  in  cases 
of  application. 


n 

0,05 

0,10 

0,15 

0,20 
0.026 

0,25 
0,040 

0,30 

0,35 

0,40 

0,45 
0,130 

0,50 

t^^-N 

0,002 

0,006 

0,014 

0,058 

0,079 

0,103 

0,160 

N 

Esan^k,  To  find  the  quantity  of  water  conducted  throngh  a  coune  3  feet  broad,  a 
board  is  placed  acroas,  with  a  2  feet  wide  and  1  foot  deep  rectangolar  orifice,  and  the 
water  in  this  way  is  so  dammed  np,  that  it  at  last  attains  a  height  of  2^  feet  above 
the  bottom,  and  If  above  the  lower  edge  of  the  orifice.    The  theoretical  discharge  is 

Q^  ab  J2fh  «  1  .  2  .  8,03  JTfiA  »  16,06  . 1,118   -=   17,95  cubic  feet;  the 
co-effident  of  efflux  for  perfect  contraction  may  be  pat  0;660,  and  the  ratio  of  the 


transverse  sections  ^  '^  "q 


ai 


1.2 


C  (,02. 

0,296;  hence  it  follows,  that 


AB         2,25 . 3 
the  co-effident  of  efflux  for  the  present  ratio  of  discharge : 

»  (1  +  0,641 .  0,296>)  /iq  »  1,056 . 0,602  »  0,6357,  and  the  effective  quantity 
disduoged  »  17,95  .  0,6357  =  11,31  cubic  feet. 

§  822.  Imperfect  contraction  very  often  occurs  in  the  efflnx 
through  wiers^  as  in  Fig.  422.  Wiers  may  take  up  a  part  only  of 
the  breadth  of  the  reservoir  or  canal^  or  the  whole  breadth.  In  the 
latter  case^  contraction  at  the  sides  of  the  aperture  does  not  take 
place^  and  for  this  reason  more  water  flows  through  them  than 
through  wiers  of  the  first  kind.  The  author  has  made  experiments 
also  on  these  circumstances  of  «fflux^  and  deduced  firom  the  results 
formulas  by  which  the  corresponding  co-efficients  may  be  estimated 
with  tolerable  certainty  with  the  assistance  of  the  ratio  of  the  sec- 


^  O     hb 

tions  n=-7^^ 


If  we  retain  the  denominations  of  the  former 


paragraph^  we  then  have  for  the  Ponodet  wiers : 

ei=^ = 1,718  Q*=  1,718.  < 
and  for  wiers  occupying  the  entire  breadth  of  the  canal : 

^~^  =  0,041  +  0,8698  »«, 

hi 

hence,  in  the  first  case  the  discharge  is : 

Q,=|[l  +  l,718(-J|y]^„  .  b  V%W- 
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And  in  the  second : 

Qi=i[l,041+0,8698(-D']ju„.A  ^g^p, 

where  h  represents  the  head  of  water  EH  above  its  sill  F, 
measured  at  about  8  feet  6  inches  back  from  the  wier. 

In  the  following  tables  the  corrections  ^ — ^.  for    the    most 

hi 
simple  values  of  n  are  put  down. 


TABLE  L 


CORRBCTIONS  FOR  THE  PONCBLBT  WIEBS. 


n 

0,05 
0,000 

0,10 

0,15 

0,20 
0,003 

0,25 

0,30 

0,35 

0,40 

0,45 

0,50 

f^^-N. 

0,000 

0,001 

0,007 

0,014 

0.026 

0,044 

0,070 

0,107 

N 

TABLE  IL 


CORRECTIONS  FOR  WIERS   OYER  THE   ENTIRE   SIDE,   OR 
WITHOUT  ANT   LATERAL  CONTRACTION. 


*»M— /H» 


Ho 


0,00 


0,041 


0,05 


0,042 


0,10 


0,045 


0,15 


0,049 


0,20 


0,25 


0,0560,064 


0,30 


0,074 


0,35 


0,086 


0,40 


0,45 


0^50 


0,1000,1160,133 


EMtntpk,  To  detemiine  the  quantity  of  water  earned  off  by  a  canal  5  feet 
broad,  a  waste  boazd  is  applied,  wttb  an  ontwaid  slopbg  edge,  over  wbich  the 
water  is  allowed  to  flow  after  it  has  ceased  to  rise ;  the  head  of  water  aboTe  the 
bottom  of  ihe  canal  is  3i  feet,  and  above  the  edge  If  feet,  hence  the  theorelieal 

discharge  is  Q  »  f .  5  .  8,03  .  ( yV  *-  48,18  cabic  feet.     The  oo^efficient  of 

efflux  is,  since  A  .  ^  -  f  andfs,  =  0,677, 

Ik.  B  [1,041  +  0,3693  .  {ff\  .  0,577  »  1,110  .  0,577  «  0,64,  hence  the  cAbcti^ 

discharge  Q|  m  0,64  .  Q  m  0,64  .48,18  a  30,83  cubic  feet 


8BOKT  TUBIS,    OS    HOUTB-PIBCXB. 


CHAPTER   III. 

ON   TBS    BrpLDX   OP   WATXR  THKOUQH   TITBX8. 

§  328.  Short  tubes,  or  moutk-piecet. — If  wate^ia  allowed  to  flow 
throogh  short  titbes,  or  mouth-pieces,  other  relstiona  take  place 
than  when  it  flows  through  orifices  in  a  thin  plate,  or  throngh 
outwardly  sloping  orifices  in  a  thick  plate.  "When  the  tube  is 
prismatic,  and  its  length  2^  to  S  times  that  of  its  width,  it  then 
gives  an  nncontracted  and  opaque  stream,  which  has  a  small 
distance  of  projection,  and  hence,  also,  a  smaller  velocity  than 
that  of  a  jet  flowing,  under  otherwise  similar  drcumstances, 
through  an  orifice  in  a  thin  plate.  I^  therefore,  the  tube  KL 
baa  the  same  transverse  section  as  the  orifice  F,  Fig.  484;  and 
if  also  the  head  of  water  of  both  is  one  and  the  same,  we  then 
obtain  in  LR  a  troubled  and  uncontracted,  and,  therefore,  a  thicker 
jet,  and  in  FH  a  clear  and  contracted,  and,  therefore,  thinner  one ; 
and,  it  may  be  observed,  that  the  distance  of  the  projection  ER, 
is  less  than  that  of  DH.    This  ratio  of  efflux  only  takea  place 


when  the  tube  is  of  a  given  length ;  if  it  is  shorter,  or  scarcely  as 
long  as  it  ia  broad,  then  the  jet  KL,  Fig.  485,  will  not  touch  the 
sidea  of  the  tube,  the  tube  irill  have  no  influence  on  the  efflox, 
and  the  jet  will  be  the  same  as  through  orifices  m  a  thin  plate. 

Sometimes  in  tube*  of  greater  length,  the  fluid  stream  does  not 
entirely  fill  the  tube,  namely :  when  the  water  is  not  allowed  to 
come  into  eontaet  with  the  sides  ot  the  tube ;  but  if  in  this  case 
we  close  the  outer  orifice  by  the  hand  or  by  a  board  fi)r  a  few 
momraits,  a  stream  will  then  be  formed  which  will  entirely  fill  the 
tube,  and  the  so-called  JkU  fiow  wiH  then  take  place.  Con- 
27 
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traction  of  the  fluid  vein  takes  place  also  in  the  flow  throngh 

tnhes,  but  the  place  of  contraction  ia  here  in  the  interior  of  tiie 

tube.     We  may  be  coovinced  of  this,  if  we  aviul  onrBelres  of  glass 

tubes,  such  aa  KL,  Fig.  436,  and  colour  the  water,  for  in  this 

„^  4jj_  case  we  shall  remark,  that  there  is  pro- 

grCBHive  motion  only  in  the  middle  of 

the  transverse  section  G  close  behind 

the  place  of  entrance  K,  but  not  at  the 

outside  of  it,  and  that  it  is  a  scat  of 

eddying  motion  which    takes   place. 

But  it  is  the  capillarity,  or  the  adhesioQ 

of  the  water  to  the  sides  of  the  tube, 

which  cauBcs  the  fluid  entirely  to  fill 

the  end  FL  of  the  tube.     The  water  flowing  from  the  tube  has 

only  a  pressure  equal  to  that  c^  the  atmosphere,  but  the  con- 

tracted  section  G  is  only  a  times  the  size  of  the  section  F  of  the 

tube,  and  for  this  reason  the  velocity  in  it  -  times  as  great  as  the 

Tdocity  of  efflux  v ,-  hence  the  pressure  of  the  water  in  the  vidnity 
of  0  ia 

'^  -  S  =  [© -'  ]  tg  *^  '"^  '""  *'■"  "'  ■'■  ^*' 
or  than  the  atmospheric  pressure.  If  we  bore  a  narrow  bole  in  the 
tube  at  G,  no  discharge  will  pass  through  it,  but  there  will  be 
an  absorption  of  air  rather ;  the  full  discharge  and  the  action 
of  the  tube  will  at  last  entire^  cease  if  the  \uAe  be  made  wider, 
or  more  boles  bored. 

§  3Si3.  Cylindrical  tubes. — ^Numerous  expenmentg  have  be^i 
made  on  the  flow  of  water  throi^h  cylindrical  additional  tubes  ; 
but  the  results  vary  considerably  from  one  another.  The  co- 
efficienta  of  Bossut  are  those,  which  from  their  smallness  (0,785) 
have  been  foand  to  vary  most  from  others.  From  the  'expe- 
riments of  Michelotti,  with  tubes  from  ^  to  8  inehes  width,  and 
with  a  head  of  water  of  from  S  to  20  feet,  the  mean  of  this 
co-efficient  ia :  fi=0,81d.  The  experiments  of  Bidone,  £ytel- 
wein  and  d'Aubniaeon  vary  very  little  from  this.  The  mean, 
however,  which  may  be  adopted,  and  which  corresponds  parti- 
eularly  with  the  author's  experiments  on  the  dischuge  thitni^ 
short  mouth-pieces    =:    0,815.       As    we  have    found   ihia    for 
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<wiiices  in  a  thin  plate  0,615,  it  fbllowB  that,  under  otherwise 

similaT  circumBtancee     and    relations,     sr?  =  1,325    times    as 

mneh  water  fiows  throngfa  cylindrical  additional  tabes,  as  through 
round  orificea  in  a  thin  plate.  These  co-efficients,  moreover,  increase 
as  the  width  of  tubes  becomes  less,  and  but  slightly  with  the 
increase  of  the  head  of  water  or  velocity  of  efflux.  According  to 
the  aathor's  experiments  under  a  pressure  of  firom  9  to  34  inches 
for  tubes  three  times  as  long  as  broad  : 


8  width, 
r  1.2    or  1. 6  inches  width. 


0,843    0,632    0,821    0,8]0 

According  to  this  table,  therefore,  the  co-efficients  increase  con- 
siderably as  the  width  of  the  tubes  decreases.  Buff  found  for  tubep 
2,79  lines  wide,  and  4,3  lines  long,  the  co-efficients  of  efflox 
gradually  to  increase  &om  0^825  to  0,8&5,  when  the  head  c^  water 
sank  irom  88  to  1^  inches  successively. 

Ihe  author  found  a  co-efficient  of  efflux  of  0,819  for  the  dow 
of  water  through  rectangular  additional  tubes. 

If  the  additional  tubes  KL,  Fig.  487,  are  on  the  inside  partially 
confined ;  if,  for  instance,  one  side  ia  contigaous  to  the  bottom,  and 
.if  a  partial  contraction  is  produced  tho^by,  then  the  co-efficient  of 
efflux,  from  the  author's  experiments,  does  not  perceptibly  increase, 
but  the  water  flows  away  at  different  parta  of  the  section,  with 


different  velocities,  and  of  course  from  the  side  BC  faster  than  from 
the  side  opposite  to  it.  If  the  inner  anterior  surface  of  a  tube  does 
not  coincide  with  the  side  surface,  but  projects,  as  a,  b,  c.  Pig,  438, 
then  this  tube  is  called  an  intemal  addiivmal  tube.  If  the  anterior 
■surface  of  this  tube  is  at  least  -Jth  as  broad  as  the  tube  is  wide,  as 
27* 
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for  example  a,  then  the  co-efficient  of  efflux  will  remain  the 
as  if  thia  suifiEU^  were  in  the  plane  of  the  aide^  but  if  the  anterior 
surface  be  less^  aa  b,  c,  the  co-efficient  will  then  be  leas.  For  a 
very  small  and  almost  vanishing  anterior  surface,  according  to  tlie 
experiments  of  Bidone  and  the  author,  this  amounta  to  0^71  if  the 
vein  fills  the  tube,  and  0^63  (compare  §  818)  if  it  does  not  quite 
fill  the  inner  sides  of  the  tube.  In  the  firstcase  (&)  the  fluid  stream 
is  broken  and  divergent,  like  a  brush ;  and  in  the  second  (c)  strongly 
contracted  and  quite  crystalline. 

§  824.  Co-efficient  of  resistance. — An  water  flows  without  con- 
traction firom  prismatic  additional  tubes,  it  follows  that,  in  its 
efflux  through  these-mouth  pieces,  the  oo-efficient  of  contraction 
s  unity,  and  the  co-efficient  of  velocity  f  =  the  co-efficient  of 
e£|dx  fc.    A  discharge  Q  with  the  velocity  v,  possesses  a  vis  viva 

^  f^,  and  is  capable  of  producing  the  mechanical  effect  k"    Q  y 

(§  71).    But  now  the  theoretical  velocity  of  efflux  s  --,  hence  the 

1      f^ 
mechanical  effect  rr  •  jr-  •  ^7  corresponds  to  the  maaa  of  water 

flowing  out,  and  the  discharge  Q  accordingly  loses  by  efflux  the 
mechanical  effect 

For  efflux  through  orifices  in  a  thin  plate,  the  mean  of  f  =s  0,97, 
hence  the  loss  of  effect  here  amounts  to 


[(pf)-^]S^^=''^S^'^' 


for  efflux  through  short  cylindrical  tubes  fs0,815,  and  the  cor* 
responding  loss  of  effect 

f .  e.  eight  times  as  great  as  for  efflux  througk  orifices  in  a  thin 
plate.  In  rendering  available  the  viis  vwa  of  flowing  water,  it  ia 
consequently  better  to  let  the  fluid  flow  through  orifices  in  a  thin 
plate,  than  through  prismatic  tubes.  But  if  the  inner  edges  in 
which  the  tube  meets  the  sides  of  the  cistern  are  rounded,  and  by 
this  a  gradual  passage  firom  the  dstems  into  the  tube  effected,  the 
oo-effident  of  efflux  will  then  rise  to  0,96,  and  the  loss  of  mecha- 
nical effect  will  be  brought  down  to  8^  per  cent.    In  ahorter 
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adjutages^  accurately  rounded^  having  the  form  of  the  contracted 
fluid  vein  /^=:f=:0>97,  and  hence  the  loss  of  mechanical  effect  as 
for  orifices  in  a  thin  plate  =s  6  per  cent. 

A  head  of  water  ( -^  —  1  j^  Qf«  is  due  to  the  loss  of  mecha- 
nical effect  ( -3-  — 11  ^rVence  we  may  also  suppose  that  firom 

the  obstacles  to  the  efflux,  the  head  of  water  suffers  the  loss 

(1  \  «* 

-^  —  ^  )  2V  '^^  iMsume  after  deduction  of  this  loss^  that  the 

residuary  part  of  the  head  of  water  is  expended  in  generating  the 

velocity.  We  may  call  this  loss  ( -^  — 11  ^  which  increases  with 

the  square  of  the  velocity  of  efflux^  the  height  due  to  the  resistance, 

and  the  co-efficient  -p-  —  1,  with  which  the  height  due  to  the 

vdodty  is  to  be  multiplied  to  obtain  the  height  due  to  the  resist* 
ance^  the  coefficient  of  resistance.  We  shall  represent  in  what 
follows^  the  co-efficient^  expressing  the  ratio  of  the  height  of  resist- 
ance to  the  head  of  water^  by  the  letter    ;  therefore,  the  height 

due  to  the  resistance  itself  may  be  expressed  by  C  .  ^  •     By    the 

formula  4:  =  -^  —  1  and  f  =      1       ,  the  co-efficient  of  resist* 

^  i/l+f 

ance  may  be  calculated  from  the  co-efficient  of  velocity,  and  9tce 

versd^ 

Stpon^ki. — 1.  What  discharge  will  flow  through  a  2  inch  wide  tobe,  under  a 
head  of  water  of  3  feet,  which  correspondB  to  a  00-eiBcieiit  of  resistance  C  «  0»4  ? 

1  •« 

t  -     J  ,  /  1-  0|845 ;   hence,  v   ^   0,845  .  8,03  V  3    »  12,06  feet ;   fhrther, 
V   1,4 

f  wm  f -- j  w  —  0,02182  8|q|!iare  feet ;  consequently,  the  qoantity  of  water  sought  is 

Q  «.  0,263  cuhic  feet — 2.  If  a  tnhe  of  2  inches  width,  nnder  a  pressure  of  2  feet, 
deliTer  in  a  minute  10  cubic  feet  of  water,  its  co-efficient  of  efflux,  or  of  Tdodty,  is 
Q  10 1 

*^'°*"  TTsfi  "  60 . 0,02182 . 8,03 .  v"^  "  TfiSTTi  ■  ^'*^^'  ^  "^ 

efficient  of  resistance  -  (  ^  ^^  \  —la  1,23;  and  lasfly,  the  loss  in  head  of 
water  produced  by  the  resistances  of  the  tube : 

■  ^'^^  "^  "  ^'^  •  ®'^^^*  {fJ  ■=  ^*^^^  •  0 .  (120)*  "  ^'^^^  ^'^- 
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^  326.  ObUgue  addiiumal  tube$, — Obliquely  attached  or  obliquely* 
cut  tubes  give  a  smaller  quantity  of  water  than  rectang^olarly 
attached,  or  rectangularly  cut  additional  tubes,  because  the  direc- 
tion of  the  water  in  them  becomes  changed.  Experimenta  omi- 
ducted  upon  an  extensive  scale,  have  led  the  author  to  the  following, 
rto.  439.  If  ^  be  the  angle  which  the  axis  of  the 

tube  KL,  Fig.  439,  makes  with  the 
normal  KN  to  the  plane  AB  of  the 
inner  orifice  of  the  tube ;  and  if  f  be 
the  co-effictent  of  renstsnce  for  rect- 
angularly cut  tabes,  we  shall  then 
have  the  co-efficient  of  resistance  for 
the  inclined  tube:  j:,=4:+0,303  nii. 
j+0,226  nn.  a*.  Let  ub  take  for  Z  the  mean  value  0,606,  and  we 
shall  obtain : 


for*>=                0 

10 

20 

30 

40 

50 

60" 

The  co-«ffideDt  of 

The  eo-effldent  of 

efflttxft   =      0,815 

0,565 
0,799 

0,635 
0,782 

0,713 
0,764 

0,794 
0,747 

0,870 
0,731 

0,937 
0,719 

From  this,  for  example,  the  co-efficient  of  reststance  of  an  addi- 
tional tube  .by  20''  deviation  from  the  axis  is  j;  =:  0,6S&,  aad  the 

co-efficient  of  efflux  = -r  ,  -    =  0,782,  and  for  86°  deviation, 

*/l,635  ' 

the  first  =  0,753,  and  the  last  =  0,755. 

In  general,  these  inclined  and  additional  tubes  are  larger  than  we 
have  hitherto  assumed,  and  they  should  be  longer  too,  because  the 
water  would  not  otherwise  perfectly  fill  the  tube.  The  preceding 
formula  represents  only  that  part  of  the  resistance  which  is  due  to 
that  portion  of  tube  at  the  inner  orifice,  which  is  three  times  as 
long  as  the  tube  is  wide.  The  resistance  which  the  remaining 
portion  of  tube  o]^K>Bes  to  the  motion  of  the  water  will  be  given 
subsequently. 

^^   ^^ff  Baamfle.    If    the  plane  ct   tlrt 

inner  orifice  AB  of  ■  boiuontaltj 
lying  pond  Bluice  KL,  Tig.  440,  w 
likeirise  the  interior  tor^oe  of  the 
pond  dun,  ii  inclined  40°  to  tfae 
horizon,  then  the  uii  of  the  )»pe 
malfci,  vith  the  normil  to  this 
plane,  an  mngle  <rf  50°,  uid  hence 
the    co-efficient   of  feditance    ftv 
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effln  throng^  the  pration  of  the  interior  orifice  of  tUt  tnbe  b  —  0^70 ;  ud  tf 
sow  the  co-efficient  of  leditance  0,650  were  due  to  the  remaining  lod  longer  portion, 
theco-efficientof  reditanceof  theentin  tubewotddthenbe  — 0,870 ■t-0,6&0  —  l,S20, 

and  heaoe  the  co-4fficieDt  of  efflnx  ~  — -  _  ■■■  .  0,630.    For 

a/ I  +  1,520         ./  2,SM 
■  10  ftet  head  of  water  and  I  foot  width  of  tube,  the  foUowinf  ditcharge  would  be 
giTeai 

Q  -  0,63  .  i .  8,03  v-To  -  12,46  cnMc  feet. 

\  826.  Iwepetftct  contraction. — When    a  cylindrical  additional 
na.  441.  ^"^  ^^j  ^S-  ^1>  is  inserted  into  a 

plane  wall  AB,  whose  area  G  does 
not  much  exceed  the  tranBrerse  aectioD 
f  of  the  tube,  the  water  then  comes 
to  the  place  of  insertion  with  a  velocity 
which  most  not  be  disregarded,  and  it 
then  issues  into  the  tube  with  imper- 
fect contraction  only,  on  which  account  the  velocity  of  efflux  is 
again  greater  thfji  when  the  water  before  entrance  into  the  tube  ia 

to  be  assumed  as  still.     Again  if  -p;  =  »  is  the  ratio  of  the  section 

of  the  tube  to  that  of  the  area  of  the  side,  and  farther,  />o  be  the 


to  0,  we  ahall  have^  according  to  the  e:q>eriments  of  the 
author,  to  put  the  oo-efficient  of  efflnx  for  imperfect  contisctvHi,  or 
for  the  ratio  of  the  sectkma  n.- 

^~ ^=0,102  n+0,067  «»+0,046  <  or 

/^ 
fin  =  fo  (l  +  O.W^  n+0,067  1^+0,046  «?). 
If  the  transverse  section  of  the  tube  occupies  the  sixUi  part  of 
the  whole  surface  of  the  side,  there  is : 

H=h,  (1+0,102  .  ++0,067  .  A  +  0,046  .  ^) 

;i=(,(l  +  0,017+0,0019+0,0002)  +  l,019/.(»,  or 
/»(,  being  put  =  0,815,  /4=0,81B  .  1,019=0,880. 
The  following  useful  and  convenient  table  gives  somewhat  more 


accurately  the  values  for  correctioD  ' 


lfiZ4  COESBCTION    FOR    IHrBKTSCT    CONTBACTION. 

TABLES 

OP   CUKBECTION    FOK   lUrBRFBCT  CONTKACTION,     BY    SFFLUX 

TBBOCOH    SHORT   CYLIKDBICAL   TDBKS. 


.  " 

0,05  . 0,10 

1 

0,15 

0,20 

0,25 

0,30 

0.35 

0,40 

0,45 

0,50 

Pi 

0,006'o,013  0,020 

9,027 

0,035 

0,043  0,052 

0,06<Jo.0700,080 

- 

0,55 

0,60 

0,65 

0,70 

0.75  0,80 

0.85 

0,90 

0,95 

1.00 

M,  —  ft 
ft 

D,090 

0,102 

0,114 

9.127 

0,138  0,152 

0,166 

0,181 

0,198  0.227 

By  effloz  throngb  short  parallelepi|iedical  tabea  theae  correetiwtt 
ue  neuly  the  same. 

These  co-efficients  are  eipeeiallj  applicable  to  tlie  efflux  of  water 

through  compound  tubes ;  for  example,  in  the  case  represented  in 

Fig.  442^  where  the  orifice  of  the 

short  tid>e  KL  eaUsa  the  wider 

I   short    tube   CK,  nhoee   orifice 

again  liea  in  tbe    cistern   ^C 

'   Imperfect  contraction  takes  place 

at  the    entrance  of  tbe  water 

from  the  wider  into  the  narrower 

tnbe,  and  bence  the  co-«fficicait 

of  efflux  must  be  determined  by 

the  last  rule.    If  we  pat  the  co-efficient  of  reustance  corresponding 

to  the  co-efficient  of  efflux  =  {:„  the  co-effident  of  resistance  for 

the  entrance  into  the  wider  tube  from  the  dstem  =  H,  the  bead  of 

water  =  A,  the  velocity  of  efflux  =  v,  and  the  ratio  ^  of  tbe  bAn 

tion  of  the  tubes  =  n,  therefore,  the  velocity  of  the  water  in  tbe 
widn  tube  =  nv,  then  the  finmula  gives : 


■    2j 


■ti 


2/ 


i. «.  4  =  (1 +«'{+{,) 


2/ 
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And  hence : 

froM^fe.  'Wlitt  dltcbtrge  will  the  ^ipmtiu  ddinnted  Intig.Ut  Uhm,  U  the 
bead  of  water  h  —  i  teet,  the  width  of  the  dutdwci  tobe  2  inehat,  tad  thtt  of  the 
widei  one  3  inches?    n  —  (})'  -  ),  hence ;t    -  1,069.  D,81lt  ■  Itfi71,  >nd  the 

oomponfing  co-effldent  of  reditanoe  E,  •> f-yiz.  1  —  1  —  0,MB  |  but  now  we 
b«Te  ;  -  D,G05  Md  «>  .  ;  -  it  .  0,505  -  0,099  ;  hanM  H  follinn,  that 
l+i^i  +  K,  -1*   0,099  +  0^18  -  1,417,  and  tha  valodt;  (rf  efflux 

8,03  .   ^4  1S,06 

•  —  — ■  ^— —  -  —      -^     -  -  14,38  feet.    Again,  (be*  tlu  ttanwerae  aedioD 

of  the  tube  =-  0,021B3  aqnaie  feet,  the  diacharge  win  k«  0  -  14,36  .  0,02162 
-  0,313  cnUe  feet 

§  827.  Conical  tuiet. — ^Additional  corneal  tube*  give  a  discharge 
different  &om  that  of  priamatic  or  cylindrical  tabes,  they  are  either 
conically  convergent,  or  conically  divei^ient  f  in  the  first  case  the 
outer  orifice  is  smaller,  and  in  the  second  case  larger  than  the 
inner  orifice.  The  c6-effieients  of  efflux  for  the  first  tabes  are 
greater,  and  for  the  last,  less  than  for  cylindrical  tubes.  One  and 
the  same  conical  tube  gives  more  water  vhen  the  wider  orifice  is 
made  the  exit  orifice,  as  A*  in  Fig.  448,  than  when  it  is  turned 
inwards,  as  Z>  in  the  same  figure,  except  that  it  does  not  give 
a  greater  qnantity  in  proportion  as  the  wider  orifice  exceeds  the 
narrower.     If  mauy,  as  Venturi  and  Eytelwein,  give  for  conically 


divergent  tabes,  a  greater  co-^cient  of  effloz,  than  for  conically 
convergent  tubes,  it  mast  always  be  borae  in  mind,  that  they 
take  the  narrower  transverse  section  ft>r  the  orifice.  The  following 
aq>erinienta  instituted  at  presnuea  of  from  0,26  to  8,8  metres, 
wtth  a  tube  AD  9  centimetres  long.  Fig.  444,  bring  before  us 
the  effect  of  conicalness  in  tubes.  The  width  of  these  tubes  at  one 
extremity  amounted  to  i>£=  2,468,  at  the  other  .<1B=  8,228 
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centimetres^  and  the  angle  of  convergence  t.  e.  the  angle  A  OB, 
which  the  oppositely  situated  sides  AE  and  BD  of  a  sectioii  in 
the  direction  of  the  longer  axis  include  =4^^  5(y.  By  efflux 
through  the  narrower  orifice^  the  co-efficient  was  =  0^920^  but  by 
efflux  through  the  wider  it  was  =  0^553^  and  if  in  the  calculation^ 
we  take  the  narrower  entrance  orifice  for  the  transverse  section^ 
it  will  give  =  0^946.  In  the  first  case,  when  the  tube  was  applied 
as  a  conically  convergent  adjutage,  the  ftoid  vein  was  little  con- 
tracted^ thick  and  smooth ;  but  in  the  second  case,  when  the  tube 
served  as  a  conically  divergent  adjutage,  it  was  strongly  diver- 
gent, broken,  and  spouting.  Venturi  and  Eytdwein  have  experi- 
mented further  on  efflux  through  conically  divergent  tubes.  Both 
philosophers  have  applied  these  conical  tubes  to  cylindrical  and 
conoidal  adjutages,  made  after  the  form  of  the  contracted  fluid 
vein.  By  such  a  connection  as  is  represented  in  Fig.  445,  where 
Fio.  445.  *^®  divergent  portion  KL  of  the  outer  orifice 
is  between  12  and  21^  lines  wide,  and  &f§-  of  an 
inch  long,  and  the  angle  of  convergence  esti- 
mated at  5^  9'.  Eytdwein  found  fi  =  1,6526 
when  he  took  the  narrow  end  for  the  orifice,  and 
on  the  other  hand,  /x  =  0,483  for  the  wider  end, 
in  which  he  was  right.    Through  this  combined  adjutage  there 

certainly  flows  Lr.^^   =  2,5  times  as  much  as  through  a  simple 

1  5526 
orifice  in  a  thin  plate,  and  ^^|1  ==1,9  times  as  muchas  through 

a  short  cylindrical  tube.  With  small  velocities  and  greater  diver- 
gence, it  is  scarcely  possible,  even  by  previously  closing  the  tubest, 
to  bring  about  a  fiill  flow. 

§  328.  The  most  ample  experiments  have  been  made  by  d'Au- 
buisson  and  Gastel  on  efflux  through  conically  convergent  additional 
tubes.  The  tubes  for  this  purpose  were  of  great  variety,  of 
different  lengths,  widths,  and  angles  of  convergence.  The  most 
extensive  experiments  were  those  made  with  tubes  of  1,55  centi- 
metres width  at  the  discharging  orifice,  and  of  from  2,6  times 
greater,  t .  e.  of  4  centimetres  in  length,  for  which  reason  we  vnH 
here  communicate  the  results  in  the  following  table*  The 
head  of  water  was,  throughout,  3  metres.  The  discharges  were 
measured  by  a  special  gauge-cistern;  but  in  order  to  obtain 
besides  the  co-efficients  of  efflux,  those  of  the  velocity  and  con- 
traction, the  amplitude  of  the  jet,  due  to  given  heights,  were 


1UB8I8TANCB   OV   VRICTION. 


427 


measmed^  and  firom  tlieae  the  velocity  of  e£9ux  {see  §  88^  JSar.  2) 

of  the  effective  velocity  v  to  the 


calculated*     The  ratio 


\^2ffh 


theoretical  \^ig  h  gave  the  co-efficient  of  velocity  ^,  as  alao  the 

of  the  effective  discharge   Q  to  the  theoretical 


ratio 


F  >^^2gh 


F  \^2  g  h  gave  the  co-efficient  of  effiuz  /t^  and  lastly,  the  ratio 
of  both  co-efficients,  t.  e.  -^^  determined  the  co-efficient  of  con- 
traction  a. 

TABLS 


OF  THE   CG-SFVICIBNTS    OF    EFFLUX    AND    VELOCITY    FOB  EFFLUX 
THBOUOH   CONICALLT   CONVEBGENT  TUBES. 


Angle  of 

Co-effident  Co-effident 

Ang^of 

Co-efficient 

Co-effident 

oonTaqgence 

of  efflux. 

of  Telocity. 

oonyergence 

of  Telocity. 

0«  0' 

0>829 

0,829 

13^  24' 

0,946 

0,963 

V  36« 

0>866 

0,867 

14**  28' 

0,941 

0,966 

3*^  10' 

0,895 

0,894 

16^  36' 

0,938 

0,971 

4"  10* 

0,912 

0,910 

19"  28' 

0,924 

0,970 

5«  26« 

0,924 

0,919 

21**  0' 

0,919 

0,972 

7*  52' 

0,930 

0,932 

23"  0' 

0,914 

0,974 

8»  58' 

0,934 

0>942 

29"  58' 

0,895 

0,975 

10»  20' 

0,938 

0,951 

40"  20' 

0,870 

0.980 

12*  4' 

0,942 

0,955  • 

48"  50' 

0,847 

0,984 

From  this  table  it  is  seen  that  the  co-efficients  of  effiox  attain 
their  maximiun  0,946  for  a  tnbe  of  18|^  lateral  convergence;  that, 
on  the  other  hand,  the  co-efficients  of  velocity  come  ont  always 
greater  and  greater,  the  greater  is  the  angle  of  convergence.  The 
following  example  will  show  how  this  table  may  be  used  in  those 
cases  which  present  themselves  in  practice. 

Eanm^, — ^Whst  discharge  will  a  short  oonoidal  tnbe  of  If  indies  width  at  the 

oater  orifice,  and  of  IQ^  oonTergence,  deUrer  under  a  pressure  of  16  feet  ?  According 

to  the  experiments  of  the  author,  a  cylindrical  tube  of  this  width  giTCS  fi  «  0,810 ; 

d'Aubuisson's  tube,  however,  gave  fi  =  0,829,  therefore  about  0,829  —  0,810^0,019 

more.    Now  from  the  table  for  a  tube  of  10*  convergenoe,  fi  is  ->  0,937 ;  hence,  for 

the  glTcn  tube  we  may  put  fi  ■■  0,9S7  — 0,019  »  0,918,  whence  the  discharge 

fr  — .       8,03  IT  0,918 

Q  -  0,918  .  1 — ST  •  8»03  ^^4  -  - — ^ —  =  0,3619  cubic  feet 


4  .  8* 


64 


§  329.  Remtance  of  friction. — Long  prismatic  or  cylindrical 
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tttbes^  the  longer  they  are  the  more  they  retard  the  efflux;  henoe 
we  must  assume  that  the  sides  of  the  tubes  offer  resistance  to  the 
motion  of  the  water  by  the  friction^  adhesion^  or  viscidity  of  tiie 
fluid  against  them.  From  reason  and  from  numerous  observ»> 
tions  and  measurements^  we  may  assume  that  this  resistance  of 
friction  is  independent  of  the  pressure^  that  it  increases  directly 
as  the  length  I,  and  inversely  as  the  width  d,  and  therefore  propor- 
tional to  the  ratio  -7.    Moreover,  it  appears  that  this  resistance  is 

greater  for  great  and  lesser  for  less  velocities^  and  that  it  Tery 
nearly  increases  with  the  square  of  the  velocity  v  of  the  water.  If  we 
measure  this  resistance  by  the  hmght  of  a  column  of  water,  which 
must  be  deducted  from  the  entire  head  h,  in  order  to  obtain  the 
height  requisite  for  the  generation  of  the  velocity^  we  may  then 
put  for  this  height^  which  we  shall  term  the  height  due  to  the 

resistance,  A^  =  fx .  -j  .  g-,  where  fi  irepresmts  a  number,  from 

eaqperiment;  which  we  may  call  the  hrig^i  Aw  49  the  resistance  of 
/fiction.  There  is  a  greater  loss,  therefore,  of  pressure  or  head  of 
water  from  the  friction  of  the  water  in  the  tube^  the  greater  the 

ratio  --7  of  the  length  to  the  width  is^  and  the  greater  the  height 

due  to  the  velocity  t-.    From  the  discharge  Q  and  the  transvearse 

section  of  the  tube  jF  =     ^    there  follows  the  velocity  v;=  — ^g-, 
and  hence  the  height  due  to  the  friction : 

In  order  to  obtain  the  least  possible  loss  of  head  of  water, 
or  fall;  in  leading  a  certain  quantity  of  water  Q,  the  pipe  must  be 
made  as  wide  as  possible^  and  not  unnecessarily  long.  A  double 
width  requires^  for  instance^  only  {]i)^  =  ^  of  the  Ml  that  the 
single  width  does. 

If  the  transverse  section  of  a  tube  be  rectangular^  and  of  the 
depth  a  and  the  breadth  b,  we  must  substitute  for 

1 ,         ^  d     ,      circumference ,    2  (a  +  b) g-f  ft 

rf""*  •    iirrf«   ""*  •         i^         ""*•       ab       ~  2ab' 

whence  it  follows :  ht  =  (  ,  -^ — r-i  .  ^r-. 

^  2ab       2g 

By  means  of  this  formula  for  the  resistance  of  friction  in  pipes 
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we  may  alio  find  the  velocity  and  the  quantity  of  eSba  which  a 
„a.  446.  J"P^  °^  P*^"  imgth 

and  width,  will  con- 
duct  nndcT  a  given 
pressure.     It  is  quite 
the  same,  whether  the 
tube  £L,  Fig.  446,  is 
horizontal,  inclines,  or 
ascends,  if  only  by  the  head  of  water  is  trnderstood  the  depth  RL 
of  the  middle  point  L  of  tiie  orifice  of  the  tube  below  the  sur&ce 
of  water  HO  of  the  efDox  reservoir.    If  A  is  tbe  head  of  water, 
Aj  the  hei^^t  due  to  the  resistance  fiir  the  orifice  of  entrance,  and 
A,  that  for  the  remaining  portion  of  the  tube,  we  then  have : 

A— (Ai+AJ=^orA  =  A,  +  A, +  ^.    If  ;■  repwaents  the 

co-efficient  of  resistance  for  the  portion  of  tube  next  the  cistem,  and 
(i  the  co-efficient  of  the  resistance  of  friction  of  the  rest  of  the 
tobe^  we  then  have  "       '   -  - 

h-r    "■  J-  ;•      '      ""  J.  •■ 

»,l.)*=(l+f  +  :,4.)g, 


and  2.)  v  = 


•Zyt 


y'l  +  t  +  t,  .i 

From  the  last  formula  the  discharge  Q  ^  1%  is  pven. 

For  very  long  tubes  1  +  C  is   small    compared  with   (^  -^, 

whence,  simply,  *  =  ^i  "rf-  •  5^  ""d,  inversely. 


Vi- 


{.  880.  The  co>efficient  of  friction,  like  the  co-efKcient  of  efflux, 
is  not  quite  constant ;  it  is  greater  for  small,  and  less  for  great 
vdocitieB ;  j.  t.  the  resistance  of  the  friction  of  water  in  tubes  does 
not  increase  exactly  with  the  sqoare  of  the  velocity,  but  with  some 
other  power  of  it.  Prony  and  Eytelwein  have  assomed,  that  the 
head  of  water  lost  by  the  resistance  due  to  friction  ought  to 
increase  as  the  simple  velocity  and  as  its  square,  snd  have  given  for 

it  the  expression  A^  =  (a  v  +  j9  v*)  ^,   where  a  and   ^8  are  co- 

rfleients  deduced  from  experiment.     To  determine  these  co-effi- 


480  RB8I8TAKCE   OF   FRICTION. 

cientB^  51  experiments^  which^  at  yarious  times^  were  made  by 
Couplet,  Bossut  and  Du  Buat,  on  the  motioQ  of  water  througli 
long  tubes,  were  made  use  of  by  these  bydraulicians. 

Prony  found  from  his,  that  h^  =  (0,0000698  v + 0,0018982  »•)  ^  ; 
Eytdwein  h^  =  (0,0000894  v  +  0,00112181^)  ^  ;    d'Aubuisaon 

assumes  h^  =  (0,0000758  9+ 0,001870  o*)  ^  metres. 

A  formula,  discovered  by  the  author,  agrees  more  accurately 
with  observation.     It  has  the  form 


and  is  based  on  the  hypothesis,  that  the  reustanee  of  jGriistaon 
increases  simultaneously  as  the  square,  and  as  the  square  root  of 
the  cube  of  the  velocity.    From  this  we  have  the  co-efficient  of 

resistance  ^^  =  a  +     , — ,  and  the  height  due  to  the  reaistanoe 

of  finction  A^  =  f  j .  ^  ^  • 

For  the  measurement  of  the  co-efficient  of  resistance  ^p  or  of  the 
auxiliary  constants  a  and  /3,  not  only  the  determinations  of  Prony 
and  Eytdwein  from  the  51  experiments  of  Couplet,  Bossut,  and 
Du  Buat  were  used  by  the  author,  but  also  11  experiments  made  by 
him,  and  1  experiment  by  Oueymard  in  Grenoble.  The  older  experi- 
ments extend  only  to  velocities  of  from  0,048  to  1,980  metres ;  in  die 
experiments  of  the  author,  however,  the  extreme  limit  of  velocity 
reached  to  4,648  metres.  The  widths  of  the  tubes,  in  the  older  ex- 
periments, were  27  mm.  =  1.06  in. ; '  86  mm.  =  1.95  in. ;  64  mm. 
=  2.12  in. ;  186  mm.  =  6.81  in. ;  and  490  mm.  =  19.29  in. : 
later  experiments  were  conducted  with  tubes  of  88  mm.  =  1.29  in.; 
71mm.  =  2.79 in.;  and  275  mm.  =  5.81_in.  By  means  of  the 
method  of  least  squares,  it  has  been  found  from  the  68  esperimenta 
laid  down : 

f  1  =?  0,01489  +  ^229^11 .  therefore, 

,        /A  m  AQO  ^  a0094711\  /       t^*       , 
\  =  (0,01439  +       ^ —  )  d'  2g  °^®*^' 

for  Prussian  measure : 
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or  for  English  measiue  : 

Ai  =  (0,01482  + 


0,017968 


)17968\  I     ^ 


feet. 


§  881.  For  facilitating  the  calculation,  the  following  table  of  the 
co-efScients  of  resistance  has  been  compiled.  We  see  from  this, 
that  the  variability  of  these  co-e£Scients  is  not  inconsiderable,  as 
for  0,1  metre  velocity  it  is  =  0,0443,  for  1  metre  =  0,0289^  and 
for  6  metres  =  0,0186. 

TABLE   OF  THB   CO-EFFICIENTS   OF   FRICTION*. 


lOths  of  a  metre. 

vft. 

0 

1 

2 

3    4 

5 

6 

7 

8 

9 

V 

or  4  in. 

or  8  in. 

12in. 

18  in. 

20  in. 

24  in. 

28  in. 

32  in. 

36  in. 

0 

gO 

00 

0,0443 

0,0356 

0,0317 

0,0294 

0,0278 

0,0266 

0,0257 

0,02500,0244 

3.4 

0230 

0234 

0230 

0227 

0224 

0221 

0219 

0217 

0215 

0213 

6.9 

02 

0211 

0209 

0208 

0206 

0205 

0204 

0203 

0202 

0201 

0200 

10.0 

P 

0199 

0198 

0197 

0196 

0195 

0195 

0194 

0193 

0193 

0192 

13.0 

$4 

0191 

0191 

0190 

0190 

0189 

0189 

0188 

0188 

0187 

0187 

We  find  in  this  table  the  co-efficients  of  resistance  due  to  a 
certain  velocity,  when  we  look  for  the  whole  metre  in  the  vertical, 
and  the  tenths  in  the  first  horizontal  column,  then  proceed  from 
the  first  number  horizontally,  and  from  the  last  vertically  to  the 
place  where  both  motions  meet ;  for  example,  for  v  =  1,8  metre 
fi  =  0,0227,  for  v  =  2,8,  fi  =  0,0201. 

For  the  Prussian  measure  we  may  put : 


0,1 


0,0679 


0,2 


0,3 


0,0522  0,0453 


0,4 


0,5 


0,0411 


0,0383 


0,6 


0,0362 


0,7 


0^346 


0,8 


0,0333 


T 


0,9  ft. 


0,0322 


t; 

1 

li 

r 

2 

3 

4 

6 

8 

12* 

• 

20  ft. 

f. 

0,0313 

0,0296 

0,0282 

0,0263 

0,0242 

0,0229 

0,0213 

0,0204 

0,0192 

0,0182 

Remark.  More  extennTe  and  more  convenient  tables  are  ghren  in  the  **  Ingemeur." 
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■ ;  \/  §  332.  Long  tubes. — ^With  respect  to  the  motion  of  water  in 
long  tubes  or  conducting  pipes^  the  three  following  fundamental 
problems  present  themsdves  for  solution. 

!•  The  length  /  and  the  width  d  of  the  tube  and  the  quantity 
of  water  Q  to  be  conducted  are  given^  and  the  head  of  water  is 

required.    We  have  first  to  calculate  the  velocity  v  =  -j^=r— ^ 

Q 
=  1^2782  •  ^^  then  to  look  for  the  co-efScient  of  friction  4^^  corres- 
ponding to  this  value^  in  one  of  the  last  tables^  and,  lastly,  to  sabsti- 
tute  the  values  of  d,  I,  v,  Z  ^nd  Cp  where  (  represents  the  oo-effi- 
~   dent  of  friction  for  the  portion  of  the  interior  orifice,  in  the  last 

2.  The  length  and  width  of  the  tube,  as  well  as  the  head  of 
water  or  fall,  are  given  to  determine  the  discharge.  We  must 
here  find  the  velocity  by  the  formula 


V  = 


V 


1  +  f  +  f  1 .  ^ 


I' 


d 


bat  since  the  co-efficient  of  reristance  ia  not  quite  constant,  bat 
varies  somewhat  with  v,  we  mostlmow  v  approxiinately  before- 
hand, in  order  to  be  able  to  find  oat  ix« 

From  t;  it  then  follows  that  Q  =  -^-r—  v  =  0,7854  d^  v. 

4 

8.  The  discharge,  the  head  of  water,  and  the  length  of  the  tube 
jnre  given,  to  determine  the  requisite' width  of  the  tube. 

As  1?  =  ~^i  therefore  t^  =  ( j   .  ^ 

we  then  have  2gh  =  \\  +  f  +  ^i  3)  ( — ^)   •  g;*  or 

2^A.f-^yd«  =  (T+f)  rf+ fi /,  hence  tETwidth  of  the  tube 


ft 


^'^f-^^w^i^r 
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But  now  ^^y  =  1,6212,  1  +  f  as  a  mean  =  1,505  ^ 

=0,0155,  hence  we  may  put : 

rf=0,4787  a/  (1,505  .d+(^l)^  fe^t. 

This  formula  can  only  be  used  as  a  formula  of  approximation, 
because  the  unknown  quantity  d,  and  also   the  co-efficieat   Ci, 

dependant  on  v=i—^  appear  in  it. 

Btfoa^piu. — 1.  What  head  of  water  does  a  condueting  pipe,  of  150  feet  length  and 

5  inches  width,  require,  if  it  is  to  cany  off  25  cahic  feet  of  water  per  minute  ? 

25    12* 
Here  v  -  1,2732  .  ^^  '  ^^     »  3,056  feet,  hence  we  may  put  ^,  =  0,0242,  and  the 

head  of  water  or  the  entire  fall  of  the  pipe  will  be : 

h  =  (l,505  +.0,0242  .  1^!^^2L\  .  0.0155  .  3,056» 

»  (1,505  +  8,712)  0,0155  .  9,339  »  1,479  feet. 
2.  What  discharge  wiU  a  conducting  pipe,  48  feet  long  and  2  inches  wide,  with  a 
5  feet  head  of  water,  deliyer  ?    It  will  be : 

8,03  ^/b  17,90 


V   as 


V 


1  505  +  ^   ^^  •  ^^         "^  ^»^^*  +  288   .  Ci 


2 


17  90 
If  we  previously  take  ^,  «  0,020,  we  shall  obtain  v  =       \     =  6,6,  but  v  =  6,6 

A* 

giyes   more   correctly    Zi  =  0,0211,   henoe  we   shall   haye   more   correctly : 

p  =  ^^'^^  „      ^^*^^      =  6,42  fleet,  and  the  quantity  of  water 

^"1,505  +  288 . 0,0211  ^/  7,582 

Q  »  0,7584  .  (^y  .  6,42  =  0,140  culnc  feet  »  242  cubic  inches. 

3.  What  width  must  be  given  to  a  conducting  pipe,  100  feet  in  length,  which 
at  a  head    of  water  of5  feet,  deliyers  half  a  cubic  foot  of  water  per  second? 

Here  d  =  0,48i7   ^(l,50^rf  +  100  Kd  •  i  (*)'  =•  M8K  v'0,075  rf  +  5  C,.     If 


/ 


we  set  out  with  Zi  »  0,02,  we  obtun  d  0,4787  v^O,075  d  +  0,100^  or  approximately 


=  0,4787  vO,100  »  0,30,  therefore  more  correctly, 


d  s  0,4787  a/  0,0225    +   0,100  -  0,4787  ^/  0,1225  »  0,3165  feet  «  3,8  inches. 
Tathis  width  cocresponds  the  transrerse  section  Fa  0,7854 .  0,3165^b  0,0787  square 

feet,  the  velocity  «  »  -^  -    ^  q*.  »  6,35  feet,  and  to  this  again  the  co-eflbnent 

of  resistance  Zi  »  0,0211.     If  we  substitute  the  last  more  accurate  value,  we  then 

obtain  d  »  0,4787  ^  0,1280  »  0,319  feet. 

Remark,  Experiments  with  2^  and  4^  inch  wide  common  wooden  pipes  have 
given  the  author  the  co-efficient  of  resistance  1,75  times  as  great  as  for  metallic 
pipes,  to  which  refer  the  valnes  given  in  the  table  of  the  former  §.  Whilst,  there- 
fore, for  example,  for  a  velocity  of  3  feet,  ^,  «  0,0242  for  metallic  pipes,  we^must 
put  it  for  wooden  pipes  »  0,0242  .  1,75  ^   0,04235 ;  whilst  we  have  found  in 
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7  feet,  ttwfll 

-  (1,505  +  0,(M23G  .  S60) .  0,016  .  9,339  -  16,75  . 0,1494  -  *fi9  feM. 

§  888.  Bent  tubea. — Particular  reaiBtances  are  opposed  to 
the  motion  of  water  in  pipes  when  they  are  bent  or  knee-tAt^ed. 
Experiments  have  been  made  by  the  author  on  both  kinds  of  reaie- 
tances,  on  which  account  it  is  necesgary  here  to  communicate  the 
results. 

no.  447.  If  ^  pipe  ACB,  Fig.  44>7j  forms  a  knee, 

or  if,  as  it  ifi  termed,  it  be  angled,  a  loss 
of  pressure  ensnesj  which  increases  oni. 

formly  with  the  height  ^  due    to    the 

velocity,  and  Authei  incressea  with  half  Uie 

angle  of  deflexion  ACF  =  BCE  =  «.     The 

he^ht  of  water  lost  through  the  knee,    «■ 

the  height  due  to  the  resistance  corresponding  to  its  transit  throngh 


expresses  the  co-efficient  of  the  knee  resistance,  dependant  on  the 
magnitude  of  the  angle  of  deviation  of  the  tube.  Expeiiinenti 
made  on  different  knees  have  led  to  the  expression 

Ca= 0,9457  tm.  J* +3,047  m.  3*, 
and  from  this  the  following  table  has  been  calcnlated. 


40      45      60      55 


65      70 


6   |0,0460,t390,3640,740|0,9841,260|l,556 1,861 2,1682,431 

It  is  seen  from  this,  that  a  considerable  loss  of  vu  viva  is  pro. 

no.  448.  duced  by  knee  tubes ;  for  example,  a  reet- 

angnlar  knee  ACB,  Fig.  448,  gives,  ednoe 

the  ai^le  of  deviattoi),   amounts  to  46", 

the  loss  of  head  =  0,956  ^~.  therefor^ 

pretty  nearly  equal  to  the  height  dne  to 
the  velocity;  a  knee  of  126°,  for  which 
^=62^°,  diminishes  the  head  of  water  by  ao 
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no.  449. 


much  as  double  the  height  due  to  the  velocity  2  •  ^.     By  putting 

•  *  t^ 

in  the  height  due  to  the  resistance  of  the  knee  P  tr--.  we   obtain 

2g' 

the  complete  formula  for  the  motion  of  water  in  tubes : 

Baeample,  11  the  conducting  ^pe  in  the  first  eicample  of  the  former  paragraph, 
150  feet  long  and  5  inches  wide,  which  is  to  deliyer  25  cabic  feet  of  water 
per  minute,  contains  two  rectangular  knees  (Fig.  451),  we  then  haye  the  required 
head  of  water: 

A-(l,505-f  8,712  +  2.0,956)  ^s  12,129. 0,016. 9339 « 12,129. 0,1494 
»l,812feet 

§  834.  Curved  tubes. — Curved  tubes  AB,  Fig.  449^  o£fer  under 

otherwise  similar  drcumstances  far  less  resis- 
tance tiian  unrounded  knee  tubes.  The  height 
due  to  the  resistiince  which  measures  this 
obstacle  increases  likewise  as  the  square  of 
the  velodtj,  but  at  the  same  time  also  as  the 
simple  angle  of  deflexion  or  curvature  ACB 
ssBDE^ifi,  and  may  be  expressed^  therefore, 

by  the  formula : 

The  corresponding  co-efficient  of  resistance  is  by  no  means  con- 
stant^ it  depends  much  more  on  the  ratio  of  the  width  of  the  tube  to 
the  radius  of  curvature  of  its  axis,  and  is  the  less,  the  less  is  this 
ratio.  An  extensive  series  of  experiments  made  by  the  author^ 
and  the  well  known  experiments  of  Du  Buat,  have,  by  their  combi- 
nations, led  to  the  expression  (  =0,181  +  l,84r  (-»)  i  for  tubes 
with  circular  transverse  sections,  and  for  tubes  with  quadrangular  or 
rectangular  transverse  sections  f =0,124+ 8,104  (-g)  >    where    r 

represents  half  the  width  of  the  tube,  and  R  the  radius  of  curva- 
ture of  the  axis. 

The  two  following  tables  have  been  calculated  accordingly. 
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TABLE    I. 


CO-EFFICIBNTS   OF   THE   liBSISTANCE   OF   CURVATUBB   IN    TUBRS 
WITH   CIBCULAR  TRANSVERSE    SECTIONS. 


r 

0,1 

0,2 
0,138 

0,3 
0,158 

0,4 

0,5 

0,6 

0,7 
0,661 

0,8 
0,977 

0,9 

1,0 

( 

0,131 

0,206 

0,294  0,440 

t 

1 
1,408 1,978 

1 

TABLE 

IL 

CO-EFFICIENTS   OF   THE    RESISTANCE   OF   CURVATURE    IN    TUBSS 
WITH    RECTANGULAR   TRANSVERSE   SECTIONS. 


r 


0,1 


f    0,124 


0,2 


0,135 


0,3 


0,180 


0,4 


0,250 


0,5 


0,398 


0,6 


0,643 


0,7 


1,015 


0,8     0,9 


1,5462,271 


1,0 


3,228 


It  is  from  hence  seen^  that  for  a  round  tube  whose  radius  of  cur- 
vature is  twice  as  great  as  the  radius  of  the  tube,  the  co-efficient  of 
resistance  is  =  0,294,  and  for  a  tube  whose  radius  of  curvatare  is 
at  least  ten  times  as  great  as  the  radius  of  the  transverse  section, 
this  oo-efficient  =  0,181. 


Example,'-!,  If  the  oondncting  pipe  in  the  second  example  of  $  382  hat  ^r^ 

f 
small  cmryes  of  90<>  curvature,  and  of  the  ratio  "n"  ^  it  Fig.  452,  what  quantity  of 

water  will   it  deliyer  ?     The  height  due   to   the   resistance  of  the  one  cnnre 
=  0,294  .  -jgj;  r-  =  0,147  .  gj »   !»«<»<«»   *»   •U   ^om   curvatures,   it 

»  5  .  0,147  s"  «   0,735  s~  I   <md,   according^,   the   velocity   sought : 
£g  Ag 


V  -« 


17,678 


17,678 


=   6,130  fiset,  and  the  quantity  of  water: 


V7,582  +  0,735         a/  8,317 
Q  ^  0,7854  .  Vr  •  6,130  «  0,1337  cubic  fiset  «  231  cubic  inches. 
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3.   If  the  corred  bncketi    of   ■  turbine    form    clMuneli 
no.  460.  j2  iochet  long,  2  inche*  brokd,  tad  2  incba  deep,  w  JBC, 

Tig.  *iO,  and  if  ths  mter  How*  throng  them  with  ■  Telocity 
of  SO  feet,  and  the  mean  ndiiu  of  eomtnn  A  ot  thii  uii 
of  the  chtnnebuMnitit*  toSinchet,  thenii-^  —  ^  the  go- 
efficient  of  the  retUtanoe  of  ewTatme  -^  0,127 ;  farther, 
■^  =  —  "  g^  ■=  0,4774  i  and  Urtly,  the  height  doe  to 
the  ramitance  corretponding  to  the  enrvature  of  the  Moop 

-  0,127  .  0,477*^  -  0,0606  ^  -  0,0606  .  0,016  .  SO"  -  2,424  feet. 
Therefore,  \rj  the  miitance  of  cuirature,  2,424  feet  in  bU  aie  lo«t 

Rtrnmrk.  The  eariier  fbnnolK  given  by  Dn  Bunt,  Qerttner,  and  Navler  for  the 
Teattanee  of  curvatore  are  quite  meleu.  An  extended  aecDont  of  the  eipenmenti 
ol  the  uthor  on  Ihit  tnbject  will  he  publlahed  in  the  third  nmnber  of  hie  "  InTcati- 
gali<MU  In  Hecbanka  and  Hydraolici." 

§  335.  Jet*  (Peau. — A  conducting  tube  either  dischai:;^  into 
tlie  air  or  under  water.     The  diBchai^  under  water  is  applied 
when  the  tuhe  at  its  outer  orifice  is  so  wide  that  the  entrance  of 
air  may  be  feared.  Here  of  course  the  head  of  water  RC,  Fig.  451, 
no.  iii.  most  be   taken  from   the 

surface  H  of  the  upper 
water  to  that  of  C  of  the 
lower  water.  If  the  tube, 
for  example,  KLM,  Fig. 
452,  discharges  into  the 
open  air,  it  will  gire  a 
stream  of  water  OR,  which 
no.  462.  when  allowed  to  ascend  is 

called    a  jet    tPemt.      We 
shall  here  consider  what  is 
most    required    for    these 
jets.     That  a  jet  may  as- 
cend to  the  utmost  possible 
height,  it  is  necessary  that 
the  water  should  flow  from 
the    adjutage    with    great 
velocity;  hence  such  adjutages  must  be  applied  which  offer  the 
fewest  obstacles  to  the  water  in  its  passage,  to  which,  therefore 
the  greatest  co-efSctents  of  velocity  are  due.     Orifices  in  a  thin 
plate  especially,  and  further,  short  tubes  fashioned  like  the  con- 
tracted fluid  vein,  and  next,  long  and  conically  convergent  ones, 
are  thoee  which  give  the  greatest  velocitica  of  efflux.     Orifices  in 
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a  thin  piste  are  little  suitable,  because  a  jet  formed  by  them 
presents  nodes  and  bulgings,  and,  therefore,  is  sooner  scattered  by 
the  external  air  than  the  prismatic  jet.  The  same  takes  plaee  in  a 
certain  degree  with  short  month-pieces,  shaped  like  the  contracted 
vein.  Hence  for  fountains  and  fire-engines,  mostly  long  and 
slightly  conically  convergent,  similar  to  those  which  d'Au- 
buis»(m  naed  for  his  experiments,  are  very  properly  made  n»e 
of.  Sotnetimes  entirely  cylindrical  jets  are  osed.  Where  these 
month-pieces,  as  for  example  KL,  Fig.  453,  are  screwed  on  to  the 

453.         *^*  conducting  tube  AB,  they  should  gradoallj         i 
widen>  that  no  contraction  may  occur  in  passing         ' 
into  them.    If  these  mouth-pieces  or  discharging;         I 
dntJes-are  very  long,  tike  those  of  fire-engines,  the  "'^ 
friction  of  the  water  in  them  will  then  cause  a 
conwd«rab)e  loss  of  pressure,  becaase  the  water 
has  hepe  a  great  velocity.    For  great  velocities  we 
may  very  weU  put  the  co-efficieat  of  resistance 
C=Qfi\&,  and,   therefore,  the  loss^  (^  head  of 

water  =  0,016  j  •  q--     If  now  the  length  <^  a 

hose  is  twenty  times  as  great  as  the  mean  width  we  shall  then 
obtain  the  height  of  tbc  resistance  due  to  friction 

=  0,016  .  20  .  ^  =  0,82  .  ^ ; 
^  ig  iff' 

thus,,  fiom  this,  above  32  per  cent  of  the  height  <^  ascent  is  lost. 

These  tubes  are  generally  muciL  longer,  hence  this  lose  is  greater. 

The  velocity  with  which  water  passes  out  of  a  mouth-piece  or 

hose,  and  on  which  the  jet  or   the  hught  of  ascent  principally 

depends^  may  he  estimated  by  means  of  the  above  principles.   If  we 

put  this  velocity  of  efflux  =-  v,  the  width  of  the  mouth-^iece  st  the 

exit  orifice  =  d,  and  the  mean  width  of  the  condacting  tube  s  rf,, 

represent  the  co-efficient  at  resistence  at  the  inner  orifiee  of  the 
tube.  Hi  that  of  the  resistance  of  fiietion  in  the  pipe,  and  (^  the 
co-efficient  for  the  knees  or  curvature  of  the  pipe,  the  height  due 
to  the  resistance  for  the  motion  of  water  in  the  conduit  pipes 
will  be  : 
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It  is  aeen  from  this,  that  the  resistance  to  the  water  is  less^ 
the  wider  the  conduit  pipe  is.  It  is  hence  an  important  rule, 
to  employ  as  wide  pipes  and  hoses  as  possible,  for  leading  water  to 
jeU  d'eau  and  for  fire-engines. 

If  farther  we  represent  the  co-efficient  of  resistance  for  the  mouth- 
piece by  K^  we  have  then  the  height  due  to  the  resistance  for  this 

ss  (3  ^  and  the  sum  of  all  the  heights  due  to  the  resistance 

is  then: 


=  [(:  +  f.^  +  f.)|-hf3]g. 


Ifj  lastly,  the  height  of  pressure,  i.  e.  the  depth  RO,  Fig.  452,  of 
the  outer  orifice  0  below  the  surface  of  water  H  in  the  reservoir 
=  A,  the  formula 

holds  true,  and  hence  the  velocity  of  efflux  is : 
^^     V^A 


If  the  jet  were  to  spring  perpendicularly  and  in  vacuo,  the  height 
of  ascent  would  be : 


8  = 


-    ^8    - 


but  because  the  air  and  the  descending  water  offer  impediments  to 
the  ascent,  and  to  the  direction  of  the  jet,  as  is  the  case  in  fire- 
engines,  the  effective  height  of  ascent  is  somewhat  less.  Accord- 
ing to  d'AubuisBon^s  conclusions  from  the  experiments  undertaken 
upon  this  subject  by  Mariotte  and  Bossut,  the  effective  height  of 
ascent  is  ^^  =  * — ^,01  .  «*  =  «  (1 — 0,01  •  s)  metres,  or  for  our 
measure  =  «  (1  —  0,00806  s)  feet. 

We  see  from  this  that  in  great  ascents  proportionately  more 
height  is  lost  than  in  small  velocities.  Thick  jets  ascend  some- 
what higher  than  thin  ones.  In  order  to  diminish  the  resistance 
of  the  descending  water,  the  jet  must  be  directed  a  httle  inclined. 
As  to  the  height  and  amplitude  of  oblique  jets,  see  §  38. 
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JBrmmplt.  If  the  oondoH  ppe  fin  a  fountdn  be  350  feet  long,  Hd  2  inda 
diimeter,  if  t)ie  co-effident  of  lenitenee  coiretpoDdiog  to  tbe  moiitIi-i»ece  •-  .32,  if 
tlie  eotrtnce  orifice  at  the  reMrroii  be  tuffidentl^  roimded,  ud  the  bendi  that  occur 
have  intBdent  ladii  of  cnrrature  to  allow  of  tmr  uej^ectiiig  the  ooireapoodiiig 
oo-effldentt  of  ranttance,  to  what  htdght  will  a  jet  j  incb  thld^  lander  «  bead  of 
wata  of  30  feet,  ipring?  If  we  take  the  co-dBdent  {^  of  friction  ~  0,025, 
we  ihall  then  obtain  the  entire  height  doe  to  the  retistaace: 

»_a*0,m.i5»   .(|)Vo«,^.l,„.g: 

hence,  the  height  due  to  the  velodtjt-.-^  .  TT7  ^  ^"'^^  '^  andtheefl^- 
tive  befght  of  aicent  i,  =  10,41  (1  —  0,003H  .  20,41)  =  20,41  — 1,31  =  19.1  feet. 


CHAPTER    IV. 

ON    THE   BBStSTANCEB   OP  VATEE   IN 
CONTB  ACTION. 

§.  837.  Abrupt  wideninff. — Changes  in  the  traoOTene  sectioD  of 
R  tube,  or  of  any  other  reeervoir  of  efflux,  prodace  changes  in  tbe 
reloci^  of  the  water.  The  velocity  is  inversely  proportiaiial  to  the 
transverse  section  of  the  stream.  The  wider  the  vessel  is,  the 
the  less  is  the  velocity,  and  the 
narrower  the  vessel,  the  greater  the 
velodty  of  the  water  flowing  through . 
If  tbe  transverse  section  of  a  vessel 
be  suddenly  altered,  as,  br  »ample, 
in  the  tube  ACE,  Fig.  464,  there 
then  ensues  a  sudden  alteration  of  the  velocity,  and  thia  is  accom- 
panied by  a  lora  of  dm  viva,  or  connected  with  a  correspondiitg 
diminution  of  pressure.  This  loss  may  be  as  accurately  measured 
as  the  mechanical  effect  in  the  impact  of  inelastic  bodies  (§  258). 
Every  particle  of  water  which  passes  from  the  narrower  tube  BD 
into  the  wider  tube  DG,  strikes  against  the  slowly  moving  mass  trf 
water  in  this  tube,  and,  after  impulse,  joins  itself  to  and  proceeds 
onwards  with  it.  It  is  exactly  the  same  with  the  collision  of 
Solid  and  inelastic  bodies ;  these  bodies  go  on  likewise  after  impact 
with  a  common  velocity.  Since  we  have  already  found  that  the  loss 
of  mechanical  effect  by  the  impact  of  these  bodies  is 

r  -  K— **»)'       gi  G7 

^-        2ff        ■    G,  +  G^' 
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SO  we  may  here^  as  the  impinging  particle  of  water  G^  is  inde- 
finitely small  compared  with  the  impinged  mass  of  water  G^  put : 

L  =  ^-^^-5 — 2L  Q^^  and,  consequently,  the4»rreqpoi]iliDg  loss  of 

head:A  =  ^?i:;i^'. 

There  arises,  iher^/bre,  Jrom  a  sudden  dkmge  of  velocity  a  loss 
of  head,  which  is  measured  by  the  heij^  due  to  the  velocity 
corresponding  to  this  change. 

If  now  the  transverse  section  of  the  one  tube  AC,  s  F^,  and 
that  of  the  other  CE,  =  F,  the  velocity  of  the  water  in  the  first 

tube=Vp  and  that  in  the  other  =  v,  we  then  have  v^  =  "^tj  hence 

the  loss  in  head  of  water  in  the  passage  from  one  tube  to  the 

(F         \^     t^ 
-=r  —  1  )   •  Q-*  wid  the  corresponding  co-efficient 

(F  \' 

w  —  ^  )  • 

The  e3q)eriments   undertaken  by  the  author  on  this  subject 
^^  ^j5  accord  well  wiA  theory.    That  the 

tube  DG  may  be  filled  with  water, 
it  is  requisite  that  it  be  not  very 
short,  nor  much  wider  than  the  tube 
AC.  This  loss  vanidies,  when,  as 
represented  in  Fig.  455,  a  gradual 
passing  from -one  tube  into  the  other  is  accomplished  by  the 
rounding  of  the  edges. 

(F       \*  »" 

b^   utterly  lost,   we   must   rather   assume  that  the  mechanical  effect   produced 

by  it  is  expended  on  the  separation  of  the  preyious  continuity  of  the  particles  of 

trater.' 

Sxampie.  U  the  diameter  of  a  tube,  of  the  construction  in  Fig.  454,  is  as  great 

F        /  2  \' 
again  as  that  of  another  tube,  then  is  -t^  ss  ( -r- )   ^  ^»  ^^'^^  ^^®  co-effident  of 

resistance  C  =  (4—1)*  =  9,  and  the  corresponding  height  due  to  the  resistance 

on  passing  from  the  narrow  into  the  wide  tube  «  9  .  ^  •     If  the  velocity  of  the 

water  in  the  latter  tube  =  10  feet,  the  height  due  to  the  resistance  is  then 
«  9  .  0,0155  .  10*  »  14,95  feet. 

§  888.  Abrupt  contraction. — A  sudden  change  of  velocity 
also  occurs  when  water  passes  from   a  cistern   AB,    Fig.  456, 


course. 
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into  a    narrow    tube     DG,    especially 
ns.  456.  when  there     is    a    diaphragm  at     the 

place  of  entrance  CD,  whoee  orifice 
ia  leis  than  the  transverse  section  of  tbe 
tnbe  DG.  If  the  area  of  the  contractioii 
is  =  jpp  and  a  the  co-efficient  of  con- 
traction, we  have  then  the  traDSTerae 
■ection  F,  of  the  contracted  fluid  vein 
=  aFii  and  if,  on  the  oth«:  hand,  F  u 
the  transverse  section  of  the  tube  and  v  the  velocity  of  ^ux,  we 

then  find  the  velocity  at  the  contracted  section  /",;»,  =  — =-  c, 

and   hence  the   loss    of  bead   in  passing  firom   F^  into  F",   or 

from  Vj   into   w  :    A    =  ''^'^T''^    =  ( — 5 1 )  «-  j   "^  the 

corresponding  co-efficient  due  to  the  resistance :  I  =  ( — p-j  . 

Without  the  diaphragm,  we  have 
a  mere  ^rt  tube,  Fig.  467  j  hence, 

F  =  F,  and  c  =   (i  —  1)'. 

If  w«  assume  a  =  0,64,  we  then 
obtain ; 

But    the    co-efficient    due    to    the    reustance   for   the    transit 
through  an  orifice  in  a  thin  plate  is  about  0,07 ;  hence,  here, 

where  the  water  fiows  out  -  times  as  fast  as,  from  the  contracted 

a 
transverse  section,  the  corresponding  height  due  to  the  reaistanee 

=  0,07  .  (iV  .  i-  =  0,07  . 1  .  ^-»^.|1=0,171 .  f  . 

'  \a/      2g         '  a'     2g  0,41  2j  2g 

By  combining  these  two  resistances,  we  obtain  the  entire  height 
due  to  the  resistance  for  efflux  through  a  short  tube  : 

=  0,816  i^+  0,171  |l=0,4S.^^ 

whilst  we  before  found  it  =  0,50  s-- 
2g 

Experiments  on  the  efflux  of  water  through  an  additional  tube, 

with  a  narrow  inner  orifice,  as  in  Fig.  466,  have  led  the  author  to 

the  following  results.     The  co-efficient  of  resistance  for  transit 
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through  a  diaphragm^  and  for  a  contraction  at  the  wider  tube, 

— =; 1 1 ,   but  there 

must  be  put : 


for  ^» 

0,1 

0,2 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

1,0 

a 

0,616 

0,614 

0,612 

0,6100,6070,605  0,603 

0,601 

0,598 

0,596 

and  it  follows  that : 


231,7 


50,99 


19,78 


9,612 


5,256 


3,077 


1,876 


1,169 


0,734 


0,480 


From  this,-  for  example,  the  co-efficient  of  resistance  in  the 
case  where  the  narrow  transverse  section  is  half  as  great  as  that 
of  the  tube,  is  ^  =  6,266,  i.  e.  for  transit  through  this  contraction 
a  head  of  water  is  required  which  is  6^  times  as  great  as  the  height 
due  to  the  velocity. 

Evmnpk,  What  discharge  will  the  apparatus  delineated  in  Fig.  456  give,  if  the 
head  of  water  is  If  feet,  the  width  of  the  drcnlar  contraction  If,  and  that  of  the 

tube  2  inches  ?    We  have  here  ^  «  (^V  =  {ftY  =  A-0,56,  hence  a«0,606, 

and:  -  (-25 iV  «  (16  -  5,454y        /^lO^y  ^  ^ 

\  9 . 0.606        V  \      5,454      /  \  5,454  / 

we  pat  A  =  (1  +  Q— ,   we   shall   then   obtain   the   Telocity   of  cfflnx: 


now 


V  «  ^/2gh        8,03%/! ,5 


^1  +  C 


->  4,47  feet^  and  consequently  the  quantity  discharged : 


V4,74 
9  =  ^  .  4  .  12  .  4,45  »  53,4  .  ir  =  168  cubic  inches. 


Fio.  458. 


§  889.  Effect  of  imperfect  contraction* — ^In  the  case  considered 

in  the  last  paragraph,  the  water  issues 
ttfxax  a  large  cistern,  hence  the  contrac- 
tion may  be  regarded  as  perfect ;  but  if  the 
transverse  section  of  the  cistern  or  of  the 
stream  of  fluid  arriving  at  the  narrow  part 
is  not  great  with  respect  to  the  transverse 
section  Fj,  Fig.  458,  of  this  contracted  part; 
the  contraction  is  then  imperfect,  and  hence  also  the  corresponding 
co-efficient  of  resistance  is  less  than  in  the  case  above  investigated. 
If  we  retain  the  former  denominations,  we  have  then  also  here  the 
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no.  459. 


height .  due  to  the  resistanoey  or  the  head  of  water  expended  by 

must  substitute  variable  numbers,  greater  the  greater  the  ratio 

—•  between  the  transverse  section  of  the  contraction  and   tliat 

of  the  conducting  tube  AB.  If 
the  diaphragm  CD  lies  in  a  uni- 
form tube  AOy  Fig.  459,  then 
the  same  condition  holds^  only 
here  the  co-efficient  a  depends  on 

F' 
From  experiments  undertaken  by  the  author,  we  must  put  into 

— -pi 1  j  for  the  co-efficient  of  resistance. 


*-5  = 

0,1 

0,2 

0,3 

0,4 

0,5 

0,6 

0,7 

0,8 

0,9 

1,0 

a 

0,624 

0,632 

0,643 

0,659 

0,681 

0,712 

0,755 

0,813 

0,892 

UOOO 

and  it  follows : 


225,9 


47,77 


17,50 


7,801 


3,753 


1,796 


0,797 


0,290 


0,060 


0,000 


vio.  460, 


These  losses  are  diminished  when,  by  the  rounding  o£Pthe  edges, 

the  contraction  is  diminished  or 
counteracted,  and  they  may  be 
entirely  neglected,  if,  as  is  repre- 
sented in  Fig.  460,  a  gra- 
dually widening  tube  MN  is 
put  on. 

Evampk.  What  head  of  ¥rater  is  requisite  that  the  qiparatos  in  Fig.  461  may 
deliver  8  cubic  feet  of  water  per  minute  ?  If  the  width  of  the  diaphragm  F^  =s  if , 
the  width  of  the  efflux  tube  I>0  «  2  inches,  and  the  lower  width  of  the  afflux  tube 

AC^  3  inches,  we  shall  then  have -^  «  (yj    =  J,  hence  a  -  0,SS7;  finUicr, 

F        /2\« 

T  ~  \H/    "  ^*^'  "^  *''  ^'^  *^*  eo-effident  of  resistance :  - 

^=(irW-0'  =  (-W)*  =  '''"'•    "^  "^^  or  efflux  U  «o,  : 
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r  = 


19,2 


»    6,112  feet;  hence,  the  head  of  water  in 


question  isA=(l+Q—  =  4,207  .  0,0155  .  6,112«  =  2,51  feet. 

FIG.  461.  §  940.    Slides,  cocks,    valves.  —  For 

regnlatiiig  the  flow  of  water  from  pipes 
and  cifltems^  dides,  cocks^  valves,  &c., 
are  used^  by  which  contractions  are  pro- 
duced which  o£Per  obstacles  to  the  pas- 
sage of  the  water,  and  these  may  be  deter- 
mined in  a  manner  similar  to  the  loss 
estimated  in  the  last  paragraph.  But 
since  the  water  here  undergoes  further 
changes  of  direction,  divisions,  &c.,  the 
co-efficients  a  and  (  cannot  be  deter- 
mined directly,  but  special  experi- 
ments are  necessary  for  this  purpose.  Such  experiments  have 
been  also  made,^  and  their  principal  results  are  communicated  in 
the  following  tables. 

TABLB    I. 

THE   CO-SFFICIENTS   OF   BBSISTANCE  TO   THE   PASSAGE   OF   WATER 
THROUGH   SLIDING  VALVES   IN    RECTANOULAE  TUBES. 


Roles  of 
transYerse 

section  ^ 

1,0 

0,9 

0,8 

0,7 

0,6 

0,5 

0,4 

0^3 

0,2 

0,1 

Co-effi<neut 
of  resistance 

0,00 

0,09 

0,39 

0,95 

2,08 

4,02 

8,12 

17,8 

44,5 

193 

TABLE   IL 

THE  CO-EFFICIENTS  OF  RESISTANCE   TO   THE   PASSAGE   OF  WATER 
THROUGH    SLIDES    IN   CYLINDRICAL  TUBES. 


Height  of  place     «    .    . 

0 
1,000 
0,00 

i 
0,948 

0,07 

* 

* 

i 

i 

4 

i 

Ratio  of  tnmsYerse  section 

0,8560,740 

0,609 

0,466 

0,315 

0,159 

Co-efficient  of  resistance  C 

0,26 

0,81 

2,06 

5,52 

17,0 

97,8 

^  .^L^  ^%^S.^  ^\^^^ 


*  Experiments  on  the  efflux  of  water  through  valves,  slides,  &c.,  undertaken  and 
calculated  by  Julius  Wdsbach,  under  the  title  "  Untersuchungen  im  Gebiete  der 
Mechanik  und  Hydrsulik,"  &c.  Leipzig,  1842.. 
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TABLE    in. 


THE   CO-EFFICIENTS   OF   RESISTANCE    FOB  THE  PASSAGE    OP 
THBOUOH    A   COCK   IN    A    RECTANGULAR  TUBE. 


Angle  of 
pocition. 

5» 

10» 
0,849 
0,31 

15* 

2(y» 

25« 

30» 
0,520 

35« 

40» 

45* 

50» 

55« 

661 

Ratio  of 

transrene 

section. 

0,926 

0,769 
0,88 

0,687 
1,84 

0,604 

0,436 
11,2 

0352 
20,7 

0,269 

0,188 

0,110 

0 

Co-efficient 
of  resistance. 

0,05 

3,45 

6,15 

41,0 

95,3 

275 

GO 

TABLE   IV. 


THE  CO-EFFICIENTS   OF   RESISTANCE  FOR  THE  PASSAGE  OP 
THROUGH   A   COCK   IN   A   CYLINDRICAL  TUBS. 


Angle  of  position. 

5° 

10" 

15» 

20» 

25* 

30* 

35« 

Ratio  of  transverae 
section. 

0,926 

0,850 

0,772 

0,692 

0,613 

0,535 

0,458 

Co-dBcientof 

0,05 

0,29 

0,75 

1,56 

3,10 

5,47 

9,68 

Angle  of  position. 

40« 

45^ 

50* 

55*> 

60" 

65* 

82i« 

Ratio  of  transverse 
section. 

0,385 

0,315 

0,250 

0,190 

0,137 

0,091 

0 

Co-efficient  of 
resistance. 

17,3 

31,2 

52,6 

106 

206 

486 

QO 
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TABLE   V. 

THE  CO-BF7ICIENT8  OF   RESISTANCE   FOR  THE  PASSAGE  OF  WATER 
THROUGH   THROTTLE   VALVES    IN   RECTANGULAR  TUBES. 


Ajkffe  of  podtion. 

5* 

10* 

15* 

20* 

25* 

30* 

35* 

1 

Ratio  of  tmurene 
section. 

0,913 

0,826 

0,741 

0,658 

0,577 

0,500 

0,426 

Co-efficient  of 
retiBtanoe. 

0,28 

0,45 

0,77 

1,34 

2,16 

3,54 

5,72 

Angle  of 
poiition. 

40* 

45* 

50* 

55* 

60* 

65* 

70* 

90* 

Ratio  of 

transverse 

section. 

0,357 

0,293 

0,234 

0,181 

0,134 

0,094 

0,060 

0 

Co-efficient 
of  resist- 
ance. 

9,27 

15,07 

24,9 

42,7 

77,4 

158 

368 

00 

TABLE   VL 

THB  CO-EFFICIENTS  OF  RESISTANCE  FOR  THE  PASSAGE  OF  WATER 
THROUGH   THROTTLE   VALVBS   IN   CYLINDRICAL   TUBES. 


Ang^  of  position. 

5* 

• 

10* 

15* 

20» 

25* 

30* 

35* 

Ratio  of  toansverse 
section* 

0,913 

0,826 

0,741 

0,658 

0,577 

0,500 

0,426 

Co-effielentof 
resistance. 

0,24 

0,52 

0,90 

1,54 

2,51 

3,91 

6,22 

Angle  of 
position. 

40* 

45* 

50* 

55* 

60* 

65* 

70* 

90- 

Ratio  of 

transverse 

section. 

0,357 

0,293 

0,234 

0,181 

0,134 

0,094 

0,060 

0 

of  resist, 
anoe. 

10,8 

18,7 

32,6 

58,8 

118 

256 

751 

X 
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^  341.  By  means  of  the  co-efficients  derived  from  the  abore 
tables,  we  may  not  only  assigo  the  loss  of  pressure  correaponding 
to  a  certain  slide,  cock,  or  position  of  a  valve,  but  also  deduce 
what  position  is  to  be  given  to  this  apparatus  that  the  velocity  of 
efKux  or  the  resistance  may  be  of  a  certain  amount.  Such  a 
determination  is  of  course  the  more  to  be  relied  on  the  more 
the  regulating  airangements  are  like  to  those  used  in  the  ezpeh> 
ments.  The  numerical  values  given  in  the  tables  are  only  true 
for  the  case  where  the  water,  after  its  transit  through  the 
contrsctiona  produced  by  means  of  this  ^paratns,  again  fills 
this  tnbe.  That  this  full  flow  may  take  place  for  small 
contractions,  the  tube  should  have  a  considerable  length. 
The  transverse  sections  of  the  rectangular  tubes  were  6  centi- 
metres broad  and  3^  deep.  The  transverse  sections  of  the 
cylindrical  tubes  had,  however,  a  width  of  4  centimetres.  By 
the  sUde,  Fig.  463,  there  is  a  simple  contraction,  whose  trans- 
verse section  forms  in  the  one  tube  a  mere  rectangle  F^,  Fig.  463 ; 
in  the  second,  however,  a  lune,  Fi,  Fig.  464.     In  the   case  of 


cocks,  two  contractions  present  themselves,  and  also  two  changes 
of  direction ;  on  this  account  the  resistances  are  also  very 
conaiderable.  The  transverse  sections  of  the  greatest  contractions 
have  very  peculiar  figures.  The  stream  in  throttle  valvea> 
Fig.  466,  divides  itself  into  two  portions,  each  of  which  passes 
through  a  contraction.     The  transverse   sections  of  these  <»n> 


tractions  are,  in  the  throttle  valve  of  rectangular  tubes,  red- 
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angular^  and  in  cylindrical  ones  lunar^ahaped.      The  following 
examples  will  suffice  to  show  the  application  of  the  above  tables. 

i&raiiyte.— 1.  If  a  slidmg  valve  is  applied  to  a  cylindrical  oonducting  pipe 
500  feet  long  and  3  inches  wide,  and  tikis  be  drawn  up  to  i  of  its  entire  height, 
and  therefore  dose  i  of  the  pipe,  what  discharge  will  it  deliver  under  a  pressure 
of  4  feet  ?  The  oo-effident  of  resistance  X  for  entrance  into  the  pipe  may  be  put  firom 
the  above  at  0,505,  and  that  of  the  resistance  of  the  slide  firom  Table  ii.»5,52,  hence 

3(1-03  .  VT  8,03  . 2 

the  velodty  of  the  flow  v  =    — .  ^     7==xi,     .^^  a  y 

^1.505  +  6.52  +  ?.^        V7.025  +  500.4?, 

^ ^^ ,    If  ^e  p„t  the  oo-cffident  of  friction^  «  0,026,  weshaU 

^7,025  +  2000  ^ 

18  Oft 
then  obtain  v  «         *   ■       «  2,52  feet.     But   the   velodty  v  -  2,1  feet,    gives 

V  57,025 

18,06  ^  , 

more  correctly  }L  ■=  0,026 .;  hence,  more aocuntdy,  tr  «     >,  '     i"  =■  Z»35 leet, ana 

V  59,025 

the  discharge  per  second  -»  -j- .  9  .  12  .  2,35  -  63,45  .  ir  »  199  cubic  indies.^ 

2.  A  conducting  pipe,  4  inches  wide,  ddivers,  under  a  head  of  water  of  5  feet, 
10  cubic  feet  of  water  per  minute ;  what  portion  must  be  given  to  the  throttle-valve 
applied,  that  it  may  afterwards  deliver  only  8  cnbic  feet?    The  vdodty  at  th^ 

bc^nning  ^  =  g^v     *,  y  =  —  «=  lj91  feet,  and  alter  putting  on  the  valve 

A  •  191  »  1,528  feet.     The  co-effident  of  efflux  is      —.^ — ^^^U=  »  0,106, 

V2gh      8,03^5 

hence  the  co-effideai  of  lesistanoe  »  -^  —  is   i,,^.   —  is  87,9  :  the  oo- 

/»•  0,106*  ' 

effident  of  eflinx  for  the  second  case  is  =  -^ .  4),108  k  0,0848  ^  hence  the  oo-effident 
of  resistance  —    -^  Qg^gs  —  ^  **  138,0,  and  consequently  to  produce  the  co-effident  of 

redstanee  of  the  ttirotUe-valve :  C«138  —  87,9  =  58,2.    But  now,  from  Table  yi., 

the  angle  of  podtion  a  »  50",  I  »  82,6,  and  the  ang^e  of  poution  ars55«,  C  ==  58,8 ; 

15  7 
hence  we  may  be  allowed  to  assusie»  for  a  posttion  of  50<^  -f-  -^^  .  5<>  «»  53^  the 

desired  quantity  of  discharge  may  be  obtained.    If  we  condder,  farther,  for  a  change 

of  vdodty  of  1,91  feet  to  1,528  feet,  the  co-effident  of  aesistance  passes  from  0,0266 

281 
into  0,0281 ;  then,  more  correctly,  Z  »  138,0  —  87,9  .  -sgr- 138,0  — 92,9 » 45,1, 

10  9 
and,  accordingly,  the  ang^  of  podtion  s  50<>  +  -sg~  .  b^  ss  52®. 

§  842.  Valves. — ^The  knowledge  of  the  resistance  produced  by 
valves  is  of  great  importance.  Experiments  have  been  made  by 
the  author  on  this  subject.  The  conical  and  clack,  or  flap  vahes. 
Figs.  467  and  468^  are  those  which  most  frequently  are  met 
with  in  practice.  In  both^  the  water  passes  through  the  aperture 
formed  by  a  ring  RG ;  the  conical  valve  KL  has  a  guide  rod^ 
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by  which  it  is  fixed  in  guides,  and  admits  of  an  outward  poah 
only  in  the  direction  of  the  axis;  the  ckck  valve  KL  opeiia  by 


no.  467. 


no.  468. 


turning  like  a  door.  It  is  easily  seen  in  both  apparatus  that  a 
resistance  is  opposed  to  the  water,  not  only  by  the  valve  ring>  but 
also  by  the  valve  plate. 

For  the  conical  valve  with  which  the  experiments  were  under- 
taken, the  ratio  of  the  aperture  in  the  valve  ring,  to  the  trans- 
verse section  of  the  whole  tube  was  0,856,  and,  on  the  other  hand, 
the  ratio  of  the  surface  of  the  ring  for  the  opened  valve  to  the 
transverse  section  of  the  tube  0,406 ;  hence,  for  the  mean,  we 

may    put  -4  =  0,381.    Whilst  the  efflux  in  different  positions 

of  the  valve  was  observed,  it  was  found  that  the  co-efficient  of 
resistance  diminished  when  the  valve  slide  was  greater,  and  that 
this  diminution  was  almost  insignificant  when  it  exceeded  half  the 
width  of  the  aperture.  Its  amount  was  in  this  case  =  11,  there- 
fore, the  height  due  to  the  resistance  or  the  loss  of  head  of  water 

sr  11  ,  •^— ,  V  being  the  velocity  of  the  water  in  the  full  tube. 

This  number  may  be  also  used  for  determining  the  co-efficients 
of  resistance  corresponding  to  the  other  ratios  of  the  transverse 


— =; 1  )  >  we  then  obtain  for  the 

F                                          /     1  \* 

observed  case  -j^=0,881,  ^=11,  and  ll=i^„, Ij,  hence 


as=s 


0,881  (1  +  v^il)  ~  4,817  .  0,881   ""  ^'^^* 
and,  lastly,  in  general : 

F 


=(^ 


608  F, 


1)"=  ( 1,645.  ^-l)'. 


If,  for  example,  the  transverse  section  of  the  aperture  is  one  half 
that  of  the  tube;,  the  co-efficient  of  resistance  will  accordingly 
=  (1,646  .  2  — 1)«  =  2,29«  =  5,24. 
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For  the  clack,  or  trap  valve,  the  ratio  of  the  transverse  section  of 

the  aperture  to  the  tube  was  -^^  =  0,635,  but  the  fbUbWitt^.  table 

shews  in  what  degree  the  co-efficient  of  resistance  diminishes  i^th 
the  size  of  the  aperture. 

TABLE 
OP  THE   CO-EFFICIENTS   OF   RESISTANCE   FOR  TRAY  VALVES. 


Angle  of  aperture. 

150 

20« 

25« 

30» 

360 

40» 

45» 

50- 

55° 

60<» 

65«» 

70» 

Co-effideni  of  re- 
sistance. 

90 

62 

42 

30 

20 

14 

9,5 

6,6 

4,6 

3,2 

2.3 

1,7 

The  co-efficients  of  resistance  of  these  valves  may  be  calculated 
approximately  with  the  help  of  this  table,  even  when  the  ratio  of 
the  transverse  section  is  any  other.  The  same  method  must  be 
adopted  as  that  followed  for  conical  valves. 

Bsample,  A  fordng-pomp  delivers  by  eadi  descent  of  the  piston,  5  cubic  feet  of 
water  in  4  seconds,  the  width  of  the  tube  of  ascent,  in  which  lies  the  valye 
opening  upwards,  is  6  inches,  the  aperture  of  the  valve-ring  3i  inches,  and  the 
greatest  diameter  of  the  valve  4f  inches;  what  resistance  has  the  water  in  its 
passage  through  the  valve  to  overcome?    The  ratio  of  the  transverse  section  for 

the  aperture  is  f.^j  s=  (^)s  s  0,34,  and  that  of  the  annular  contraction  to  the 
transverse  section  of  the  tube  »  1  ^  (''T')  ^  ^  —  ^  ^  ^'^^'  hence  the  mean 
ratio  of  section  =  -^ — r — - —  =0,39  and  the  corresponding  co-effident  of  resistance 
°  (^0  39    —  ^y  "^  ^^  =   ^^'^*     '^^  velocity  of  the  wttter  is^ 


20 


6,37  feet,  the  height  due  to  the  vdodty  ==  0,649  ftM ; 


4.4.(i)«     ' 

4 

and,  consequently,  the  resistance  due  to  the  height  s  10,4  .  0,649  '=  6,75  feet.  T%e 
quantity  forced  up  in  one  second  wdghs  ^ .  62,6  =  77,6  lbs. ;  hence  the  meduu 
nical  effect  which  by  the  transit  of  the  water  through  the  valve  is  cottMOMttin'ttts 
time  r=r  523,8  ft  lbs. 

§  843.  Compound  vessels. — ^The  principles  aheady  laid  down  on 
the  resistance  of  water  in  its  passage  through  contractions^  find 
their  application  in  the  efflux  of  water  through  compound  vessels 
The  apparatus  AD  represented  in  Fig.  469,  is  divided  by  two  par- 
tition walls  containing  the  orifices  F|  and  F^^  and  on  this  account 
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no.  469.  forms     three    veseeU    of    commtmicatkHi. 

Were  there  no  partitioii  vaUa,  and  the 
edges,  where  one  vessel  passes  into  the 
other,  rounded  off,  we  should  then  have  at 
for   a   single    yessel   the  velocity  of  flow 

through  F:v=      ■■  — ,    A     representing 

the  depth  FH  below  the  aur&ce  of  water, 

and  I  the  co-efficient .  of  resistance  for  the 

passage  through  the  orifice  F,     Bat  since 

obstacles  are  to  be  overcome  on  paasing  through  Fj  and  F^  we 

then  have  to  put  v=  .  /-    ,.f.   ,  .- ,  and  to  substitute  for   Ci 

and  {j,  the  co-efficients  of  resistance  corresponding  to  the  oontnc- 
tions  F-^  and  F^.  If  we  represent  the  transverse  sectiooa  of  the 
vessels  CD,  BC  and  AB,  by  G,  G,  and  G„  we  may  fortlier  put 
(§  888) : 

hence  also : 


Exactly  the  same  relations  take  place  in  the  compound  apparatus 

^     ^  of  discharge  represented    in 

""'  Fig.   470,    eicept  only   that 

the  friction  of  the  water    in 

the  tube    of  conunnnication 

CE  has  perhaps  to  be  takm 

into  account.      If  /    is   the 

length,  and  d  the  width   of 

this  tube,  but  J,  the  oo-effi- 

cient  of  friction,  and  p,  the 

velocity  of  the  water  in  the  tube  of  communication,  we  then  have 

the  height  which  the  water  loses  in  passing  from  AC  to  GL  : 

or,  since  the  velocity  is  to  be  put : 


COUPOUHD   TZ88ELS. 


If  this  height  he  deducted  from  the  whole  head  of  water  h,  there 
will  remain  the  head  of  water  in  the  second  vessel  A,=A — A^  and 
hence  the  velocity  of  efflux : 

"8.  471.  This  determination  is  very  sim- 

ple with  the  apparatus  repre- 
sented in  Fig.  471,  because  the 
transverse  sections  G,  Gfi,  Gj,  of 
the  cisterns  may  be  made  iudefi- 
nitely  great  with  respect  to  the 
transverse  sections  of  the  orifices 
F,  F^,  Fy  Hence  the  first  dif- 
ference of  level  OJf,  or  hei^t  due  to  the  resistance  in  passing 
through; 

and  likewise  the  second  difference  of  level  0,  H^,  or  the  height 
due  to  the  resistance  in  passing  through 

where  ti,  a^,  a^,  represent  the  co-efBcients  of  contraction  for  the 
orifices  F,  F^  and  F^.    It  accordingly  follows  that : 

and  the  quantity  of  discharge ; 

Q^ aF  VZgh 


It  is  easy  to  perceive  that  compound  reservoirs  of  efflux  deliver 
icM  water,  nnder  otherwise  similar  circumstances,  than  simple  ones. 
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Exaa^.  If  in  tbe  ^I]MItt1u,  FSg.  470,  the  whide  head  of  wattt  or  d^th  of  tbe 
centre  of  the  orifice  F  bdov  the  nu&ce  of  wttc  of  the  fint  cbten)  i<  6  feet,  the 
orifice  8  inches  broad  ud  4  Inche*  de«p,  the  tube  eonnecting  both  rewiTcin  10  feet 
long,  12  inchea  broad,  md  6  inchei  deqt,  what  ditdurge  will  this  laemcii  give ' 

4  .  1  .  O.b                             /          S  .  10 
The  meu   width  o*  tbe  tnbe  =      ^    ^  ^'    =.  |  ft.,  hence  -j-  -  — ^ =  15; 

let  m  DOW  put  tbe  eo-effident  of    friction   {,    ^   0,025,   and    it    foUowa    Oat!- 

Zi  ■  -^  =c  0,025  .  IS  >■  0,375 1  if  the  co-efficient  of  nmatance  for  entrance  intoprii- 

matic  tubes  be  here  pnt  0,505,  we  obUin  I  +  (^ 1]  +C,^  =1  +  0,505  + OJ75 

^  0,2845,  the  co-efficient  of  reaiataiioe  for  tbe 


0,G4  .8.4 


Fi  ~        12.6 
entire  connecting  tube  =  I,8B  .  0,2845<  =  O.lfiS,  and  tke  e 
for  tbe  transit    through  F,   =   0,07,    we    then    obtain    (he  vdoaty  of  • 
8,03^6  8.03  ■/& 


:    =    17|66  faet.      The  eontrscted   i 


V  1,07  +  0,159 
0,64  . 1 .  j  =  0,32  ujDtie  feet,  hence  the  diacbaige  =  0,32  .  17,66  =  5,65  « 


§  344.  Piezometers.  —  The  loss  of  presBure  which  vrmter 
suffers  ID  conduit  pipes  from  contractionB,  fnction,  &c.,  may  be 
measured  by  columns  of  water,  which  are  sustained  in  verti- 
calty  placed  tubes,  which  when  used  for  this  purpose  are  called 
piezometers. 

via.  472.  If  V  is  the  velocity  of 

the  water  at  a  place  B, 

Fig.  472,  where  a  pie- 

lometer  is  applied,  I  the 

lei^lth,  d  the  width  of 

the  portion  o£  tube  AS, 

h  the  head  of  water  or 

the  depth  of  the  pmnt 

B  below  the  surface  of 

water ;  if,  farther,  C  is 

the  co-efficient  of  resistance  for  entrance  from  the  reservoir  into 

the  tube,  and  £,   the  co-efficient  of  friction,  we  then   have   for 

the  height  of  the  piezometer  measuring  the  pressure  at  B. 

If  the  length  of  a  portion  of  the  tube  BC  =  f„  and  its  fell  =  A|, 
we  then  have  the  height  of  the  piezometer  at  C : 


=»+*.-('+'  +  '.  3+'. 'P^' 
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and  hence  the  difference  of  these  two  heights : 

hence,  inversely,  the  height  of  the  portion  of  tube  BC,  due  to  the 
resistance: 

f  1  T  .  ^  =  Aj  +  ;?  —  z^^  the  faU  ofthepmiion  of 

tube  plus  the  difference  of  the  heights  of  the  piezometers. 

From  this  it  is  seen  that  piezometers  are  applicable  to  the 
measurement  of  the  resistance  which  the  water  has  to  overcome  in 
conduit  pipes.  If  a  particular  impediment  is  found  in  the  tubes; 
if,  for  instance,  some  small  body  is  found  fixed  there,  this  will 
immediately  be  shown  by  the  falling  of  the  piezometer,  and  the 
amount  of  the  resistance  produced,  expressed.  The  resistances 
which  are  caused  by  regulating  apparatus,  such  as  cocks,  slides, 
&c.,  may  be  likewise  expressed  by  the  height  of  the  piezometer. 
The  piezometer,  for  example,  stands  lower  at  D  than  at  C,  not 
only  in  consequence  of  the  firiction  of  the  water  in  the  portion  of 
water  CD,  but  also  in  consequence  of  the  contraction  which  the  sHde 
S  produces  in  this  tube.  If  for  a  perfectly  opened  sUde  the  diffe- 
rence NO  of  the  height  of  the  piezometer  =  A^,  and  for  the  slide 
partly  closed  =  h^  the  new  difference  or  depression  h^^mh^  gives 
the  height  due  to  the  resistance  which  corresponds  to  the  passage 
of  the  water  through  the  slide.  Lastly,  the  velocity  of  efflux  may 
be  also  estimated  by  the  height  of  the  piezometer.  If  the  height 
of  the  piezometer  PQ=:z,  the  length  of  the  last  portion  of  tube 
DE^l,  and  its  width  =  rf,  we  then  have : 


l.t-.  and  hence«=    1    /2£f_  .    /^    ^9^ 


2r=^i  T  .  5-,  and  hence  r= 


^ ^ 


I 


1 


E»miqfle,  If  the  height  of  the  ptemmeter  PQ  =  «,  Fig.  471,  i  foot,  and  the  length 
of  the  tohe  DBf  meMured  from  the  piezometer  to  the  discharging  orifice,  ss  150  feet^ 
the  width  of  the  tahe  34  inches,  the  velodty  of  efflux  then  follows : 

•  =  8,03 .  ^_M-«  .-^^  =  8,03  .  0,4416  «  1,939  feet,  and  the  dis- 
charge  Q  =  -j-  •  (-^^  •  1.91  ^  0,146  cdbic  feet. 
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ON   THB   IFFLVX   Ot    WATtR  DNDIB    VAUABU    7BXSBDBB. 

4  846.  Priimatic  ve$§el*. — If  a  eutem  from  ^riiich  water  flows 
throt^li  an  orifice  at  the  dde  or  bottom,  has  no  inflox  to  it  from 
any  other  aide,  a  gradual  sinldng  of  the  nir&ce  of  water  will  talce 
place,  and  the  cistern  at  last  empty  itself.  If  further,  the  quan- 
tity of  inflnx  Q,  be  greater  or  less  than  the  quantity  of  efflux 
ft  F  V-igh,  th«  Bor&ce  of  wider  wiU  then  rise  or  fall  natO  the 

head   of  water  h=-^  I — =,) ,  and  after  this  the  head  of  water 


''=^(;S')'' 


and  the  Telocity  of  efflux  will  remain  unaltered.  Our  problem 
then,  is  to  find  how  the  time,  the  rise  and  fall  of  the  water,  and 
the  emp^png  of  vessels  of  giren  form  and  dimensions,  de^>aid 
on  each  other. 

The  efflox  from  a  prismatie  vessd  presents  the  most  simple  case 
when  it  takes  place  through  an  openii^  in  the  bottom,  and  when 
there  is  no  efflux  from  above  or  below,  K  «  is  the  variable  head 
of  water  FOi,  F  the  area  of  ttie  orifice,  and  G  the  transverse  sec- 
tion of  the  vessel  AC,  Fig.  4ffS,  we  hare  dien  the  theoretical 
Fis.  473.  velocity   of  efflux  v  =   ^2ffx,  the  the(H«tica] 

velocity   of  the  fiilling   sor&ce  of  the  water 

F       F      

"S'^G  ^"^S^*  "^  *^*  effective  velocity 

^F      

Vi  ^  —Q-  •/%  g*.    At  the  commenoement : 

x^FG^h,  and  at  the  end  of  the  efflux  jr=0, 
therefore,  the  imtial  velocity  iar 

oF     

c=  Q   '/%gTi,  and  the  final  velocity  Ci=0.     It  is  seen  from  the 


uniformly  retarded, and  themeasureoftheretardationp=(-^)  g, 

hence  we  also  know  (§  14),  that  this  velocity  =  0,  and  the  dis- 
charge ceases,  when 
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We  may  also  put : 

aildj  according  to  this^  aaramethat  double  the  time  is  required  for 
the  efflux  of  the  discharge  6h  through  the  orifice  at  the  bottom 
F,  under  a  head  of  water  decreasing  from  A  to  0,  than  imder  a 
uniform  pressure. 

As  the  co-efficient  of  efflux  /i  is  not  quite  constant^  but  is  greater 
for  a  diminution  of  pressure,  we  must,  therefore,  in  calculations 
of  this  kind,  substitute  a  mean  value  of  this  co-efficient. 

S»an^,  In  what  time  will  a  rectang;ii]ar  astern^  of  14  square  feet  section,  empty 
itself  through  a  round  orifice  at  the  bottom,  of  2  inches  width,  if  the  original  head 
of  water  amount  to  4  feet?     The  time  of  eiBux  would  be  theoretically: 

/=      2.14^-4      ^2.14    144.2^      8^ 318'^  3  «  6  min.  3  sec. 

8,03  .  JL  (^)«  ^'"^  •  ^  ®'"^  •  ^ 

At  the  end  of  half  the  time  of  efflux,  the  head  of  water  wiU  be  »  (gf.k^i.4^ltu 
Now  the  co-efficient  of  efflux,  which  corresponds  to  the  head  of  water  =  1  foot 

is  0,613,   hence  the  effective  time  of  discharge  will  be  =  ^i^*[f  =  &19''  2 

0,0  lo 

83  8  minutes,  39  seconds  : 

§  846.  Vesseb  of  eommunieaium. — Since  for  an  initial  head  of 
water  lu,  the  time  of  efflux  t^^zAlUl^^  and  for  an  initial  head 

of  water  lu  this  time  /«=  — = %.,  it  then  follows  by  subtrac- 

tion,  that  the  time  within  which  the  head  of  water  passes  from 
A|  to  A31  and  the  surface  of  water  sinks  A^ — h^  is : 

2  6 
t  =  — -= — -=-  ( V^ —  \^h^9  or  for  the  foot  measure : 

/=  0,248  ^(V^-V^. 

Inversely,  the  depression  of  the  surface  corresponding  to  a  given 
time  of  efflux  is  s==hi — A^  and  is  given  by  the  formtda: 


*,=(^Ti;_  fU^'/Y,  or, 
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The  same  formulte  are  further  applicable,  when  a  vessel   CD, 

Fig.  474,  is  filled  by  another  AB  in  which  the  water  maintaina  a 

uniform  height.     If  the  transverse  section  of  the  tube  of  conunn- 

ris.  474.  nication,  or  of  the  orifice  =  F",  the 

tranarerse  section  of  the  vessel  to  be 

filled  =  G,    and  the   original   level 

G  6j  of  the  two  surfaces  of  water 

=  h,  we  have  then,  since  here  the 

surface  of  water  Gj  in  the  second 

TCBsel   is   uniformly    retarded,     the 

time  of  filling  likewise,  or  the  time 

within  which  the  second  suiisce  at 

water  comes  to  the  level  HR  of  the  first : 

and  likewise  the  time  in  which  the  hei^t  of  level  h^  passes  into 
A3,  and,  therefore,  the  stir&ce  of  water  ascends  to : 
GG,  =  »  =  A,  —  Aj. 

%G       ,   ,-       .-, 


,F. 

Vig 

[vn^—vr, 

ijy 

&««^l 

,  How  much  niU  the  nuftce  of  water  ii 

ithcTeudoftlielNti 

tinkintwominirtea? 

»,-4,, 

1  .  2  .  60  .  120,  ^ 

~  "u 

tW"'" 

mme,  further, 

*•  - 

0.605,  H 

fWtom 

then  *,  - 

(yi.. 

-  ,.  .   VlJ. 

=(>_«- 

.8,03 

.14  . 

■^n 

'-{'- 

0,605  .  8,03 

■^y 

'-  2.390 feet. 

2,39  -  1,61  teet. 

2.  Vhat  time  doea  the  water  fa  the  18  indb 
wide  tube  CD,  Tig.  475,  leqnire  to  nm  orcr  if  it 
commniucate*  with  •  veHel  JB  by  ■  abort  H  iad 
wide  tube,  and  the  riting  aoiface  of  water  O 
ttaudi,  at  the  beginning,  6  Uet  belmr  the  oni- 
fbim  lorftce  of  water  A,  and  4j  feet  bdow  the 
head  C  of  the  tnbe  ?    It  ii : 

-'-"-■■>4-(^)' 

1  bllowa  ttal: 


*  -  - 


81  . 8,0: 


°  -  54,36  Mc 
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If  the  first  vessd  AB,  Fig.  476,  from  which  the  water  nms  into 
no.  470-  the  other,  has  no  influx,  and  its  sec- 

tion  G,  ^Bo  not  to  be  conEddered  as 
indefinitely  great  compared  with  the 
section   G  of  the   subseqQent    vessel 
CD,  we  have  then  to  modify  the  con- 
dition.    If  the  variable  distance  G^O^ 
of  the  first  snr&ce  of  water  &om  the 
level  HR  at  which  both  sorfaces  stand 
at  the  end  of  the  efflm  =  tt,  and  the 
distance  GO  of  the  second  sorface  of  water  from  this  same  plane 
=y,  we  have  then  the  variable  head  of  water  =  x+y,  and  the 
Gorreaponding  velocity  of   efflnx:  r  =   ^/Zg   {x  +  y),   and  the 
quantity  of  water : 


G,*  =  Gy,  v=^%s  ( 1  +^)  ?• 


The  velocity  with  which  the  sur&ce  of  water  in  the  second  vessel 
ascends  is  now : 

consequently  the  retardation :        i        ^  >^ 

and  the  time  of  efflux : 

(■pV^C  +  I) 
Let  ns  substitute  for  x  and  y,  the  initial  height  of  level  A,  and 
therefore  pot : 

,+  f  =  4,  0,(1+1-)!,=  *, 
and  we  then  obtain : 

y  = Q ,  and  the  time  in  which  the  two  surfaces  of 

^  +^ 
water  come  to  a  level : 


NOVCHKB   IN   A   8IDB. 
2G  »/*" 


2  GG,  vV 

G^    ,;r-     ,./i-(G+G,)  v% 


The  time  within  which  the  level  fiiUs  from  A  to  A^  is,  on  the 
other  hand :  s  ^    ■    "  ■ 

AwMpb.  If  the  MctioD  of  B  diUm  ftiMn  wUch  nter  dowi  ii  10  (qnare  fcH, 
•ud  the  MCtioD  tf  of  the  redpient  ditem  1  iqDire  feet ;  if,  furUia',  Ute  inithJ 
lerel  A  of  the  two  nirfacei  unoimti  to  3  feet,  ud  the  cjlindrictl  tube  of  caaunnni- 
ntion  ii  1  inch  wide,  Umu  the  tine  In  which  the  w«ter  oome*  in  both  veMcl*  to  Ike 
nmelerelU: 


2  .  10  .  4  ■   */S 


320  .  72  .   ^3 


§  848.  Notches  in  a  side. — If  water  flows  throng^  the  notd 
^^  ^JJ  or    cut    DE   of    a    pmmatic    as- 

tern ABC,  Fig.  477,  to  which  there 
is  no  infloz,  the  time  of  efflux  may 
then  be  estimated  in  the  following 
manner.  Let  as  represent  the  truu- 
verae  section  of  the  cistern  by  G,  the 
breadth  BF  of  the  notch  hj  b,  and 
the  depth  DB  by  A,  and  divide  the 
whole  aperture  of  efflux  by  horizontal 
lines   into   small   slices,   each  of  the 

breadth  b  and  depth  — .     At  a  constant  pressure  the  dischai^  per 

second  will  be,  Q  =  J  ^  &  •</%gH^,  if  we  divide  this  into  the  »ta 

of  a  stratnm  of  water,  we  shall  then  obtain  the  time  of 


,   which  we  may  write : 


2/i»A  •/  ^g 

Now,  to  obtain  the  time  of  efflux  /  for  a  quantity  of  water 
G  (A  —  A,),  fa  to  determine  the  time  in  which  the  head  tA  -wwiat 

above  the  line  DB  =  A  sinlu  to  i>£,  =  Ai,  let  us  make  A,  =-r-  K 
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and  therefore  h^  to  consist  of  m  parts^  and  let  us  now  substitate 
for  h        ,  successively : 


li 


CV-'  .      -  <-//  .    "  A,^  .*  *    ' 


/\  il^. 


8,08  ^  ^  '  8,03  /»  /t 
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t  = 


26  ••* 


f^^(^+wy^ff 


2G6i  V'A 

,iF{6+G,)  V%g 


le 
u 


\  < 


c 


^\ 


I  A 
\   * 

t         4 


Y 


,»♦' 


i-    V//*- 


\    ) 


'/. 


14.   ^    ^ 


TT^  ^    "« 


A';  '^t. 


c     _ 


:./- 


It      /         ^ 


bret 
seco 

n 
efflu: 


2/in 

N( 
G(A 


abovetiieUneI>E=A«iik»to2)A==*pletuaniBke*,  =:^)k, 
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and  therefore  A^  to  consist  of  m  parts^  and  let  us  now  substitate 
for  h        ,  successively : 

(?')"*- ("-ji»r'.(=f'») 

and  finally  add  the  results  obtained.    In  this  manner  we  shall 


-*    ,„.,       V-*    ,_.o      .-*  .„^y-l 


"Kt) 


obtain  the  time  required : 


'"'m)  ^(=^»)  --©1 


2fjtnb  V2 


SGh  A      * 


—  (l~*+2~*+8~*+...m~*)"], 
or,  firom  the  "Ingenieor/'  Arithmetic,  §  28 : 


.  2  («»     *— «    *) 


2  /«  *  4/27A 

/«  4  ^2^  LVn"/       ""    J 


86 


^_8^r/m\     '__.-n=_86^/_l 1^\ 

,i*v^2^L\n   /  J    ^V%g\'/\       V  h)' 

Let  h,  —  0,  we  have  then     ^ — ,  and  therefore  also  t=:  aa; 

an  indefinite  time,  therefore,  is  required  for  the  water  to  ran  down 
to  the  sill. 

Emm^U.  If  the  water  ftnn  thnmgh  •  notdi  in  •  dde,  of  8  inches  in  hreadth, 
ftrom  a  reaerroir  110  feet  long  and  40  feet  iHoad,  what  time  will  it  require  to 
pais  from  a  head  of  water  of  15  inches  to  one  of  6  inches  i 

.  _  3  .  110  .  40  /     1  1     \  _      19800    /    —  — \ 

~  /»  .  * .  8,03    V^-OJT        V-Tm/  ~    /»  •  8.03   V    *  ~  "^  */ 
19800  .,.,.,  _  «  g^v  _  19800  .  0,5198        1281 
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If  we  Hmme  tb«  co-effieient  fi  =  0,60,  the  cAbetnc  time  of  tflnx  wiD   be 
,  =  }^  „  2135  MC.  =  33  min.  58  MC. 

Bemwi.  Vie  may  pat  iia  b  lecUngnlar  UMnl  openliig,  wpim^aDMGrtiT  ■■ 

' - 7^717 [ (•'*^  - ''^)  -  w (•'■v=' -  ^-5=") ]. 

nai  F  iM  0  repi«*ent  the  tmuvene  lectkni*  of  the  i^ieiiiiiK  ind  of  the  Tcnel, 
■  tli«  dopth  of  the  opening.  A,  the  bettd  of  water  mt  the  MmioetKement,  A,  thil  at 
the  end  <rf  the  efflnx.  If  Jt,  =  =.  the  opening  beoomei  a  notch,  and  we  mnat  thea 
appl^  the  proper  formula. 

&  349.  Wedge  wad  pyramidat-thaped  veaaeU. — If  the  cistern  of 
„g  ^^8  dischai^  ABF,  Pig.  478,  forma  a  fawi- 

tontal   triangular    prism,    the  time  of 

efflux  may  be  fotmd  in  the    following 

manner.      Let    ns   divide  the     hed^t 

CE  =  k  into  »  equal  parts,  and  carry 

horizoutal  planes  through  the  points  of 

division,  let   us    then    decompose    the 

I  whole  quantity  of  water  into  equally 

thick  strata  of  equal  length  AD  =  I,  and  of  breadths  ^^imi^l^^■>ling 

downwards.    If  the  br^th  of  the  upper  stratum  BD  =  6,  we 

have  then  the  breadth  of  another  stratum  D^B^,  which  stands 

about  C£,  =  X  above  the  orifice  F,  lying  at  the  lower   edge, 

ft,  =  T  ij  «nd  its  volume  =  L  I .-  =  .     But  now  the  dis- 

charge  referred  to  a  unit   of  time  is :  Q  =  ftF  v'S  ff  x,  hence 

then  the  small  time  in  which  the  sur&ce  of  water  sinks  about  - 

= =  .  X  .      Finally,  since  the 

nt^F  ■</%g 

8omof8U»*firom*  =  -to;r=— =f-V  .  ^  =  §«A*,   we 

have  the  time  fen*  the  discharge  of  the  entire  prism  of  water: 


V 

=  f  • 


.  '  / 


ci 


•> 


^-  ^ ' 


6/<; 


/         f 


/ 

'i 


I 


^   ,  2 


•  V 


'    V 


V  "^ 


v_ 
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('■  ^ 


^'r'  ' 


I  .  ^ 


/'^  .' 
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»^ 
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.  /i  ir 


J^ 


hT 


A     V" 

'6     J^^Fc 


^ji 
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f'    ^ 


I* 
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/'  ■      *■■ 
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-^   .V^^''^''^'-^^'^^^.^  ^   ^^' "' 
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/'  ,/^» ;   //  ,//  /  A/ 
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FIG.  479. 


c  the  initial  velocity  of  efflux.  Here 
the  water,  therefore  requires  ^  more 
time  than  if  the  velocity  of  efflux  c 
were  uniform. 

If  the  vessel  ABF,  Fig.  479,  forms 
an    erect   paraboloid,   we    then    have 


™   for  the  ratio  of  the    radii  KM=^  y 


and  CD  =  i  :  ^  =  — === ,  and  hence  the  ratio  of  the  principal 

sections  Ty^  =  "^  =  ti  consequently  ^i  =  "t    ^^^  ^^^    ^^* 

h    Gx 
tentsof  a  stratum  of  water  =  6,  . -= —  •    The  perfect  accord- 

ance  of  this  expression  with  that  found  for  the  triangular  prism 

admits  of  our  here  putting  /  ==  ■}. .  — *  . ,  or,  as  F  =  ^  6  A 

fiFv2ffh 

(§118),alB0<  =  l.^. 

The  formula  may  be  used  in  many  other  cases  for  the  approxi- 
mative determination  of  the  time  of  effiiix,  especially  for  that  of 
the  emptying  of  reservoirs.  It  is  espedaUy  true  in  aU  cases 
where  the  horizontal  sections  increase  as  the  distances  from  the 
bottom. 

If,  lastly,  a  vessel  ABF  be  prismatic.  Fig.  480,  then  6^  :  O 

=  «* :  A*,  and  hence  Ci^-Tr*  Norther  the  contents  of  the  stratum 


Fio.  480. 


i^i  Ri  :  — ^  =  — r-,  and  the  time  for  its 
n         fi/i 

discharge: 

6«» 


a  3. 


3 

But  as  the  sum  of  all  the  x^  taken  from  x 


A.  nh     ,A.|.    n* 

=-  to«= — =f-V  •  — 

II  n      \nj       ^ 


n^y. 


it  follows  that  the  time  for  the  emptying  of  the  whole  pyramid  is : 
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G 


Gh 


k 


t  =  ■ =-7—7—=?  •  •!■  »  KrzsiX  .  — = — 7= 


^=*. 


i  Gh 


f^F^2gh' 


or  i  Gh  put  =  r/=^  .  -~f^. 

As  in  this  efflux  the  initial  velocity  of  flow  decreases  gradually 
from  e  to  zero^  the  time  of  efflux  is  then  -^  greater  than  if  the 
velocity  c  remained  uniform. 

Exan^le.  In  what  time  will  a  pond,  whose  smfiioe  has  an  area  of  765000  aqone 
feet,  empty  itself,  if  there  be  a  conduit  15  feet  below  the  snrfiioe,  and  at  the  deepest 
place,  which  fonns  a  channel  15  inches  wide  and  50  feet  long  ?    Theoreticanjr,  the 

time  of  efflux  is/ =  4 ^=  =*.*.  765000.15 


F^2gh 


1^(4-)'  •  8' 


0SVT5 


19584000 


U:  r=;  197762  SCO. 


IT  .  8,03  a/15 

But  now  the  oo-effident  of  resistance  for  entrance  into  the  <*haiii^»i,  indiiied 

about  45«,  is,  I  »  0,505  +  0,327  (m«  §  323)  =  0,832,  and  the  resistanoe  of  ttte 

/        »•       /v/v«,     50      ©•         ^ 
conduitdue  to  friction  =  0,025  t  •  ^  »»  0,025  .  -^  .  --  ».  ;r-  ;    heaoe,     the 

complete  co-efficient  of  efflux  for  the  channel  is : 

u  B     ,  =s     , — I —  ss  0,594,  and  the  time  of  efflux  denuDsded: 

^       ^1  +  0,832  +1         ^  2,832 

t  s  197762  :  0,594  =  33029,3  ==  91  hours,  45  minutes,  52  seconds. 


§  850.  Spherical  and  obeUsk-shaped  ves$eb. — ^By  means  of 
the  formula  of  the  last  paragraph^  we  may  now  find  the  tones 
of  efflux  for  many  other  vessels,  such  as  spherical,  pontoon-shaped, 
pyramidal,  &;c.  For  the  emptying  of  a  spherical  segment  AB^ 
Kg.  481,  we  obtain : 


fj^FV2^       ^'l^FVigh 


FIG. 

481. 

HI 

Hi 

M^^^^B 

UH: i^ 

^ — 3^B 

M"'"^ 

^^"H 

^^^^H^^^ 

■1 

=  tV' 


(lOr— 8A)A* 


liF^/ig 

therefore,  for  the  emptying  of  a  full  sphere, 
where  A  =  2  r. 


/  = 


16irr»i/2r 


h-ty  t  = 


15  /i  F  4/2ff' 
and  for  l^at  of  half  a  sphere  where : 

14ir  r*  ^r 


15/iiF  v^ 
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Here  the  liorizontal  stratom  HiRi  corret^nding  to  the  depth 
FG.=x=  Gi=wx(2r-'x)  .  *=^1!1*5  —  1*^,  therefore: 
2»rA        1         wh 


4  '*  * 


n^F*/%3  nftF'/2if" 

as  the  first  part  of  this  expresBioii  agrees  with  the  formula  toe  the 
emptying  of  a  prismatic,  and  the  second  part  for  the  emptying 
of  a  pyramidal  vessel,  if  we  put  first  3  ir  r  A  in  place  cHf  bl, 
and  secondly  w  h*  in.  place  of  G,  we  shall  obtain  1^  means  of 
the  difference  of  the  times  of  emptying  of  «  prismatic  and  pyra- 
midal vessel,  found  in  the  former  paragraph : 

1^9  . ,        ,  and  (^4-  • ^^. 

no.  482.  ^6  time  also  of  the  emptying  of  a 

I  spherical  segmenti 

The  above  formula  may  be  likewise 
applied  to  the  case  of  an  obelislc  or 
I  pontoon.8hapedve8eel^C!Z}pFig.482, 
since  this  is  composed  of  a  parallele- 
piped,  two   prisms,  and  a  pyramid. 
Let  b  be  the  breadth  at  top  AD,  and 
bl  the  breadth  A^  2>,  at  bottom,  I  the 
length  at  top  AB,  and  ^  the  length 
at  bottom  AlB^,  and    lastly,   A   the 
height  of  the  vessel,    we  have  then  for  the  area  of  the  surface 
AC:  bl  =  b^l^  +  bi  [I  -  /i)  +^  {b—b{i  +  {l—li)  (4— fti),  which  of 
A,/i  belongs  to  the  paraUelepiped.4|Ci£G,  *,  (i— /,)  +/i  (b—bi) 
to  the  two  prisms  CFB^Ci,  and  AFB^A^  and  (/ — /[)  {b  —  bi) 
to  the  pyramid  BFBj.      Bat  now  the  time   of  efflux  for  the 

parallelepiped,  whose  base  is  i,/, ;  ii = — ^    ■=  i  further,  that  fiw 

fi  F  vZff 
the  two  triangular  prisms 

and,  lastly,  for  the  pyramid ; 

,-,{i-k)(.i-i;)^. 

hence  the  time  of  diacharge  for  the  whole  vessel  is : 
(  =  <,  +  (,  +  /, 

80 
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=  [80V,  +  10A,{/-^  +  10/,(6-4.)+6(/-/,)(A-ft,)]j^-^^ 

If  j^=-?,  we  have  tlien  a  tmncated  pyramid  to  consider-  Let 
the  one  base  M=  G  and  the  other  A|Ii=  61,  we  then  obtain : 

It  would  be  easy  to  show  that  this  formula  holds  true  also  for 
every  trilateral  or  multilateral  pyramid. 

Bran^le,  An  obeliak -ahaped  mia-tu\.  is  5  feet  long,  tnd  3  feet  bn«d  it  top,  and 
at  the  depth  of  4  feet,  tbat  ii,  at  the  level  of  a  short  horizontal  ^charge-tube,  1  in^ 
in  width  and  3  inchea  in  length,  it  ia  4  feet  long  and  2  feet  broad,  what  time  win  be 
required  for  the  water  in  the  full  caik  to  nnk  2}  feet  ?  The  time  tot  Mnp^pag  h, 
Ii  being  taken  —  0,B1S : 

<-  [8.4.2  +  3.5.3  +  2(3.4  +  5.2)}-  2^4 


IS  .  «^1!> 


T-i-^y 


■"••■•■"'-•■''■■».""..»,, -■«'^"--«»- 


IS  .  0,815  .  8,03  .  w.        ""'  ■   12,228   .  8,0: 
Aitbe  level  4  —  2i-=:li  feet  above  the  tube  {T^+i-Hu^d  »->i+«-S*fwt, 
hence  the  time  for  emptying  if  the  Teasel  be  flUed  onl;  iq>  to  tUt  tevd,  ii  ■ 

..-  [..4.2  .  s.v  .  V  ^  .(^.  V  >  ..  V)].    „  "^,^X^  , 

o  131,672  .  4,5749  -  602,38  tea.  The  dUference  of  tbe  tinua  femtd  grrca  the 
time  in  which  the  lorfacc  of  water  originally  at  tbe  top  of  the  Tend  ainkt 
2ifeet. 

§  351.  Irreffiilar  vessel/. — When  we  have  to  find  the  time  <rf 
eflSux  for  an  irregularly  formed  vessel  HFR,  Fig.  488j  we  must 


apply  Simpson's  rule  as  a  method  of  approximation.  If  we  divide 
the  whole  mass  of  water  into  four  equally  thick  strata,  and  the 
heads  of  water  G^  Oy,  G^  G^  G^,. corresponding  to  the  horiioatal 
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slices,  represented  by  A^^  A^  A^,  Aj^  A4,  the  time  of  efflux  will  be 
given  by  Simpson's  rule. 

In  asBuming  six  strata : 
.        Ap-Ae     /Go      46^    2^     4«^    2(^    i^^^^Y 

ISfiJ' V^2^V  V'lo"*" -^  Ai"*" '^  A2"*' '^Aa'^ -^^4"*"  ^^5     V'^a/ 
The  discharge  in  the  first  case  is : 

Qzs  *CI*i- (Gp+4  61+2  62+4  63  + G4),  in  the  second: 

Q=^^(eo+4Gi+2  024.4G3+2G4  +  4G5+6e). 

When  the  form  and  dimensions  of  the  vessel  of  efflux  are  not 
known,  we  may  then  very  well  calculate  the  discharge  by  the  heads 
of  water  noted  in  equal  intervals  of  time.  Let  t  be  one  such  inter- 
val, we  have  then  for  apertures  at  the  bottom  and  sides : 

and  for  divisions  or  notches  in  a  side. 

Q=z:^fibt  i/2^(v'Fo+4  VA»i  +  2  V'^-f4>v/AVf  V'^)- 

Example.  In  what  time  wffl  the  snzfaoe  of  water  in  a  pond  sink  6  feet,  if  the 
duice  fonns  a  half  cylinder,  18  inches  wide,  9  inches  deep,  and  60  feet  long,  and  the 
siuriaGes  of  water  have  the  following  areas  ? 

G^ut  20  feet  head  of  water,  »  600000  square  feet 

Ov  o  18,6  „  „  «  495000        „ 

0»  »  17,0  „  „  «  410000        „ 

Gg,  „  15,5  „       .     „  «  325000        „ 

O4,  „  14,0  „  „  -  265000        „ 

X  9fr 

^«  -g-  '  (t)^  a  -^  «  0,8836  square  feet.    Let  the  co-efficient  of  resistance 

for  the  entrance  ->  0,832,  and  that  for  the  friction : 

«  0,025  .  L  «  0,025  .  60  .  1»091  »  1,6356,  then  is  the  co-effideat  of  efflux 


0,537, 


^       a/  1  +  0,832  -h   1,6365         ^/  3,4685 

and  /i  iP  ^/Tg  «  0,537  .  0,8836  .  8,03  «  3,8091.    Now 

%-^.^.  134170.  ^  -  1^  -  115090. 
V^  a/20  '    ^*i         a/18,5 

(?,  410000  ^^^^       flf.  325000       ^^^^^ 

-^  «  — F=--    -    99440,    —1=  ««      , «  82550, 

VA,         V17  VA3         V15,5 

— ==  «»  — =-  «  70830 ;  hence,  then,  the  time  of  efflux  follovrs  : 

^/h^  a/ 14 

30* 
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1194440 
—  ■  -i»,Qo    "  157718  MC.  »  43  hours,  28  mm.  3  lec 

The  diichaive  if : 

Q  «  ^  (600000  +  4  .  495000   +   2   .  410000    +   4  .  325000    +    265000) 

»  i!!|222  ^  2482500  cuhic  feet. 

§  852.  Influx  and  efflux. — ^If  tlie  vessel  during  the  efflax  fitim 
bdow  has  an  influx  to  it  from  above,  the  determination  of  the 
time  in  which  the  snrfisM^  of  water  rises  or  falls  a  certain  hdgfat 
becomes  more  complicated,  so  that  we  must  be  satisfied  generally 
with  but  an  approximate  determination.  If  the  rlisohuFgn  per  second 

Qi  is>/A  jP  \/2ffh,  then  there  is  a  rise^  and  if  Qi</i  F  ^2ghj 
a  fall  of  the  sorfiice.  Moreover^  a  state  of  permanency  oocarv 
every  time  that  the  head  of  water  is  increased  or  decreased  k^ 

is:  —  (-^  )  •    The  time  r,  in  which  the  variable  head  of  water 

X  increases  by  the  small  amount    (,  is  given  by  the  equaticm 

.Gi  {=Qi  T  —  ii  F  V2gx.r, 
andj  on  the  other  handj  the  time  in  which  it  sinks  the  heightl^  by 

Gy^l-liFi/igx  .T—Q^  T. 

G  It 

Henoe  we  have  in  the  first  case  r=-- j.  ,       ,    and    in    the 

Q^—liFVigx 

G  £ 

second  r  =     y,    ,-L, --.    By  the  application   of   Simpson's 

I^F^2gx—Q^  . 

rule  we  then  obtain  the  time  of  efflux^  during  which  the  lowering 
surface  passes  from  6^  to  G^j  G^. ..,  and  the  head  of  water  from 
h^  to  h^,  ^  •  •  • 


'-    12  L 


-I         Ig'         I         ^^*        1 

Q  _ 

or,  more  simpiT,  if  we  represent         '     W  y'A, 


12  M  F  V'2  flL  v'Ao—  v'i       VAi—  Vk       V^—  Vk 


H — == — i-^+- 


*4— V«J 


>3  3S.Z     ^Vt  -  a.aif-  -  cid6 

'/   '  «  -^      '    ~-   "       ^  - 


■  , ,    '     */ 


<  „i-_.'         ;?,t -^^^'^'  "- ^ /  y/t 


1 


S^^/rJ../^  /c-^  f-/.^^^; 


ti 
b 

C 
a 
e' 

k 

vx 

B 

sc 
n 

SI 


^^'^^  _  --^i'^  /ty.^'A^-:;'."::*;^ 


01 


7/4 /^/U:  :t^_ 


/  // 


_r/ 


£^y      /^r 


---^ and   tc^i^  A tt  t,^ ^. 


(. 


*  ^i  /*  < 


/ 


-/^ 


-  —  k 


/ 


kcuci    /A^lnSi    l/>c./.s  f-J'^^i      nt     '^f-    t-n 


for     t      yir/ci<ri    U    //zffK-l 


)  ?       .  /  L  /.' 


(jT^_-Xll/l^^iSJ--r 


I 


^/ 


X 


'   ^    ^-     '    'V^--  ^. 


/ 


/  .  .'(/ir/fA^A.^ 


.■-  /    ■  /^A'^'  " 


«    ^/ 
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If  the  vessel  is  prismatic,  and  has  a  uniform  transverse  section  G, 
we  then  have : 

tHe  time  in  whidi  the  head  of   water  passes  firom  A  to  A^. 
Since  for: 

'^='' Th^z:;^ — 0— =*' 

it  follows  that  the  condition  of  permanency  takes  place  indefinitely 
late. 

The  following  formula  is  the  result  of  investigation  for  a  wier  or 
notch  in  a  side. 

_  (V^A— VA,)  V12* \"| 

+  4/12  .  arc.  {tan9.=  8*+(2./A+ VA)(2  A+ V*)/  "*  ' 

where*  =  ( ^' . y,  hyp.  log.  represents    the  hyperbolic 

logarithm,  and  arc.  {tang.  =s  y)  the  arc  whose  tangent  =  y* 
According  as  il  is       h,  and  the    inflowing  quantity    of   water  : 


^1  ^  I  /^  ^  V^^A*,  there  is  a  rise  or  £blQ  of  the  fluid  sur£eu^ 

The  condition  of  permanency  occurs,  when  A^  ==  A:,  and  the  time 
corresponding  becomes  oo . 

Sxan^k.  In  'what  time  wQl  the  "water  in  a  12  feet  long  and  6  feet  broad 
rectangular  tank  rise  from  0  to  2  feet  abore  the  edge  of  a  notch  §  foot  broad, 
if  6  cubic  feet  of  water  flows  in  per  second  ?  We  ha^e  here  A  »  0 ;  hence, 
more  simply : 

Now  G  »  12  .  6  »  72,   Qi  ->  5,  Aj  »  2,  6  =  f  and  /i  =  0,6, 

,     72. 2,1321  r  jL^  ,^  4,1544+  V4,3088       ,--        ,^  v^6  W 

* 3T5-  L  ^' ^'  (l,4142-l,4678)^-^^^'^^(^^-"l,4142.K2^9357;J 

[6,2302  V  6       \n 

*»•  *V-    0,002873   -    ^  12  •  ^'^  ('«V-    =         4,3499      jj 
»   10,234  (7,682  —  1,778)  »  10,234  .  5,90  »  61,38  sec. 
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§  8&S.  Locks, — ^A  ftsrj    osefnl    application   of    the  doetrmes 

hitherto  treated  of  may  be  made  to  the  filling  and  emptying  of 

Fio.  484.  canal  locks.     We  diatiu- 

gniah  two  kinds  of  locks 

(navigatioD  locks)   single 

and  double.    The  rang^ 

lock,  Kg.  484,  coosiits 

of  a  chamber  B,  which 

is  separated  by  the  nppei 

gate  HF  from  the  npper 

water  A,  and  by  the  lower  gate  RS  from  the  lower  water  C     The 

doable  lock,  F^.  485,  on  the  other  hand,  consists  of  two  cham> 

^g,  bers,  with  the  op- 

per  gate   KL,    the 

middle  one  HF  and 

the  lower  one  RS. 

Let     the      mean 
horiiontal        tiana- 
verse  section    of   a 
simple  lock  chamber 
=  G,    the  distance 
of  the  middle  of  the  sluice  in  the  upper  gate  &om  the  npper  sur- 
face HR  of  the  upper  water  =  &i,  and  from  that  of  the  lower 
water  =  h^  and,  lastly,  the  area  of  the  aperture  or  sluice  opening 
=  F,  we  then  obtain  the  time  of  filling  up  to  the  middle  of  the 

aperture  /.  = — — .  and   the  time  for  filline  the  remaining 

space,   where   a  gradual  diminution  of  the  head  of  water   takes 

place,  L  = ==■ ;  consequently  the  time  for  filling  the  sin- 

nF  4/2ffhi 
gle  sluice  is : 

If  the  aperture  in  the  lower  gate  is  entirely  under  water,  then 
while  emptying,  the  head  of  water  gradually  decreases  from 
Aj  +  Aj  to  lero,  hence  the  time  for  emptying  or  running  <^  is : 
._ttG  '/k,  +  hj 

If,  on  the  other  hand,  a  part  of  the  aperture  standB  above  the 
lower  water,  we  then  have  two  discharges  to  take  into  account ;  the 
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one  flowing  above  and  the  other  below  the  water.  Let  the  height 
of  the  part  of  the  aperture  above  the  water  =  o^,  and  that  under 
the  water  =  o^  the  breadth  of  the  aperture  s=  b,  we  then  obtain 
the  time  of  efflux  from  the  expression  : 


/  = 


2g(*i-f  Aa) 


fib  V2g{a^  /Y^*i  +  *9— 1  +  «2  ^Ai  +  Aa) 


In  double  locks^  the  head  of  water  gradually  decreases  in  the 
chamber  which  is  closed  by  the  upper  water  during  the  discharge 
into  the  second  chamber.  If  6  is  the  horizontal  transverse 
section  of  the  first  chamber^  and  the  original  head  of  water  h^  in 
this  chamber  sinks  to  x,  whilst  the  water  in  the  second  chamber 
rises  to  the  middle  of  the  aperture  of  the  sluice^  we  have  then 

2  (J  _ 

the  corresponding  time  /i=  ^=-(  y^A^ V'^).  Now  the  quan- 

tity  of  water  6  {h^—x)^G^h^  hence  x=ih^—'^  h^  and 


The  time  in  which  the  water  rises  as  high  in  the  second  as  in  the 
first  chamber^  and  in  which,  therefore,  it  comes  to  the  same 
level  in  both,  may  be  found  firom  §  847 : 

t  ^      gggiV"^  2G^VGVGk^—G^h^ 

^    liF{G^G^)V%'g''    ixF(0+G;j  i/2^ 

and  the  whole  time  for  filling : 

2  4/5"  G 

Sapan^le,  What  time  is  leqidred  for  the  fining  and  nmnlng  off  of  the  follovmig 
single  lock  chamber  ?  The  mean  length  of  the  lock  «  200  feet,  mean  breadth 
a  24  feet,  therefore  O  »  200  .  24  »  4800  square  feet,  distance  of  the  centre  of 
the  aperture  of  the  sluice  in  the  npper  gate  from  the  two  8iir£sces  of  water  5  feet, 
breadth  of  both  apertures  2|  feet,  height  of  the  aperture  in  the  upper  gate  4  feet, 
and  of  that  in  the  lower  gate  (entirely  under  water)  5  feet.    Let 

/  _C2*i-4-AJ  O  ^^5^  ^^^   fi'«4800,  fi  =  0,ei6,F  =  4  .  2*  «  10,  ^/^=^Sfi^, 
we  then  obtain  the  time  of  filling : 
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^  ^     3  ■  S  .  4800^  ^ UAQO     ^  « 653,83  secondB.  If  we  snbrtitiiteiiitte 

6,15  .8,03    Vb        1,23  .  8,03  a/  5 

formula  /  »    2  O  ^*ij«;^*i^  ^i  ^  4900^  *i  +  A,«10,    Jf  =  5  .  2§=12^,  wc  the 

fiF  *Jlg 

obtain  the  time  for  emptying  of  the  sluice  : 

2 .  4800  V'iO 


0,615  .   12,5   .  8,03 


491,78  sec  »  8  min.  21,78  sec. 


CHAPTER  VI. 

ON   THE   EFFLUX   OF   AIR   FROM   VS88BL&   AND   TUBES, 

§  354.  Efflux  of  still  air. — Condensed  air  does  not  flow  firom 
vessels  quite  in  accordanee  with  the  law  which  regulates  the  flow 
of  water^  because  an  expansion  takes  place  during  its  discharge, 
which  is  not  the  case  with  water.  But  in  order  to  discover  a  aimilar 
law  for  air  and  other  gases^  let  us  make  the  mechanical  effect 

QyTT*  ^^^  ^  quantity  of  air  Q  of  the  density  y  requires  to  pass 
from  a  state  of  rest  into  that  of  the  velocity  Vy  equal  to  the  mecha- 
nical effect  Qp  hyp.  log.  (— )  found  in  §  298^  which  the  same 

quantity  of  air  produces  when  it  passes  from  a  greater  pres- 
sure Pi  to  a  less  p.  li,  therefore^  p^  be  the  elastic  force  of  air 
enclosed  in  a  vessel^  v  its  velocity  of  efflux  for  the  tension  of  the 
external  air^  and  y  its  density^  then 

Qx  .  ~-  =  Qp  hyp.  %.( —  \   therefore^   the    height    due    to   the 

velocity : 

and  the  velocity  itself: 


'>=Aj^9^-hyp.lo9.{^. 


When  the  tensions  p  and  p^  differ  httle  from  each  other,  when 
Pi-^prp  is  <  tV A  then  we  may  put : 
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hyp.  log.^=zhgp.  log.  ^  1-f  2i^j=^i^,  and  hence 

But  the  height  of  an    external    column  of   air  which  is  in 
equilibrium  by  its  weight  with  the  pressure  fi^i   (§  294),  is 

A=  QZ2l .  hence  we  may  put  the  velocity  of  efflux  »=  t/igki  *^d 

a  perfect  analogy  with  the  efflux  of  water  will  hereby  subsist.  For 
high  pressure  this  formula  is  not  of  course  sufficient,  for  in  this 
case: 

Aj^.  log.  (^)=^-4  (^7  at  least, 

hence  then  more  accurately : 


or  if  we  represent  the  height  of  the  barometer  by  b,p=^by,  and 

no.  486.  Tf   tT»»  Ai<^^ : —    — ic-    -r.     »  -j^g 

id 
ur 
he 
n- 


=  F^2gbhyp.log.(^-^. 


§  855.  The  above  formulse  do  not  admit  of  direct  appli- 
cation, because  we  cannot  measure  the  internal  or  the  external 
pressure  by  the  length  6  +  A|  and  b  of  the  columns  of  air.  These 
pressures  are  generally  measured  by  columns  of  water  or  mercury. 

As  regards  the  quotient '^s^-?—,  it  is  immaterial  whether  b  and 
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h  be  expressed  in  columns  of  air^    water^   or  mercury^  because 

each  redaction  of  b  and  h  leaves  the  fraction  — r—  constant,    ex- 

o 

cept  that  the  quotient^  =  b,  ia  still  dependent  on  the  temperature 

of  the  efBuent  air^  and  varies  for  different  kinds  of  gaa.  For 
atmospheric  air^  (§  801)^  i£p  represent  the  pressure  of  air  on  one 
square  centimetre^  and  y  the  weight  of  a  cubic  metre  of  air^  and 
/  the  tempeiature  in  degrees  centigrade^  we  have 

-  =*  -i^Kvn — '~~f  o^  *^c  other  handj  fwr  steam 

p  _\±  0,00867^ 
y  "        0,7857        * 

If  we  substitute  these  values  in  the  general  formula  for  v,  ^fc 
shall  obtain  for  atmospheric  air :  ^~  -  b 


=895^(1+0,00867  .  /)  A«p.  hg.  (^^)  metres. 


or  -T  being  smaU  : 


»= 895^4/(1  +0,00867  .  0  \  metres,  and  for  steam 

r=600,6^(l  +0,00867  .  0  I^P^  fog.  (^) 

The  theoretical  discharge  as  estimated  under  the  external  pressure 
is  Qs=Fv,  but  if  this  is  to  be  estimated  at  the  internal  pressure,  we 

n  h  O 

must  then  make  QiP.  =  Qo,  hence  Q.=— Qa=,    \n  Bedooedto 

Px       o+A 

the  temperature  of  zero,  the  quantity  discharged  is : 

Q 
Qa=,  4.  0  00367 — t*  ^^^^'^^^^  ^^^  atmospheric  air 


V  1+0,00367.  < 

If  equal  masses  of  air  of  different  temperatures  issue  firom  diffe- 
rent orifices  F  and  F,  at  the  same  tension,  we  then  have : 


^=      /I  +  0,00367  ti 
F     V  1  +0,00367/  ' 
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If^  for  example,  ^=0  and  ^^  =  150^^  we  then  have : 

Fi  =  ^1^5505  .  F=  1,246  F. 

If,  therefore,  a  blast  furnace  is  to  be  supplied  with  heated  air 
of  150^,  we  must  apply  nossle  pipea,  which  have  a  one  fourth 
greater  transverse  section  at  the  discharging  orifice  than  if  oold 
air  were  to  be  used. 
For  Prussian  measure,  and  eoitigrade  scale  of  temperature : 


t;=1258  .  ^  (1+0,00367  /)  hyp.  log.  (^y^),  vsA  for  steam 

r=1595  .  ^  (1  +0,00367  /)  hyp.  hg.  (^)  . 

For  English  measure,  and  Fahrenheit's  scale  of  temperature : 
t;=1295  .  ^  (1  +  0,00204  t)  hyp.  hg.  (^^) ,  and  for  steam 

w=1642  .  ^  (1  +0,00204  /)  hyp.  hg.  (^)  • 

lSram/»fe.  In  a  large  reaaroir,  air  of  120*  temperature  is  enclosed,  which  oonres- 
ponds  to  the  height  of  a  mercurial  manometer  of  5  inches,  whilst  the  external 
barometer  stands  at  27,2  inches ;  what  quantity  of  air  will  flow  from  this  through 
a  round  aperture  1^  inch  wide  ?    It  is : 

hyp.1og.  (-^-^)  «  A«P.  Ay.  (Ill)    -    *».  *y.  32,2  ^  hyp.  log.  27,2 

»  5,77455  —  5,60580  »  0,16875,  hence  the  yelodty  of  ^ux  is : 

V  =  1258  .   -/(l   +   0,00367   .   120)  0,16875   =   1258  .   'i/ 1,4404  .  016875 

»  620,2  feet.     Now  the  area  of  the  orifice  »  -2-  (i)*  »  -^^  »  0,01227  square 

feet ;  hence  it  follows  that  the  discharge  Q  =  0,01227  .  620,2  »  7,61  cubic  feet. 

272 

Estimated  at  the  interior  pressure,  it  is  »  -r^  .7,61    «»    6,43    cubic  feet,    and 

reduced  to  the  mean  height  of  the  barometer,  28  inches  and  0*  temperature, 

(30  Bng^h  inches  and  32*  temperature),  the  quantity  discharged  is: 

272  1 

-  7,61  .-ggj- .  ^^^jj5j  -  5,13  cubic  feet. 

§  356.  Efflux  of  air  m  motion. — The  formula  of  efflux  given: 
suppose  the  pressure  p^  or  the  height  of  the  manometer  h  to  be 
measured  at  a  place  where  the  air  is  at  rest,  or  has  a  very  slight 
motion,  but  if  p,  or  h^  is  measured  at  a  place  where  the 
air  is  in  motion,  if,  for  instance,  the  manometer  M^  com- 
municates with  the  air   in    a   conducting  tube  CF,   Fig.  487, 


trrmx  or  aie  in  motion. 


""■  *^'-  we    shall    then   have    to 

take  into  acconnt  the  m 
viva  of  the  amnng  air. 
If  now  c  be  the  velockj 
of  the  air  passing  the 
orifice  of  the  manometer 
we  shall  accordingly  have 
to  make  : 

or  if  /*  be  the  transverse  sectioD  of  the  orifice^  and  G  that  q£  the 
tnbe,  or  of  the  air  passing  the  orifice  of  the  manometer,  Bccording 
to  the  law  of  Mariotte,  ^r-  =  —,  or  Gepj = f)jp,  therefore, 

and  the  velocity  of  efflox  in  question : 


^8^  ?*»..%.  (a) 


The  velocity  of  efflux  isj  therefore,  here  exactly  like  that  of 
water  from  vessels,  the  velocity  is  greater,  the  greater  the  ratio 

F 

-p  of  the  transverse  section  of  the  orifice  to  that  of  the  tube  or  the 

arriving  current  of  air.  From  this  it  is  evident,  that  onder  otherwise 
similar  circumstances  the  height  of  the  manometer  pj  is  so  mach 
the  less  the  narrower  the  conducting  tube  is,  or  the  greats  the 
velocity  of  the  air  issuing  from  it, 


Eatanplet. — 1.  A  mercniUl  tnaiUHiieter,  pUeed  upon  an  ur  tuba  Si  isitei  *>de, 
itkndi  kt  2j  incbM,  while  the  irind  flow*  from  it*  conicd  extremit;  Ihitmgh  x  raand 
3  inch  wide  orifice ;  with  wfait  Tclodtj  wHl  the  camnt  more  ?    If  the  extcrasl 


buometer  ituid  kt  27}  inche*,  we  ihall  theo  htkie  — - — oj*  273  ~  ^  and 

'   (o)  ■  ^  "  *9  '  12  "  147" '  '^^  *"*  theoraticd  Tdocitj  cf  d 


■  «  .  1! 

■eirflbeairlO';  

1258  .   ^/l,oa67  ■  hfp.  big.  (44)  1258  V  1,0367   ■  0,097 
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2.  The  teniioii  ji^  in  the  air  regulator,  where  the  air  is  ivithout  motioii,  is  given  hj 
the  formula, 

\^) 

0087 
therefore,  in  the  present  case,  ^hyp,  hg,  27,5  •¥ -j^j^j  »3,3142  •¥  0,0965  »  3,4107. 

Hence  it  follows  that  j^  s=  30,3  inches. 

§  857,  Efflux  under  decreasing  pressure. — ^If  an  air  reservoir 
has  no  influx^  wliilst  an  nninterrapted  efflux  goes  on^  the  density 
and  tension  gradually  diminish,  and  hence  the  velocity  of  efflux 
becomes  less  and  less.  We  may  determine  in  the  following 
manner  in  what  ratio  this  diminution  is  to  the  time  and  to  its 
discharge. 

Let  V  be  the  volume  of  the  reservoir,  Hq  the  initial  height  of  the 
manometer,  and  A»  the  height  of  the  manometer  at  the  end  of  a 
certain  time  /,  h  the  height  of  the  external  barometer.  Then  the 
quantity  of  air  or  wind  in  the  reservoir  at  the  commencement 

reduced  to  theextemal  pressure  =  — ^  ,   ^  ,  and  at  the  end  of 

the  time  /,  =  — ^— ^r • ,  and,  consequently,  the    quantity  dis- 
charged in  the  time  /,  and  at  the  external  pressure  is : 

'^*""      b  b  b 

and,  inversely,  the  height  of  the  manometer  corresponding  to  the 
discharge  V^  is : 

*»  =  Ao  —  ^  •  *• 

If  we  take  four  intervals  and  the  initial  height  of  the  manome- 
ter h^  and  at  the  end  of  the  time  t^h^  and 

*i=*o— ^^^  *2==*o— *  (Ao— *4)>  «id 


Ai  =  *D  —  i  (*o— *4)^ 
we  shall  then  obtain  by  Simpson's  rule  the  time 

\2Fb 


K  —  K)  I  1  ,  4, 
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I  o  >  >  *^'' 


v»».  <■».  c-v)  V*"*- -^^  (^) 


/  :  '.**'' 


For  moderate  presBures  or  heights  of  the  manometer : 

^^;;'  consequently  /^/Airp. %•  (^— j-^)  =  (^~i3/  'V 

/\J  hyp.  log.  ^— j-y  <>,..;/  ^-i/* 

If  we  now  take  n  intervals,  and  therefore  the  discharge  for  one 

interval :  —  =  Zi[^QlI*i),  we  shall  then  obtain  the  eorresponding 
91  nb  

dement  of  time :  r  =  ^^^^  :  /^^J'^\  **P-  ^'  .(-^) 


F(/io~-A. ) 


^,  (*-*-£) 


Now  if  we  substitute  for  A;  A^  A^,  A,  . .  .  •  A*  >  we  shall  then 
obtain  the  sum  of  aU  the 

and  the  sum  of  aU  the 

whence  the  sum    of  all  the   small    intervals  of  time,  or   the 
whole  time  in  which  A^  passes  into  h^  and  the  quantity  of  air 

y^  = — V^""^j  which  flows  out,  is  : 


I 
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^  = ^T=^  C(  VAT-  V*:)  +  ^  (V  A^2_</A?)  ]  ,  or 


2V 


(•i;_^)(i  +  4L±4^^L±i), 


approximately :       fi  n  ^i  n^  ^  ^'^  ^'-    ' 


V^^'f 


p 
y 


Eaean^te.  A  50  feet  long  and  5  feet  wide  cylindrical  "nrind-regnlator  of  a  blowing 
machine  is  filled  with  air ;  the  height  of  its  manometer  A  =  10  inches,  and  the 
thermometer  stands  at  6<*.  If  now  a  flow  of  air  takes  place  in  a  space  where  the 
height  of  the  barometer  is  27  inches,  through  a  1-inch  wide  round  orifice,  then  the 
question  arises,  in  what  time  wiU  the  height  of  the  manometer  fall  to  7  inches,  an4 
what  will  be   the    corresponding  discharge?     The    volume  of  the  chamber  is 

»3. .  5^ .  50  »  1250 .  ^  =  981,75  cubic  feet,  hence  the  disdiarge,  meaauxed  at 
the  external  pressure,  is  F,  =  (  "  Jr=:  (    ^    )  •  981,75  =  109,08  cubic 

feet  Now  z^/ 2^  -  =  1258  V  1  +  0,00367  .  t  =  1258  ^1,02202  »  1272,  and 
Fss  ^  (tV)*  =  -7^7-  =  0,005454  square  feet,  hence  the  time  of  efflux  in  ques- 

«««,-.*  2.981,75      /      /lO  ./7\    /,    ^     10  +  7  \ 

*'^'^'^ '"  0,005454.  1272  (V  27"    VW    T    ^    "TnTJ 

1963.5 
=  5  454   1072  •  ^»W94  . 1,079  =  30,3  seconds. 

§  858.  Co^efficienis  of  efflux, — ^The  phenomena  of  contraction^ 
which  we  have  consid^ed  in  the  efflux  of  water  from  vesselB^ 
occur  also  in  the  efflux  of  air.  K  the  orifice  of  efflux  be  cut  in 
a  thin  plate^  the  air  passing  through  it  has  a  smaller 
transverse  section  than  the  orifice^  and  on  this  account  the 
discharge  is  less  than  the  product  Fv  of  the  transverse  section 

F 

F  of  the  orifice  and  the  theoretical  velocity  v.     Let  -^  be  the  ratio 

of  the  transverse  sectionF|  of  the  blast  to  that  of  the  orifice  F,  =fi^ 
we  then  have  the  efiective  discharge  as  for  water  : 

Q^^liQ^F^v^l^Fv^liF ^2g?-hyp.  log.  (^)- 

From  the  author's  reduction  of  Koch's  experiments  at  pressures 


480  CO-EVriCIENTS   OF   EFFLUX. 

of  the  manometer  of  from  ^^  to  -j-  of  an  atmosphere  we  may  take 
the  mean  of  /lc  =  0^58. 

The  efiectiye  discharge  in  the  issuing  of  air  througli  short 
qrlindrical  adjutages  is  likewise  less  than  that  determined  theore- 
ticaUyj  we  have,  therefore^  to  multiply  this  latter  by  a  number 
deduced  from  experiment^  the  oo-efficient  of  efflux,  /a  Jn  order  to 
obtain  the  former ;  only  here  fi  is  not  the  ratio  of  the  transverse 

section  -~,  but  the  ratio  —  of  the  eflfective  velocity  of  efflux  v^  to 

the  theoretical  v.  KocVs  experiments  give  for  the  above  pressnreSy 
in  the  flow  of  air  through  cylindrical  adjutages,  which  were 
nearly  all  six  times  as  long  as  wide,  as  a  mean  /Lt=0,74. 

ConicaUy  convergent  adjutages,  similar  to  the  nozzles  of  bellow^ 
give  a  still  greater  co-efficient  of  efflux ;  a  tube  of  6^  lateral  conver- 
gence in  the  experiments  of  Koch,  gave  when  five  times  aa  long  as 
wide,  the  mean  co-efficient  ft =0,85. 

From  this,  therefore,  the  effective  discharge  for  the  flow  of 
air  through  orifices  in  a  thin  plate,  measured  at  the  external 
pressure,  is 

Qj=796,7  F  (1—44)  a/(1+0,00367  t)  |  cubic  feet. 
for  efflux  through  short  cylindrical  adjutages : 

Qi=1016,6  f{\—^  a/(1  +0,00867  i)  |  cubic  feet, 
and  through  conical  adjutages  of  6^  convergence. 

Qi=1167,8f(i— ^^  a/(1 +0,00867  i)  ^  cubic  feet. 

Bscampk.  If  the  two  orifices  of  a  beUows  together  poieess  an  area  of  3  square 
IncheB,  if,  farther,  the  pressure  of  the  manometer  is  3  inches,  the  external  harometer 
27^  inches,  and  the  temperature  of  the  air  15<*,  then  is  the  discharge : 

Qi-  1069.^(l-jJ^)  ^(1+0,00367  .  15)-^ 

-  22,27  .  -i—-  ^1,055  .  VV  -  21,66  V  0,1151  =  7,34  cubic  feet 

Remtiu'k,  Experiments  on  the  efflux  of  air  have  been  undertaken  by  Yoan^, 
Schmidt,  Lagerlgehn,  Koch,  d'Aubuisson,  Buff,  and  in  later  time,  by  Peoqneur, 
Saint-Yenant,  and  WantzeL  For  an  account  of  the  experiments  of  To«i]ig  and 
Schmidt,  we  may  refer  to  Gilbert's  *'  Annalen,"  vol.  22,  1801,  and  toL  6,  1820, 
and  to  Poggendorff's  "  Annalen,"  yoL  2,  1824  ;  for  those  of  Koch  and  Buff,  to  the 
'*  Studien  des  gottingschen  Yereines  bergmiinnischer  Freunde,"  vol  1, 1824 ;  voL  5, 
1833 ;  voL  4,  1837,  and  yoL  5,  1838 ;  also  in  PoggendorTs  **  Annalen,'*  yoI.  27, 
1836,  and  voL  40,  1837.    The  experiments  of  Lagerlgehn  are  described  in  tlie 
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SwedUh  work,  "  Hydnuliika  Fortok  tf  Lagerhjelm,  FoiBellea  och  KiUitcoiui,"  I  toI, 
Stockholm,  IBIS.  D'Aubni«w>n'i  eiperimenta  «re  to  be  found  in  the  "Aiuude* 
de*  Mine*,"  toL  11,  1B25;  toI.  13,  1826;  toL  14,  1827,  and  likewiie  in  hit 
"  Traits  d'H;dnuiHque."  The  lateit  experiments  inatituted  in  France  an  reported 
in  the  "Folrtechniachen  Centralblatt,"  toL  6,  ISii.  Moet  of  theae  eip^riment* 
were  made  with  veij  nairow  orificea,  and  therefore  icarcely  aniwei  the  purpose  in 
practice.  The  eiperimenta  of  d'Aubuiiaon  and  Koch  deaerre  most  conaideration ;  and 
next  l«  tfaeiD,  perhapa,  those  of  Feequeur ;  but  the  mo«t  eitenaiTB  are  those  of  Koch. 
Tha  wiahed-foT  accordance  is  haidly  to  be  met  with  m  the  resolta  of  all  these 
eiperimenti;  the  co-effidents  of  efflux  found  by  d'Aufauitson  Tsry  conndenMy 
from  those  calculnted  by  Koch.  The  grounds  for  my  placing  the  most  confidence  in . 
the  co-efflcients  of  Koch,  are  pveninthe  "AllgemeJnen  Muchineneocycibpiulie," 
under  tlie  aitide  "Ansflasz,"  and  in  a  Memoir  of  mine  in  Pt^igendorff'a  "  Anaaleo," 
vol.  il,  IBiO. 

§  SSd.  Flow  throi^h  tube*. — If  the  air  issues  through  a  long 
tube  CF,  Pig.  488,  it  has  then  the  resistance  of  friction  to  oTer- 


come  in  the  same  manner  as  water,  this  resistance  owy  alao  be 
measared  by  the  height  of  a  column  of  air,   which  has  for  e:q>rea- 

sion  Aa  =  ^  •  -7  ■  q~)  where,   as   in   the  condacting  of  water,   v 

represents  the  velocity,  I  the  length,  d  the  width  of  the  tube, 
and  t  B  co-efficient  of  resistance  to  be  determined  by  expenment. 

Numerous  experiments  of  Girard,  d'Aubuisson,  Buff  and  Fee-, 
qaeur,  lead  to  the  mean  value  t=0,024.  From  this,  therefore, 
the  resistance  generated  by  the  friction  of  air  in  ttibes  may  be 

measured  by  the  height  k^  =  0,(^i  — r  ■  |t—  of  a  column  of  air, 

or  by  the  height  A,  =  0,0000023  -t-  .  5-  of  a  cokmn  of  quick- 
silver, and  the  manometer  will  stand  at  this  much  less  height  at  the 
end  of  the  conducting  tube  than  at  the  beginning. 

If  at  the  end  of  a  conducting  tnbe  of  the  width  d,  the  mano- 
meter stands  at  \,  whilst  the  air  flows  through  an  orifice  of  the 
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width  d,  tlien  from  the  preceding,  the  velocity  of  diacharge  will 
be:  S(^^/^^C 


Vss 


but  if  A^  be  the  height  of  the  manometer  at  the  beginning  at  the 
conduit,  we  shall  then  have : 

f  %•  %•  m=['*(5fj(i)'-».<»*K§)"j  £> 

d* 
because  the  velocity  in  the  tube  =  -^  v ;  hence  in  this  case 

If,  lastly,  the  height  of  the  manometer  h  is  measured  in  the  reser- 
voir at  the  beginning  of  the  conduit  where  the  air  may  be  regarded 
as  at  rest,  we  then  %ave*: 


.f?  = 


a/i  +  0,«24  ^ 


If  further,  we  put  the  co-efficient  of  resistance  Z  for  entrance 
into  the  tube,  which  when  (a^  =  0,74  amounts  to  0,826,  and 
further  join  to  it  the  co-efficient  of  efflux  fi  for  the  outer  adjntage, 
we  then  obtain  for  the  velocity : 


r  =3 


^1  +  f  +  0,024  ^* 


1294^^(1+0,00367  /)  hyp..loff.  (^) 

or-B .  .  t^ feet. 

^1  +c  +  0,024^ 
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According  as  the  point  of  the  interior  orifice  lies  s  lowei*  or 
higher  than  the  point  of  the  exterior  orifice^  we  have  to  add  +  ^  to 
the  quantity  under  the  radical  in  the  denominator*  Moreover^ 
other  hindrances  may  present  themselves  in  the  tube^  such  bA 
curvatures^  contractions^  and  widenings^  &c.  Satisfactory  expe- 
riments on  these  obstacles  do  not  exists  but  we  may  assume  with 
great  probability  that  these  resistances  are  not  much  different 
from  what  takes  place  in  the  case  of  water^  because  the  eo-e£Sidents 
of  efflux,  and  the  eo-efficient  of  friction  are  nearly  the  same 
for  air  as  for  water. 

As  long,  therefore,  as  no  further  experiments  are  made  on  thiif 
subject  we  may  avail  ourselves  with  tolerable  safety  of  the  eo-efficient 
of  resistance  found  for  water  in  investigations  on  the  motion  and 
flow  of  air. 

Exan^le.  In  the  regulator  at  the  head  ^  a  320  feet  long  and  4  inch  wide  wind- 
conductor,  the  quicksilver  manometer  stands  at  3,1  inch,  whilst  the  external 
barometer  is  at  27,2  inch;  further,  the  width  of  the  orifice  of  the  oonically  con- 
tracted extremity  of  the  conductor  is  2  inches,  and  the  temperature  of  the  wind  20<*, 
what  quantity  of  air  will  this  oomdnctor  deUyer  ?    It  will  be : 

1  +  ?  +   0,024  i^  =  1,826   +  0,024  .  i?i  .  (i)*  -  1,826  +  0,024  .  ??2jJ 
»  1,826  +  1,44  =  3,266 ;  further,  (1  +  0,00367  0  hgp.  log.  ir^^ 

«  (1   +  0,00367  .  20)  hyp.  log.  (~|)  =  1,0734  .  (5,7137  —  5,6058) 

»  1,0734  . 0,1079  »  0,1158 ;  if  now,  further,  we  introduce  the  jeo-efBdent  of  dRux* 
^  a  0,85,  we  shall  then  obtain  the  velocity  of  flow : 

1258   .  0,86  ^0,1158         „«,  ,  ^  ^  j  i  ^,      ^v   ^.    u 

V  8 \ =   201,3  feet ;   and  lastly,  the  discharge  ; 

v3,266 
Q- ^  .  1^  - -^  • -2|g2^  =  4,39  cuMcfeet 


CHAPTER    VII. 

ON   THE   MOTION   OF   WATER   IN   CABALS   AND   RITEB8. 

§  360.  Running  water. — ^The  doctrine  of  the  motion  of  water 
in  canals  and  rivers^  forms  the  second  main  division  of  hydrau- 
lics. Water  flows  either  in  a  natural  or  in  an  artificial  bed. 
In  the  first  case^  it  forms  streams^  rivers^  brooks ;  in  the  second 

81* 
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canals,  eats,  drains,  Sx.     In  the  theory  of  the  motion  of  flowing 
water  this  diBtinction  is  of  little  moment. 

The  bed  of  a  river  consists  of  the  bottom  and  the  two  AanJb  at 
chores.  The  iratuverse  tection  is  obtained  by  a  plane  at  right 
angles  to  the  direction  of  motion  of  the  flowing  water.  Its  perimeUr 
ia  that  of  the  transverse  section,  which  again  consists  of  the  air  and 
the  water  section.  A  vertical  plane  in  tfae  direction  of  the  flowing 
water  gives  the  lor^ttdmU  section  or  profile.  By  the  alope  or 
declivily  a!  flowing  water  is  understood  the  angle  of  inclination  of 
ita  surface  to  the  horiion.  The/alt,  which  is  the  vertical  distance 
of  the  two  extreme  points  of  a  definite  length  of  the  fluid  sur&ce, 
aervea  to  assign  the  angle  for  a  definite  length  of  the  flowing 
^^^  ^gg  stream.      For    the    length    of     coarw, 

AD  =  I,  Pig.  489,  BC  is  the  bottom 

I  of  the  channel,  DH  =  h  the  bH, 
and  the  angle  DAB  =  t,  the  alope 
m.  S  =  j=  absolute  fiJI  per  unit  t^ 
length. 

Btmark.  The  fill  of  brooki  lod  riven  ii  verr  vniou*.  The  Elbe,  for  "rmtw,^ 
for  tbe  extent  of  a  German  mile  from  the  Upper  Elbe  Uy  Fodiebnd,  tua  •  bfl 
of  57  feet,  from  thence  to  Leitmeritz  9  feet,  from  there  to  Mahtbas  ■  mean  at  5  A 
and  &vm  thence  to  Ma{;detnirg  2,!i  feet.  Mountain  brooki  have  a  &11  of  frfxa  40  to 
400  feet  per  German  mile.  For  forther  particolan,  (m  "  Ver^eicheiide  hydio- 
graphitche  Tabdlen,"  &c.  von  Stiaiu.  Ciinalj  and  other  artiGdal  wal«r  condnin 
have  mnch  (mailer  falli.  Here  theabwlnte  fall,. it  moat,  ii  0,001,  often  0,0001,  bhI 
even  len.    More  on  thii  (ubject  vrill  be  giiven  in  the  Second  Fart. 

$*  861 .  D\fferent  veloatiea  in  the  trantverge  tection. — ^The  velocity 
of  water  in  one  and  the  same  transverse  section  is  very  difierent  at 
difiorent  points.  The  adhesion  of  the  water  to  its  bed,  and  the 
co-hesion  of  the  particles  among  each  other,  caiue  those  lying 
nearer  to  the  sides  of  the  bed  some  constraint  in  th^  motion,  and 
hence,  to  flow  more  slowly  than  the  more  remote.  For  this  reason 
the  velocity  diminishes  &om  the  snr&ce  downwards  to  the  bed,  and 
is  least  near  the  side  or  at  the  bottom.  The  greatest  velocity  is 
found  for  strtught  rivers,  generally  in  the  middle,  or  at  that  part 
of  the  free  surface  of  the  water  where  there  is  the  greatest  depth. 
The  place  where  the  water  attains  its  maximum  velocity  ia  called 
the  &ie  o/ cttrrenf,  and  the  deepest  part  of  the  bed,  the  wad-duawd. 

The  upper  surface  does  not  fbrm  an  exact  boritontal  line,  becanae 
the  elementa  lying  on  the  sui£bc8  of  water,  flow  on  with   diflerent 
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velocities  with  respect  to  each  other^  they  therefore  exert  on  each 

other  different  pressures ;  the  quicker  ones  a  less^  and  the  slower 
vio.  490.  a  greater  pressure^   and  thus  for  the 

maintenance  of  relative  equilibrium^ 
the  quicker  elements  superpose  them- 
selves on  the  slower.  If  i;  and  Vj  are 
the  velocities  of  two  elements  M  and  A, 
Fig.  490/  then  according  to  the  doctrine 

of  hydraulic  pressure  (§  807)  the  difference  of  level  of  the  two 

elements  is : 

iff      2ff  2ff 

This  difference  of  level  is  always  very  small.     If^.for  example, 
v^=:Ofi  V,  and  t;=5  feet,  we  then  have  this 

=:(1_0,81)  ^  =  0,19  .  0,016  .  25  =  0,076  inches  =  0,9  lines. 
^ff 

For  this  reason  the  water  stands  highest  in  the  current,  and  lowest 

at  the  banks. 

In  bends,  the  current  is  generally  near  the  concave  banlLi 

§  362.  Permanent  motion  of  water, — ^The  mean .  velocity  of 

water  in  a  transverse  section  is,  according  to  §  808 : 

^  Q_  ^  quantity  of  water  per  second 
"^  F  ""  area  of  section 

The  mean  velocity  besides  may  be  further  calculated  from  the 
velocities  c^  c^,  C3,  &c.,  of  the  separate  portions  of  the  sectipn, 
and  from  the  areas  F^,  F^  F^  &c.     It  is  namely : 

Q=F^c^+F^+FsC^+  ..., 
and  hence  also : 

Besides  the  mean  velocity,  the  mean  depth  of  water  has  to  be 
introduced,  that  is,  the  depth  a  which  a  section  must  have  at 
all  points  that  it  may  have  the  same  area  as  it  actually  has  with  the 
variable  depths  c^a^  a^  &c.     Hence,  therefore, 

^  F  ^     area  of  section 
""  ft  ^  breadth  of  section ' 

If  the  sq>arate  parts  of  the  breadth  ftj,  b^  b^  have  the  corres« 
ponding  mean  depths  a„  a^  a^  &c..  Fig.  491,  we  then  have : 
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"«■«'■  f'=aA+«A+  ■■■, 

and  hence  also ; 

Lastly  : 
_  Bi&iC,  +  a^<^  +  •  • 

and  if  the  portions  &,,  A^  &c.,  be  of  equal  siie, 
^  ^  a,  c,  +  g,  c,  +  .  ■ 
Ol  +  0fl+  .- 

A  river  or  brook  is  in  a  state  fAp&mtmewg  when  an  eqaml  qoaii- 
tity  of  water  flows  through  each  of  its  transverse  sections  in  an  eqtul 
time ;  when,  therefore,  Q,or  the  product  Fc  of  the  eorea  of  the  aectkn 
and  the  mean  velocity  throughout  the  whole  extent  of  the  stream 
ia  a  constant  number.  Hence  this  simple  law  comes  out :  m  ike 
pemumeni  motion  qf  water,  the  mean  veiocitiet  in  two  trant- 
verae  sectiont  are  to  each  othtr  ittveraeli/  at  the  areas  of  thete 
tectioaa. 

£nMv'^.— !■  Attheiectionofteaii«l,.^CD,  ^■<9I,itwufinmd  Uut  tbe: 
Portioni  of  the  bretdth  .     »[  -  3,1  feet,  h^  "  5,4  feet,  t^  »  4^  CDct 

Hem  depth a,  —  2,!>     „    o^  —  4>   „    a,  —  3,0    „ 

CorrcipiMiding  me*a  velodtiei  .    e,  c'  2,9     „     (^  =  3,7    „    e,  »  S^S    _ 

Heoee  ttw  im  of  then  preGles  F  -•   3.1  .  2,5  +  5,4  .  4,a  -t-  4,3  .  3,0  -  44,» 
>qii*ie  fiM,  and  the  diKbirge : 
^  -  3,1  .  2,S  .  2,B  +  5,4  .  4,5  .  3,  7  +  4,3.  3,0  .  3,2  •.   153,663  cnbic  feet,  ud 

Q  153,665 

the  mean  velocity  c  =  —  —  =  3,419  fe«t, 

2.  When  •  cut  is  to  conduct  4,5  cubic  feet  of  water  with  a  mean  vdodtj  e  o€  2  ftct, 
we  mmt  then  giye  to  it  *  tnoarerae  tectiou  of  -^  '-  2,25  tqaaR  fbot  am. — 3.  If 
one  and  the  tame  ttream  bu  a  mean  TcJodty  of  2J  liwt  at  a  place  S60  feet  hnMd  and 
9  feet  mean  depth,  K  will  then  haTC,  at  a  place  320  feet  hraad  and  7,5  fM  nean 
depth,  the  mean  vdodt; 

560,9      „„. 

§  868.  Mean  velocity. — If  we  divide  the 
depths  of  water  at  any  point  of  a  flowing 
stream  into  equal  parts,  and  raise  ordinates 
upon  them  corresponding  to  the  velocities, 
we  shall  then  obtain  a  scale  of  the  velocity 


4,725  fiset 
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of  the  current  AB,  Fig.  492.  Although  it  may  be  granted  that 
the  law  of  this  scale^  or  of  the  difference  of  ydocity  is  ex- 
pressed by  some  exave,  as  according  to  Gerstner  by  an  ellipse^  yet 
it  is  allowable^  without  fear  of  any  great  error^  to  substitute 
for  this  a  straight  line^  or  assume  that  the  velocity  diminishes 
nniformly  with  the  depths  because  the  diminution  of  velocity 
downwards  is  always  very  small.  From  the  experiments  of 
Ximenes^  Brunnings^  and  Funk^  the  mean  velocity  in  a  perpen- 
dicular Cm =0,915  Cq,  where  Cq  represents  the  veloci^  at  the  surface, 
or  the  maximum  velocity.  The  velocity,  therefore,  diminishes 
from  the  surface  to  the  middle  M 

by  Co  — c«=  (1—0,915)  Co  =  0,085  c^ 
and,  consequently,  the  velocity  below  or  at  the  foot  of  the  perpen- 
dicular may  be  put 

c«  =  Co— 2  .  0,085  Co=  (1—0,170)  Co=0,88  Co. 
If  now  the  whole  depth  =  a,  we  then  have,  by  assuming  a  straight 
line  for  the  scale  of  the  velocities,  the  corresponding  velocity  for  a 
depth  AN=Xj  below  the  water 


t?  =  Co— (Co— c«)  ^  =  ^1—0,170  Co. 


Further,  let  Cq,  Cj,  c^i  •  •  •  be  the  superficial  velocities  of  a  whole 
transverse  profile  of  not  very  variable  depth,  we  have  then  the 
corresponding  velocities  at  a  mean  depth:  0,916  c^  0,915  Cp 
0,915  c^,  and  hence  the  mean  velocity  in  the  whole  profile : 

c  =  0,915  (^o"'"^i  +  ^a  +  "-^*)  . 

n 

Lastly^  if  we  assume  that  the  velocity  diminishes  firom  the  line 
of  current  to¥rards  the  banks,  as  it  does  according  to  the  depth, 
we  may  then  again  put  the  mean  superficial  velocity 

{eo  +  e^  +  ..  +  en  ^  Q  9J5 

ft 

and  so  obtain  the  mean  velocity  in  the  whole  profile : 

c  =  0,915  .  0,915  •  Co  =  0,887  .  Cq, 

i.  e.  firom  88  to  84  per  cent,  of  the  maximum  velocity^  or  of  that  of 
the  line  of  current. 

Frony  deduced  from  Du  Buafs  experiments  conducted  with  very 
small  channels,  and  for  these  cases  perhaps  more  correctly : 
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For  medium  velocities  of  8  feet  it  hence  foUows  that  Cm=^Q,81  Cq. 

Example,  In  the  line  of  current  of  a  brook  the  vdocHy  of  the  water  is  4  teet,  amd 
the  depth  6  feet,  we  have  then  the  mean  ydodty  at  a  conreiponding  piTpwkKrBhg 
c^  -  0,915  .  4  »  3,66  feet,  and  that  at  the  bottom  «   0,83 . 4  -«  3^2  ftet; 

further,  the  velocity  2  feet  below  the  surface  is  0  =  (1  —  0,17  .*)4  «  (1  —  0,057)4 

—  3,772  feet ;  lastly,  the  mean  velocity  throughout  the  profile  is,  e  »  0337 . 4 

11^0  46 

—  3,348  feet,  and  according  to  Prony,  c  »    -^^y   .  4  =     ^^^^   «  3,29  feek 

Remark.  This  and  the  following  subjects  have  been  fiilly  treated  of  undo'  the 
article  **  Bewegung  des  Wassers,"  in  the  **  Allgemeinen  Maschinenencydopfidie."  New 
experiments  and  new  views  may  be  found  in  the  following  writings :  Lafameyer's 
"  Eifahrungsresultate  tiber  die  Bewegung  des  Wassers  in  Fluszbettea  mid  Fanilfii* 
Bnmswick,  1845. 

§  364.  7%6  beat  form  of  transverse  section, — ^The  resistaiice  whidi 
the  bed  opposes  to  the  motion  of  the  water  in  virtue  of  its  adhesion, 
viscoscity,  or  friction^  increases  with  the  surface  of  contact  between 
the  bed  and  the  water^  and  therefore  with  the  perimeter  p  of  the  water 
profile^  or  of  the  portion  of  the  transverse  section  which  comprises 
the  bed.  But  as  more  filaments  of  water  pass  through  a  profile,  the 
greater  its  area  is,  so  this  resistance  of  a  filament  increases  aho 
inversely  as  the  area,   and  hence  on  the  whole  as  the  quotient 

=r  of  the  perimeter  of  the  water  profile,  and  the  area  of  the  whole 

transverse  profile. 

That  the  resistance  of  friction  of  a  running  stream  or  river  may 
be  the  smallest  possible,  we  must  give  to  its  transverse  sectkn 
that  form  for  which  the  perimeter  p  for  a  given  area  is  a  mini- 
mum, or  the  area  for  a  given  perimeter  a  mazimnm.  In 
enclosed  conduits,  as,  for  example,  pipes,  p  is  the  entire  perimeter 
of  the  figure  formed  by  the  transverse  profile.  Now  of  aU 
figures  having  an  equal  number  of  sides,  the  regular  figure,  and 
again,  of  aU  regular  figures  that  which  has  the  greater  number  of 
sides  has  for  the  same  area  the  least  perimeter ;  hence  for  enclosed 
conduits,  the  co-efficient  of  friction  comes  out  the  less,  the  nearer 
its  transverse  profile  approaches  to  a  regular  figure,  and  the 
greater  its  number  of  sides ;  and  the  circle,  which  is  a  regular  figure 
of  an  infinite  number  of  sides,  is  in  this  case  the  profile  which 
corresponds  to  the  minimum  of  friction.  We  must,  therefore,  in 
estimating  this  resistance  of  friction,  leave  out  of  our  consideration 

in  the  quotient  -^  the  upper  side  or  surface  in  contact  with  the  air. 


no.  493.  Tbe  rectaugal&r  and  trapezoidsl  aectioiiB  are 

those  generally  applied  to  canals,  cats,  water- 
courses, &c.    A  horiEontal  line  EF,  Fig.  49S> 
passing  through  the  centre  M  of  the  sqnare 
AC,  divides  as  well  the  area  as  also  the  poi- 
meter  into  two  equal  parts,  hence  it  follows 
that  what    is    true  for  the   square    is  also 
correct  for  these  halves,  and  accordingly,  of  all  rectangular  trans- 
verse profiles,  the  half  square  AE,  or  that  which  is  twice  as  broad  as 
it  is  deep,  corresponds  to  the  least  resistance  of  iriction.  The  regular 
hexagon  ACE,  Fig.  494,  may  be  likewise  divided  by  a  homontal 
line  OF  into  two  equal  trapeziums,  each  of  which,  like  the  entire 
hexagon,  has  the  greatest  relative  area,  and  consequently,  of  all 
trapezoidal  profiles,  half  the   regular  hexagon   or   the  trapeziam 
ABCF  with  the  angle  of  slope  AFM=BCM  of  60"  is  that  which 


when  apphed  gives  the  least  resistance  of  friction.  Half  the 
regular  octagon  ADE,  Fig.  495,  half  the  regular  decagon,  and 
lastly,  the  semi-circle  ADB,  Fig.  49€j  afford  imder  given  circom* 
stances  the  most  advantageous  transverse  profiles  for  canals.  The 
trapezoidal,  or  half  the  regular  hexagon^  gives  a  still  less  resistance 
than  half  the  square  ^r  rectangle,  the  ratio  of  whose  sides  is  1  to 
3^  because  the  hexagon  has  a  less  relative  perimeter  than  the 
square.  Half  the  regular  decagon  gives  a  still  less  friction,  and 
in  general,  the  minimnin  of  friction  corresponds  to  the  semi-circle. 
The  profiles  of  channels  of  wood,  stone  or  iron  only,  are  made 
semi-circulaT  and  rectangular ;  the  profiles  of  canals,  on  the  other 
hand,  which  are  cut  and  bricked,  are  constructed  of  the  trape- 
sridal  figure.  Other  figures,  in  consequence  of  dilGculties  in  the 
execution,  are  not  easily  applicable. 

^  865,  In  the  case  where  a  canal  b  not  walled  up,  but  dug 
out  of  loose  earth  or  sand,  the  angle  of  60"  slope  is  too  great,  and 
the  relative  slope  coig.  6(y=0,57735  too  small,  because  the  banks 
would  not  have  a  sufficient  stability ;  we  are,  therefore,  under  the 
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necesaity  of  applying  the  trapezoidal  profile,  for  which  the  tncH' 

nation  of  the  sides  to  the  base  must  be  still  leu  than  60*^,  perhifw 

scarcely    46°,  or  even   lew.     For  a    trapesoidal  profile  ABCD, 

wiu.  at.  Fig.  497,  which  has  a  peiimeter  and  am 

ieqoal  to  that  of  half  the  square,  the  rela- 
tive slope  =  ^,  and  the  angle  of  dope 
hardly  S&  62'.  If  the  hoght  BE  be 
divided  into  three  equal  parts,  the  base 
BC  will  then  have  two  of  them«  the  paral- 
lel line  AD  ten,  and  each  of  the  sides  AB  =  CD  =  five  parts. 
In  many  cases  the  slope  is  made  =  Z,  to  which  belonga  an  angle 
of  26**  S4/,  and  sometimes  it  is  even  made  still  greater. 

In  evoy  ease  the  angle  of  slope  BAE  =  e.  Fig.  4SSj  or  the 
wo.  498.  jjj^^  jj  _  ^^  _  g^tgjfg^  Q  nuy  i^  regarded  a« 

H  a  given  quantity  dependent  on  the  nature  of  the 

I   groond  in  which  the  canal  is  dog,  and  hence 

I  the  dimensions  of  the  profile  which  offers  the 

least  resistance  have  only  further  to  be  deter- 

mined.     Let  the  lower  breadth  BC=b,  the  depth  BE=a,  and 

the  slope  =  n,  we  then  obtiun  for  the  perimeter : 

AB+BC+CD^p=:b  +  Z  v'?+^'=4-t-2a  vT+i?* 
fw  the  area : 

F  ^  ab  +  naa  =  a  {b  +  na), 

and  hence,  inversely,  b=s no,  and  the  ratio ; 

If  we  substitute  for  a,  a+x,  where  or  is  a  small  number,  we 
may  then  put : 

Now  that  this  value  may  be  greater  not  only  for  a  positive,  but 
also  for  a  negative  value  of  x,  than  the  first 
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—  +  -^(2  i/n'4-  1— «, 
it  is  necessary  that  the  member  witli  the  factor  x  should  vanish, 
and  therefore  that  -^  may  become  a  minimum,  we  must  have 

p a*      "'••*•*     2v^+l-n' 

or  rinee: 

n  =  cotanff.  G  and  v'n'  +  1=  jf^^  "^^jj-co..  6 ' 

m 

Hence,  therefore,  the  most  appropriate  form  of  profile  corres- 
ponding to  a  given  angle  of  slope  9  and  a  given  area  is  deter- 
mined by 

W  Z^cos.e  «  ^ 

Bxmi^h.  "What  dimentioiis  nrast  be  given  to  the  tniuvene  profile  of  a  canal, 
— 1m«p  iMiika  are  to  have  40*  dope,  and  which  la  to  conduct  a  quantity  of  water  Q 


/  ^ 


T 


/■ 


t 


/  '  .  -  '  5 


492 


UNIFORM   MOTION. 


Angle 

of 
dope. 


90* 
60» 

40 
36*  52' 

35« 

30» 
26*34 
Semicircle 


RelatiTe 
•k>pe. 


0,577 
1,000 
1,192 
1,333 
1,402 
1,732 
2,000 


Dimenaioiu  of  tmurene  profile. 


Depth  0. 


Lower 
breadth  6. 


0,707  -/¥  1,414  VF 

0,760  ^ refill  ^r  0,439  vr 


AbMlute 
dope  MO. 


0,636  ^F  0,300  VF 
0,798  ^/F 


Upper 
brcMlth 


1,414  VF 
1,755  VF 


0,740  VJ  0,613  VF  OJiOVP  2,092  VJ? 
0,722  v'/  0,525  -/F  0,860  v'^  2,246  ^/F 
0,707  v'F  0,471  ^F  0,943  -/F  2,357  V^ 
0,697  VF  0,439  v'/'  0,995  VF  2,430  v'/? 
0,664  V^  0,356  ^F  1,150  v'F  2,656  ^/F 


1,272  v'iPl2,844  ^/F 
1,596  VF 


P  :. 


2^28 
2^632 

2,704 

V^ 
2,771 

V^F 
2,828 

VF 
2,870 

-•#• 
3,012 

^F 
3,144 

-•F 
2,507 


We  see  from  tliis  table  that  the  quotient  -^  is  least  for  the 

circle,  namely  =  -^^  i  greater  for  the  semi-hexagon^  and 
still  for  the  half  square^  and  the  trapezium  of  86^  52',  &c. 


Ejrample.  What  dimeittiona  must  be  given  to  a  profile,  which  has  for  an 
40  square  feet,  a  slope  of  its  banks  of  35*  ?    From  the  preceding  table,  the 
a  ->  0,697  v^40  -  4,408,  the  lower  breadth  ->  0,439  ^40  -  2,777 
absolute  slope  «  0,995  ^/A0  m  6,293  feet,  tho  upper  breadth  »  15y363»  and 


the 
the 


Votienti  ,  Jm 


a  0,4538. 


§  867.  Vh^/brm  mo/ton.  ^The  motion  of  water  in  beds  is  for  a 
certain  tract  either  uniform  or  variable ;  it  is  uniform  when  the 
mean  velocity  at  all  transverse  sections  of  this  length  remains  the 
same,  and  therefore,  also,  the  areas  of  the  sections  equal;  and 
variable,  on  the  other  hand,  when  the  mean  velocities,  and  there- 
fore, also,  the  areas  of  the  sections  vary.  We  shall  treat  first  of 
uniform  motion. 
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In  the  unifonn  motion  of  water  along  the  distanceiiD= I,  Fig.489j 
the  whole  fall  HD^h  is  expended  in  overcoming  the  friction  of  the 
water  in  the  bed,  because  the  water  flows  on  witii  the  same  velocity 
with  which  it  arrives,  therefore,  a  height  due  to  a  velocity  is 
neither  taken  up  nor  set  free.  If  we  measure  this  friction  by 
the  height  of  this  column  of  water,  we  may  then  make  the 
fall  equal  to  this  height*    But  the  height  due  to  the  resistance  of 

friction  increases  with  the  quotient-^,  with  2  and  with  the  square 

of  the  mean  velocity  c  (§  329) ;  hence  then  the  formula  holds 
good: 

in  which  I  expresses  a  number  deduced  from  experiment  which 
may  be  called  the  co-eficieni  of  the  reristanee  of  friction. 
By  inversion  it  follows : 

In  determining,  therefore,  the  fidl,  being  given  the  length,  the 
cross  section  and  the  velocity,  and  inversely,  in  deducing  the 
velocity  from  the  faU,  the  length  and  the  cross  section,  we  must 
know  the  co-efficient  of  firiction  1^.  According  to  Eytelwein's 
reduction  of  the  ninety-one  observations  of  Du  Buat^  Briinings, 
Funk  and  Woltmann,  ^=0,007565,  and  hence 

A=:0,007565  .  4  .  ^  . 

F    2g 

If  we  put  ^=9,809  metres  or  81,25  feet,  we  have  fbr  the  metri- 
cal measure 

A=0,0008856  -^  .  c»  andc=5^Q9  a/^* 
and  for  the  foot  measure : 

A=0,0001246  -^ .  c*  and  c=92,5  a/—  English  measure. 

For    conduit     pipes  "^=t~^="j"*    hence    this   formula 

gives  for  pipes  A=:0,03026  ^  •  ^-,  whilst  we  have  found  more 
correctly  for  these  (§  881)  for  mean  velocities 
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h  =  0,025  4"  •  ?-* 
d     2ff 

The  firiction,  therefore,,  as  might  be  expected,  is  greater  in  tbe 
beds  of  rivers  than  in  metallic  conducting  pipes. 

Exan^iet. — I.  What  fall  must  he  given  to  a  canal  of  U^e  lengih  /  «  2600  feet, 
lower  breadth  6  «  3  feet,  upper  breadth  6|  «  7  feet,  and  depth  m  -i  3feet»  if  ii  ii 
to  conduct  a  qoantity  of  water  of  40  cubic  feet  per  second  ?    It  is  s 

p  »  3  +  2  VSn^3«-10,211,  F^  ^^  '*'g  ^  ^  -  16,  and  c  -  15  -  f,beiioe  tbe  feU 

sought,  k  -  0.000121  .?5?^J5!211 .  (^).  »  0>3146  .  10,211 .  64    „  ^^^  ^ 

15  15  •  9 

2.  "What  quantity  of  water  does  a  canal  5800  feet  long,  hATing  a  3  feet  fen,  5  feet 
deep,  4  feet  lower  and  12  feet  upper  breadth  I    Here : 

p^        4  +  2  ^/5«  +  4«         16.806  ^  ^^^^^^ 
F  5.8  40 

hence  the  vdodty 

c  -  ono  .  /  3  M,? ??!? 90.9 


«  90,9  A  / _      — 

'V  0,42015.5800         v^  0, 14005  .  5800         ^812,29         28^ 

-  3,19  feet,  and  the  quantity  of  watdr  Q  »  #'e  ->  40 .  3,19  «  127,6  cubic  feet, 
Prussian  measure. 

§  868.  Co-efficiefUs  of /riction.^^The  co-efficient  of  firiction  for 
rivers,  brooks,  &c.,  the  mean  value  of  which,  isk  the  fbr^^ing 
paragraphs,  we  have  taken  at  0,007566,  is  not  constant,  bat, 
as  in  pipes,  increases  somewhat  for  small  and  diminishes  for  great 
velocities.    We  have  therefore  to  put : 

The  author  of  the  work  alluded  to  in  §^  868,  finds  from 
265  experiments,  the  greater  part  of  them  undertaken  by  himself, 

(0  0299\ 
1  H ' j,  and  hence 

it  foUows  for  the  metre  ?  =  0,0074O9(l  +  2>22???\ 

and  for  English  measure  007409  fl  +  2^^^, 

It  is  manifest  that  these  formulae,  for  a  velocity  c  s  I^  feet, 
give  again  the  above  assigned  mean  co-efficient  of  resistance 
(  8=  0,007666*  The  following  useful  table  of  the  co-effidents 
of  resistance  in  the  metrical  measure  serves  for  facilitating  calca- 
lation. 


TTN»0»H    MOTION. 


495 


Velocity  e. 

0,1 

0,2 

03 

0,4 

0,6 

0,6 

0,7 

0,8 

0,9 

Meter. 

Co-efficient  of 
resistance 

811 

776 

764 

75a 

755 

753 

751 

750 

749 

■ 

Vdocttje. 

1 

1,2 

1,5 

2 

3 

Meter. 

Go-eflBcient  of 
resistance  (aO,00. 

748 

747 

746 

744 

743 

The  following  table  senres  for  the  Prussian  or  English  measure : 


Velocity  e. 

0,3 

0.4 

0,5 

0,6 

0,7 

0,8 

0,9 

1 

H 

2 

3 

5 

10ft. 

Co-efficient  of 

resistance 

C-0,00. 

815 

797 

785 

778 

773 

769 

766 

763 

759 

752 

749 

745 

743 

These  tables  find  their  direct  application  in  all  cases  where  the 
velocity  c  is  given  and  the  fiill  to  be  founds  and  where  the 
formula  No.  1  of  the  former  paragraph  is  applicable.  But  if  the 
velocity  e  is  unknown^  and  its  amount  to  be  determined^  these 
tables  will  then  only  admit  of  a  direct  application,  when  we  have 
already  an  approximate  value  of  €•  We  may  set  to  work  in  the 
simplest  manner  by  determining  c  approximately  by  the  formula 

e  =:  60,9  A  / — n  and  from  this  a  value  of  (,  taken  from  the 


table,  and  the  value  so  obtained  put  into  the  formula 


f?        h      F  /  ^       o    1. 

ig       C     'P  ^   Kip       ^ 

From  the  velocity  c,  the  quantity  of  water  is  then  given  by  the 
formula  Q  =  Fc* 

If,  lastly,  the  quantity  and  the  fall  are  given,  and,  as  is  often  requi- 
site in  the  construction  of  canals,  it  be  required  to  determine  the 

transverse  section, we  may  put«^=--^  (see  Table,  §  866)  and  e^-ii 

In        i^ 

into  the  formula  A  =  0,007566  -p  .  ^,  and  write,  therefor^ 


h  s=  0,007565 


m/Q> 


2ffF^ 


',  and  accordingly  determine: 
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F  =  (o,007565  -^^)^  *•  e.  for  the  metre  F=0,0431  (^^^• 
or  the  foot  measure  F  =  0,0271  (  ^  .  y.  Hence  it  follows, 
approximately,  that  c  =  -^;  if  we  take  a  correspondent  value  of 

f  •  ""o — A~y  ^ 

Q 
and  hence,  more    exact   values  for  c=  -^,   p  =  m  V^^  as 

also  for  a,  6,  &c. 

Scan^yfet.— 1.  What  fiill  does  a  canal  1500  feet  long,  2  feet  lower  and  8  fed 
upper  breadth,  and  4  feet  depth  require  to  give  a  discharge  of  70  cubic  feet  per 

second?     It  Is  /»  =  2  +  2  v'  4«  +  3«  »  12,  ^  «  5  .  4  -  20,   c  «  ^  «  3^. 

hence  I  =  0,00748,  and  A  «  0.00748  .  ^^^g*  ^^  •  -^  =  6,732 . 0,196  » 1,33  It 

2.  What  discharge  does  a  brook  40  feet  broad,  4i  feet  mean  depth,  and  46  feei 
water  profile,  if  it  has  a  fall  of  10  inches  for  a  length  of  750  feet  ?    It  is  aboK 

*  -  '"•'  •  VsTiwns  -  :7^  - « ***» ^y>^'^  -  0.00745.  h«« 

we  obtain,  more  coxrectly : 

c"  FA         4,5.40.10  1  ^^^,,        .  ^^^ 

2l  "  TF  =  0,00744.46.750.12  "  TTm  "  ®'^«**'  ^  '  ^  ^'^  ^«*- 
Lastly,  the  corresponding  discharge  is  Q  =  4,5  .  40  .  6,03  »  1085  cubic  fecL 

3.  A  trendi  3650  feet  long  is  to  be  cut,  which  for  a  total  fall  of  1  foot  is  to  cury  off 
a  dischaige  of  12  cubic  feet  per  second,  what  dimensions  are  to  be  given  to  the 
transrerse  profile,  if  it  is  to  preserve  a  regular  semi-hexagonal  figure  ?  Here  m  »  24>32 

(sse  Table,  §  366),  hence,  approximately,  F  «  0,0271  (2,632  .  3650 .  144)^  »  7,73 

12 
square  fleet,  and  e  »  -^r-^  »  1,548  feet.    Hence  ^  is  to  be  talten  »  0,00758,  aad 

F»  ^0,00758  .  2,632  .  i^^LJ^ii^^  .  7,92  square  feet.    Therefore  the  depth 

must  be  made:  a  »  0,760  ^/F  «  2,14  feet,  the  lower  breadth  »  0,877  ^/F'^t^Al, 
and  the  upper  breadth  »  2  .  2,47  >»  4,94  feet. 

Semark.  Tables  for  shortening  these  calculations  are  given  in  the  '*  Ingenienr." 

§  869.  Variable  motion. — ^The  theory  of  the  variable  motion  of 
water  in  beds  of  rivers  may  be  reduced  to  the  theory  of  uniform 
motion,  provided  thie  resistance  of  friction  for  a  short  length  of 
the  river  may  be  considered  as  constant,  and  the  corresponding 

height  in  like  manner,  as  f  =  ,-p.  ^,  But  besides  this,  regard  must 
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FIG.  499. 


be  had  to  the  vis  viva  of  the  water^  which  corresponds  to  a  change 

of  velocity. 

Let  ABCD,  Fig.  499,  be  a  short 
extent  of  river,  of  the  length  AD=:l, 
the  fall  DH=:h,  and  let  Vq  be  the  velo- 
city of  the  arriying,  and  r^  that  of  the 
departing  water.  If  we  apply  the  rules 
of  efflux  to  an  element  D  of  the  surface, 
we  shall  obtain  for  its  velocity  t^ 

as  regards  an  element  E  below  the  surface,  it  is  true  that  on  the 
one  side  it  has  a  greater  pressure  height  AG^zEH;  but  as  the 
down-stream  water  re-acts  with  a  pressure  D£,  there  remains  for 
it  only  the  fall  DH=^EH — ED,  as  pressure  inducing  motion,  and 
so,  for  this  or  any  other  element,  the  formula : 


A  =  s: 


^9 


answers, 


and  if  further,  the  resistance  due  to  friction  be  added,  we  then 
obtain : 


where  p,  F  and  ik  are  the  mean  values  of  the  wetted  perimeter, 
transverse  section,  and  volQcity.  K  Fq  is  the  area  of  the  upper, 
and  F^  that  of  the  lower  section,  we  may  then  put :       ^  ^   ' 

^=  ^^^,  and  Q=/'o  %^Fx  »i, 
▼hence  it  follovB  fhat : 

t^_,t>o'+V_/l    ,   1\      Q*        ^eobtam- 


2.  Q= 


4/2^* 


V  Fy*      F(,»  ■*"  ^  Fo  +  Fi  VFo»  "^  Fi V 


The  corresponding  fall   A  may  be    calculated    by    means  of 

32 
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the  fonnula  1.  from  the  quantity  of  water^  the  length  and  trans- 
yerse  section  of  a  river  or  canal ;  and,  inversely,  the  quantijty  of  water 
from  the  fall,  the  length  and  the  transverse  section,  by  fomiab 
2.  To  obtain  greater  accuracy,  we  may  make  the  calculation  for 
sev^al  short  portions  of  the  river,  and  take  the  arithmetical  mean. 
If  the  total  fall  only  is  known,  we  must  substitute  this  at  ooee 
for  A  in  the  last  formula,  and  put 

JL_ 1__    1    _1^ 

where  F^  denotes  the  area  of  the  last  section,  and  in  place  (tf 

the  sum  of  all  similar  values  of  the  separate  lengths  of  the 
river. 

Example,  A  brook  has  for  a  dittanoe  of  300  feet  a  ftU  of  9,6  inchea,  tlie  nwn 
perimeter  of  its  water  profile  is  40  feet,  the  area  of  the  nppor  transrerse  profile  70, 
that  of  the  lower  60  square  feet ;  what  quantity  of  water  does  this  brook  diacbaife? 

8,03  V0;8 


^'F, 


It  is  Q  - 


VI  1         ^AAA9^15T        300   .40     /     1  1      \ 

7,182  7,182 


V  0,0000731  +  0,0003365         V0,0004096 


355  cubic  feet.     The  mean  w- 


2  Q  698 

lodty  is  a  -r^TT-  B  5,37  feet ;  hence,  inoi:^  aocnratdy,  I  most  be  taka 

»  0,00745  in  place  of  0,007565,  and  therefore  more  nearly : 

7  182 
Q  »  '  =r  a  370  cubic  feet     If  the  same  brook,  with  tlie 

V'  0,0000731  +  0,0003314 

same  head  of  water,  had  for  a  length  of  450  feet,  a  £itn  of  11  incfaeat  and  if  in 

upper  transrerse  profile  had  an  area  of  50  and  its  lower  of  60  square  feet,  and  the 

mean  perimeter  of  the  profile  measured  36  feet,  we  should  then  ha^ : 

^  8,03  -/ 0,9167 


J  J: L-  +  0,00745  .  i5UlM      ^  JJ\ 

V  60«  50«  '  ^  110      \W    *    50«/ 

-  8'^3   V^;000i222^?'^^  -  340  cubic  feet. 

^              ^xv      X         X       '   ^      370  +  340       „..     , .    ,   X 
The  mean  of  these  two  values  is  Q  »  ..— a  355  cubic  foet 

§  870.  In  order  to  obtain  a  formula  for  the  depth  of  water, 
let  the  upper  depth  =  Oq  and  the  lower  =  o^^  the  slope  of  the  bed 
=  a^  consequently  the  fkll  of  the  bed  =  /  «tn.  a.  We  then  obtain 
the  fall  of  the  water  4=0^ — o^  +  Z  nfi.  a,  and  there  results  the 
equation : 


TABIABLB   MOTION.  499 


hence  /= 


/I         1\  Q* 

p     /I  .  i\(y 


The  length  /which  corresponds  to  a  difference  a^ — a^  of  the  depth  of 
water,  may  be  determined  by  this  formula*  But  if  the  reverse  problem 
is  to  be  solved,  we  must  do  it  by  the  method  of  approximation,  and 
first  determine  the  distances  l^  and  l^  corresponding  to  the  assumed 
depressions  a^ — o^,  and  a| — a^^  and  from  these  calculate  by  a 
proportion,  the  depression  corresponding  to  a  given  distance  iJ^ 

The  formula  is  further  capable  of  simplification  when  the  breath 
b  of  the  running  water  is  constant,  or  may  be  considered  as  such. 
In  this  case  we  put : 

/I        l\(?'_Fo'-J\'    (?_{Fo-F,)  {F„+F,)    vl 
W      ^oV  ^~  Fo'  F,'  •  2g-  Fj'  •  2g 


^K-«OK+«t)  ,  S^ approximately  =  2  fc^)  .  J^, 


and  likewise: 


^0 


=  .4-.  .  j^  hence  /= s — ,  and  hence 


?fi 


The  difference  (Oq — a{)  oi  the  depth  corresponding  to  a  given 
extent  /  may  be  calculated  directly  by  this  formula. 


Extai^.  In  a  horizontal  trenclif  5  tet  broad  waA.  800  feet  long,  it  ii 
to  cany  off  a  20  cubic  feet  discharge,  and  to  let  it  flow  in  at  a  depth  of  2  feet,  what 
depth  win  the  water  at  the  end  of  the  canal  have  ?  Let  us  divide  the  whole 
length  into  ttro  equal  portions,  and  determine  from  the  last  formuUi  the  faU  for 
each  of  them. 

Here  the  m.  a  «-  0,  /  »  -^   »   400,   and  6   »  5  ;   for  the  first  portion 


*  See  "Ingenienr,''  Arithmetik,  §  16,  y. 

82* 
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p^  .  ^  -  2,  hence  t  -  0,00752,  tlao  a^  =  2;  nnee  p  «  8f ,  it  CdDows  tbit 

'  8,'5      4  \ 

0.00752. -ijr.2j\  „„88 

<%_.,-  I ___£l    400..^-  0,170  feet.      N«nr,  ftrthe 

20 
teocmd  half, «,  »  2  —  0,170  -  1,830,  and  /»,  -  8,2,  i^  -  gTlSTT  ^  ^^^  "^ 

the  depressioii  of  the  second  portion : 

8,2        2,192* 
0,00752.-5;Y25-.-2T-i  0  2016 

----^-1      ,        jlgOgg       U00^^^0,219feet,be-cetl. 

■^  1,825  '2^ 

whole  depression  »  0,170  -f  0,219  «  0,389,  and  the  depth  of  water  at  the  lower 
end  »  2  —  0,389  »  1,611. 

§  871.  Floods*  —  When  the  depth  of  water  in  riyen  and 
canals  varies^  variations  in  the  velocity  and  disdiarge  take  place 
likewise.  A  greater  depth  of  water  not  only  involves  a  greater 
section,  but  also  a  greater  velocity,  and  hence,  for  two  reasons,  a 
greater  quantify  of  water,  and  likewise  a  diminution  of  the  depth 
of  water,  gives  a  diminution  of  the  section  and  the  velocity,  and 
hence  also  a  decrease  of  the  discharge.  If  the  original  depth 
=a,  and  any  increased  depth  =  a^,  the  upper  breadth  of  the  cuud 
=  b,  then  the  augmentation  of  the  section  may  be  put  =  b  (o^ — a), 
and  hence  the  section  afterwatds  a^ — a,  F^^F+b  (o^ — a),  it 
also  follows  firom  this  that 

/y/^  approximately  =  I  +      2F      ' 

If  further  j>  be  the  original,  Pi  the  increased  perimeter  of  the  water 
pn^e,  and  B  the  angle  of  slope  of  the  banks,  then 

Now  the  velocity  with  the  first  depth  of  water  is 


7  / 
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c=92,5  a/^,  and  with  tlie  aecond  Ci=92,B  a/—  •  7* 
hence  we  may  pat : 

therefore  the  relative  change  of  velocity : 

On  the  other  hand^  the  ratio  of  the  discharge  is  \ 

and  the  relative  increase : 

Less  accurately,  but  in  many  eases,  especially  in  broad  canals 
with  little  slope,  we  may  put  F=:aA,  and  neglect  -^ — : — --, whence 
it  follows  more  simply  that : 

c  '      a    ' 

Qi  — Q_  .      Oi— a 

JVom  Mi9,  therrfcre,  the  relative  change  of  velocity  is  •]->  ^^ 
/A«  relative  change  in  the  quantity  of  water  \  that  of  the  relative 
change  in  the  depth  oftoater. 

Exan^lm. — 1.  When  the  head  of  water  increaaes  ^  of  ita  original  amount,  the 
velocity  ia  then  ^y  and  the  quantity  ^^  greater  than  its  original  valne.— 2.  When 

the  depth  diniiniBhea  8  per  cent,  the  velocity  then 
diminiahea  4,  and  the  quantity  12  per  cent.-— 3.  From  the 
more  correct  formula : 

a  scale  of  the  depth  of  water  KM,  Fig.  500»  may  be 
constructed,  on  which  the  discharge  of  a  canal  oonea- 
ponding  to    any  depth  KL,  may  be  read  off,  when 


of  water  for  a  oerUin  mean  depth  li  once  known.    If  t  '^  9  feet,  i,  =  i. 


){A-.»)   -   (0,750  —  0.123)   (•,  —  «) 


Q       "   Va  .  18  11,485  .  0,707  / 

-  0,627  (a,  —  a).    K  the  qoanUtr  conapoiidiiig  to  a  mean  btad  cf  wMct  Q  =  « 

euWc  feet,  w8  then  have  Q,  -  40  +  40  .  0,627  («,—•)-  40  +  ^^,,^'' 
Iffl,  —  8  =  0,04  feet  -  5,76  line*,  itfonow*  that  Q,  =  41;  «,— •  -  <M»  fc«t 
=  11,52  hue*,  we  then  ha«  Q,  =  42  oniric  feet;  tf,  fnrthrr,  a,  —  ■  —  —  8,«. 
then  ii  Qi  -^  39  cubic  feet,  Ac.  A  Male,  tberefoie,  irtMW  intervali  we 
LM  ^  LN  ~  6,76  Imaa,  sirei  the  diecharge  icoiiTatBlT  to  a  cnhic  f<x*.  Of  cmcm 
the  accurac;  U  the  leu,  the  more  the  head  of  wata  difto*  fitim  ■  mean  Tiloe. 

Remart.  The   coadocting  and  earrTiiiK  off  td  water  In  cauala,  m  wdl  m  the 
■ul^  of  weir*  and  dami,  will  be  fillip  tnated  of  in  the  Socond  Part. 


CHAPTER  VIII, 


aVDROMETRV,    OK    THE    DOCTRINE    OF    THE    HlASDRElIBm- 
O?   WATER. 

§  872.  Gauget. — ^The  qtuntity,  which  a  stream  dudiai^es  in  i 
certain  time,  ia  determined  eitiier  by  a  gai^e,  by  an  app«n> 
tu8  of  efflux,  or  by  an  hydrometer.  The  moat  aimple  wmy  of 
measuring  water  is  by  the  gauge,  i.  e.  by  the  uae  of  R  grsdnated 
veuel,  but  this  method  is  only  applicable  to  Bnull  discharges, 
carried  off  by  pipes  or  small  brooks,  or  drains,  l^e  gnage  vend 
is  generally  made  of  wood,  and  of  a  rectangular  form,  and  to 
increase  its  strength  is  bound  round  with  iron-hooping.  Id  the 
na.  501.  "  Ingenieur"  we   have  akown 

how  the  exact  capacity  of  this 
vessel  may  be  mewnired.  lie 
watw  is  conducted  into  it  by 
a  trough  EF,  Fig.  601,  at 
whose  extremity  there  is  s 
double  valve  Gff,  by  which 
the  water  may  be  made  to  flow 
at  will  into  the  vessel  .iJC,  why 
the  side  of  it.  To  obtain  the 
exact  depth  of  the  body  <^  water 
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in  the  vessel,  a  scale  KL  is  further  applied.  If  before  measure- 
ment, the  index  Z  be  moved  down  to  the  surface  of  the  water, 
already  in  the  vessel,  and  merely  covering  the  bottom,  and  the 
head  of  water  read  off  from  the  scale,  we  shall  obtain  the  height 
ZZ-y  of  the  ganged  water  by  sabtraction  of  this  firora  the  head  of 
water  which  the  scale  indicates  when  the  index  hand  Z^  is 
brought  into  contact  with  the  surface  of  water  at  the  end  of  the 
observation.  Before  measurement,  the  valve  must  be  so  placed 
that  the  water  may  flow  off  outside  the  vessel.  When  we  are 
convinced  that  the  efflux  in  the  trough  is  in  a  state  of  perma- 
nency, and,  watch  in  hand,  have  noted  a  certain  moment,  the 
valve  must  then  be  turned,  so  that  the  water  may  run  into  the 
guage  vessel,  and  after  it  is  either  partly  <a  entirely  filled,  a  second 
interval  is  noted  by  the  watch,  and  the  valve  again  brought  into 
its  first  position.  From  the  mean  section  F  of  &e  vessel,  and  the 
depth  ZZ,  =a  of  the  body  of  water,  the  whole  quantity  =  Fa  may 
be  CBtimated,  and  again  &om  the  time  of  filling  t,  given  by  the 
difference  of  the  times  observed,  the  quantity  of  water  per  second 


Remark.  To  detomine  ft  mubla 
qnutity  of  efflux  at  etch  period  of 
die  dMj,  «a  may  mtke  om  of  tbe 
fptntat  repmented  in  Fig.  602, 
u  tppUetble  etpediU^  in  ult  work*. 
Then  ue  here  two  gnige  Tcueli, 
J  tad  3,  which  alternately  M  and 


/  " 


which  ii  conducted  bj  the  pipe  F 

futet  throng  a  tiluiit  pipe  CO, 

which  U  rigidly  connected  with  a 

lercT  OS,  RToMng  abonl  C    Wlien 

one  Ttttel  A   bemmee  flOed,   tha 

water  tbm   flowi   thrmigh  a  ihott 

tabe  flints  the  little  Tcnel  Jf,  thi« 

drawt  the  lever  down  again  on  one  aide,  and  the  pipe  CQ  come*  into  fndi  a  petition 

that  the  water  ii  conducted  into  B.    The  drawing  np  of  the  telves  0  and  P  tikei 

plwx  bj  meani  of  itringt  p«s*iDB  o<rer  palleya,  whoM  eitremltiei  ire  connected 

with  the  Wer  and  imtained   by  iron  balls,  wluch  impart  a  fnal  impolie  to  the 

detceat  of  the  lever.    The  vetMls  itf  and  JV  have  imaU  efBux  oHOcm,  by  which 

they  empty  thenuelvH  after  each  reierrion  of  the  lever.    An  apparatoi  i«  beddet 

applied,  by  which  the  number  of  itroltn  may  be  read  off  al  any  time. 

^  878.  Efflux  reffulatora, — Small  and   medium  discharges  are 
very   frequently  determined    by    means  of  their  flow  through  a 
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definite  orifice,  and  onder  a  known  head.  From  the  area  F  oj 
the  orifice,  the  head  of  water  h,  and  the  efflux  co-efficient  /<,  the 
discharge  per  second  Q  =  }iF  -/Zgh  is  given.  The  Pcmcdel 
orifices  are  those  best  adapted  for  this  purpose,  becaoae  the 
co-efficients  of  efflnz  of  these  under  different  beads  of  water  are 
known  with  great  accuracy  (^  S16),  still  they  are  applicable  only 
to  certun  mean  dischai^s.  The  author  arailed  himself  of  four 
such  orifices  for  his  measurements,  one  of  fire,  one  of  ten,  one  of 
fifteen,  one  of  twenty  centimetres  depth,  but  all  of  twenty  centime- 
tres width.  These  orifices  are  cut  out  of  brass  plate,  and  fixed  to  a 
wooden  &ame  AC,  Fig.  603,  which  is  fastened  by  four  strong 
iron  screws  to  each  wall.  In  many  cases  indeed  greater  orifices, 
no.  503.  the  co-efficients  of  effiox  for  which  are  not  so 

1  accurately  determined,  and  sometimes  wein 
must  be  used  which  admit  generally  of  ■ 
still  less  accuracy.  In  all  cases,  however, 
the  rule  holds  good,  that  we  mast  ta- 
deavour  to  get  as  complete  and  perfect  t 
contraction  as  possible,  and  for  this  reason  must  give  to  the 
orifice,  if  it  is  in  a  thick  plate,  a  slope  outward.  The  corrections 
which  most  be  ^plied  for  incomplete  and  partial  contraction,  bare 
been  sufficiently  distinguished  in  paragraphs  319,  320,  &c.  To 
measure  the  water  of  a  brook  we  must  set  the  frame  with  its  orifice, 
and  wait  for  the  moment  when  the  head  of  water  is  permanent.  Yot 
the  measurement  of  the  head  of  water  we  must  avail  ooraelTes  d 
the  index  scale.  Fig.  500,  or  of  the  moveable  scale  £f.  Pig.  505.  M 
we  would  note  the  efflux  directly  from  the  apertures  of  aloices,  it  is 
better  to  fix  before  hand  a  pair  of  brass  scales  BC  and  DB, 
Fig.  504,  with  their  indices  F  and  G  to  the  slide,  and  to  the  aloitc- 
board  A,  in  order  to  read  off  more  safely  the  height  of  the 
qtertnre.  It  is  generally  better  for  the  purpose  of  measaring 
water,  to  put  on  a  new  sluice  board  with  its  guide,  and  with  the 
via.  504.  no.  &05. 
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requisite  elope  ontwards.  The  Bunplest  means  of  measuring  water 
in  a  channel,  consists  in  pntting  in  a  broad  CD,  with  ita  upper 
edge  sloped  off.  Fig.  505,  and  measuring  the  fall  produced  by  it. 
If  the  channel  is  long,  and  there  is  little  rise,  it  is  generally  some 
time  before  the  condition  of  permanency  takes  place,  and  it  is  for 
this  reason  good,  before  measnrement,  to  put  on  a  second  board, 
BO  as  to  impede  the  efBux  of  water  for  a  long  time,  in  order  to 
accelerate  the  rise  to  a  height  corresponding  to  a  state  of  perma- 
nency. 

Fio.  500.  To  measure  the  quantity  of  water 

of  a  brook,  we  may  dam  it  up  with 
posts  and  boards  as  in  Fig.  506,  and 
let  the  water  C  run  off  through  an 
aperture,  or  we  may  avaO  ourselves 
of  a  aimple  overfall  or  weir,  but  of 
this  we  shall  treat  in  the  second 
part. 

§  374.  But  as  it  is  often  long  before  a  state  of  permanency 
occurs  in  water  dammed  up  by  this  construction,  we  may  adopt 
with  advantage  the  following  method,  firat  proposed  by  Prony. 
We  may  first  close  entirely  the  aperture  by  a  sluice-board,  and  let 
the  water  rise  to  some  height,  or  as  high  as  circumstances  will 
admit,  then  draw  it  so  far  up  that  more  water  may  flow  in  than 
'^ut,  and  measure  the  heads  of  water  at  equal  and  very  short 
intervals ;  lastly,  the  aperture  of  the  sluice  most  be  again  perfectly 
closed,  and  the  time  ',in  which  the  water  rises  to  the  first  height, 
further  noted.  In  each  case,  then,  during  the  whole  time  of 
observation  t  -^  ty,  as  much  water  flows  in  as  oat,  and  hence 
the  quantity  flowing  in,  in  the  time  t  +  ty,  may  be  expressed  by 
the  quantity  flowing  out  in  the  time  tj.  If  the  heads  of  water 
during  the  depressions  are  Aq,  Aj,  h^  A3,  and  h„  we  have  then  the 
mean  velocity  of  efflux : 

V-  •^(v'A^-|-4v'A^  +  2i/A^ +  41/^+  v'Aj,{w§S51) 

and  if  the  area  of  the  aperture  =  F,  we  have  then  the  quantity  of 
efflux  in  the  time  / ; 

K=  liZ^^  (i/a;  +  4  v'^  +  2  VA^-l-  4  v'V-H  v'AJ,  and 

the  quantity  flowing  in  per  second : 
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«  =  (TirTfi^'*^***'*'  ^''*'*'"^  *  ^^'^  *'**•'■ 

Etm^.  To  tncMiii*  tbe  wtter  of  *  brook  nied  fat  ttie  drinoK  td  a  tratcr-wfaccl, 
wbich  hu  been  dunmed  up  by  ■  iluicc.  Fig.  506,  afUr  opening  tlie  reetaagnlB' 
apertore,  the  following  ia  obMryed  1  the  origiul  bead  of  witer  i>  2  liaet,  ■AorSu" 
1,B  feet,  after  60"  I  ,S5  feet,  ifter  90"  1^  feet,  after  120"  1,15  feet,  after  laO" 
1,05  feet,  and  after  180"  0,9  feet,  breadth  of  the  apcTtnre  2  feet,  depth  i  foot,  dse 
of  riling  to  Uw  fint  height  with  doMd  ifertnr«  —  110".    The  mean  idootytrf 


-(  V'2  + *Vl,e  +  2v'l,55 +  4^1,5  +  2  Vl,15  +  4^1.05   +    ^0,9) 


8,03  , 
•~      18 

-   0,i40    (1,414    +     hflU   +   2,490   +   4,561   -f    2.14S   +   4,099   -t-   0,»4S ; 
~  0,440  .  21,022  —  9,24B  feet;  but  now  F  —  2  . }  —  1  tqnare  foot,  faeaee  ii 
ftillowi  that  the  tbewetical  discharge  ii  —  9,248  cubic  bet    If  the  co-dfidot  J 
efflni  ii  taken  —  0,61,  we  Onall]'  obtain  the  qoantit]'  of  water  too^ : 
0,61 .  180 

9  -  laV+uo  •  *'"*  ■  ^'*'*  '"''"  ****• 

§  875.  The  "pouce  tTeau,"  or  water'ineK — ^To  measure  small  di»- 
chai^ieB,  we  avail  onnelves  of  the  flow  throngli  nmnd  1  inch  wide 
orifices,  in  a  thin  plate,  tinder  a  given  pressore.  The  diachai^  given 
throogh  Bocb  an  iq>erture  under  the  least  preaaure,  or  when  the 
sorfoce  is  only  a  line  above  the  uppermost  position  of  the  wifioe,  it 
called  an  inch  of  voter.  The  French  aasnme  for  the  water-indi 
(old  Paris  measure)  15  pints,  oi  19,1953  cnbic  metres  of  water  in 
the  24  hours ;  therefore  in  1  hour  0,7998,  and  in  1  minute  0,013S 
cnbic  metres ;  yet  older  data,  by  Mariotte,  Conplet,  and  Boaaot, 
vary  not  a  little  ftom  the  above.  According  to  Hagen,  an  inch  at 
water  (Prussian  measure)  delivers  in  24  hoon  620  cubic  feet,  there- 
fore in  a  minute,  0,8611  cubic  feet.  The  double  water  modulus  of 
Frony,  which  corresponds  to  an  orifice  of  2  centimetres  diameter, 
with  a  preuore  of  6  centimetres,  and  discharges  20  cubie  metres 
_.  (^  water  in  24  hours,  has  not  been 

adopted.  Theapparatus  by  which  wata- 
is  measured  by  the  inch  is  represotted 
in  Fig.  507.  The  water  to  be  mea- 
sured flows  through  the  tube  A 
into  a  box  ;  &om  this  it  passes 
through  holes  below  in  the  partition 
CD  into  the  box  E,  and  from  this 
through  a  horizontal  row  of  round 
orifices  F,  of  exactly  I  inch  width. 
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and  cat  in  tin  plate,  into  the  reservoir  O.  That  the  snrJiice  of 
water  may  stand  a  line  above  the  heights  of  these  orifices^ 
it  is  necessary  that  there  be  a  sufficient  number  of  them,  and 
that  a  part  of  them  be  closed  by  stoppers.  For  great  dis- 
chai^^  the  whole  water  is  divided,  and  in  this  way  a  part, 
only  one-tenth,  is  measured.  This  division  may  be  accomplished 
easily,  by  first  conducting  the  water  into  a  reservoir,  with  a 
certain  number  of  orifices  at  the  same  level,  and  only  to  receive 
the  quantity  delivered  by  one  orifice  in  the  apparatus  represented 
above. 

Rentari  1.  We  msy  ippl;  >1ki  cocki  ud  other  regulating  ippuBtui  to  the 
■neanrement  of  wtter,  if  we  knov  the  co-eSdeat  of  resiitance  for  each  poiition. 
If  A  ii  the  bead  of  water,  F  the  tnuurene  section  of  the  ppe,  and  n  the  co-efficieot 
ottBax,  tor  >  cock  quite  opened,  we  then  hiva  the  diachargc  Q  —  fi  F  -/igk, 

Minverjely./i- — — ^^Md-j   =   {-tA   .2gh.     If  now  we  put  the  co-efficient 

F  '/2  g  *-'      r  ^  V ' 

of  niituicB  coiretponding  to  >  podtioa  of  the  cock,  uaA  taken  from  the  table* 
alreadj'  ghren  —  (,  we  then  have  the  corresponding  dUcharge ; 


v'l+j.'i: 


V'*'(i7^. 


,  we  ma;  coDBtnirt  fi>r  ounelTci  a  table,  so  that  we  can  God 
at  a  glance  the  dischai^  corrvaponding  to  a  pontioD  of  the  cock,  or  the  poiition 
of  the  code  coiTeapondinB  to  a  given  diachar  «.  If,  for  example,  ft  —  0,7  and 
F  —  !>  iquare  inches,  we  have  then  i 


v'l   +  0,49  -J  '     V    1    +  0,49  ; 

or  if  A  it  constantly  1  fbot,  Q,  =  —        '         .     If  now  the  poaitioni  of  the  cock 

'        v- 1  +  0,49 1  '^ 

are  at  &*,  10°,  la°,  20',  25°,  Sec,  the  co-effidents  of  reustance,  0,057 ;  0,293 ; 
0,75B;  1,559;  3,095,  the  ditchirgei  correspODding  to  these  are:  262,1;  248,4; 
22«,8;  200,0;  167,4  cnbic  indies. 


Knmrk  2.  To  r4);n]ate  the  flow  through  an  orifice  D,  Tig.  508,  we  may  apply  a 
wdr   B  that   the   excess  of  water  from  the  pipe  A  may  flow  oier,  and  that   a 
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cojutut  i«Miire  mi;  be  nudntwned  in  tlie  re^rdr  DS,  Tiat  then  tn^  be  m 
louof  wUer,  t  oock  or  ATiJTe  J,  Kg,  S09,  li  ipplied,  whidi  iiRSolated  bjmiM 
JT  actiag  npou  ■  lever,  m  that  u  mnch  mier  only  flowi  in  throogli  B  am  flowi  tW 


^  876.  Hoatinff  bocKei. — The  diachai^  of  large  brooks 
caiuds,  and  nTers,  can  be  determiaed  only  by  an  hydzotaeba 
indicating  the  velocity.  Of  such  instromentB  floating  bodiea 
are  the  most  simple.  We  may  use  any  floating  body  for  this 
pnrpoae,  but  it  is  better  to  hare  bodies  of  a  moderate  size,  whidi 
are  only  a  Uttle  specifically  hghter  than  water.  SabatanceB  irf 
about  Ve  of  a  cubic  foot  contact  are  large  enongh.  Very  iMip 
ones  do  not  eaaily  aasome  the  velocity  of  water,  and  very  email 
ones  again,  especially  when  much  above  the  water,  axe  easily 
disturbed  in  their  motion  by  accidental  circmnatancea,  aometdmn 
by  the  air  on  the  8ur£Etce  of  the  fluid.  Often,  plain  piecea  of  wood 
are  sufficient ;  it  is  better,  however,  if  they  have  a  coating  of  some 
bright  vamiah,  and  better  still  if  the  floats  are  hollow,  mcb 
as  glass  flasks,  tin  balls,  &c.,  because  these  may  be  filled  at  will 
with  water.  Swimming  balls  are  most  frequently  itsed.  Hey 
are  from  4  to  12  inches  diameter,  and  made  of  brass,  and  painted 
over  vrith  some  light  oil-colour,  to  make  them  more  visible  to 
the  eye,  and  have  an  opening  with  a  neck,  that  they  may  be 
filled  with  water  and  stopped.  A  floating  ball,  such  aa  J, 
«o  510  ^*'  ^^^'  ^'^  °°*y  **^  velocity  at  the  snr&ee, 

L  and  often  only  that  of  the  main  cuir^it ;  but  by 

^Vf  A^^     suspending  two  balls  one  to  the  other,  A  and  B, 
^^jjgi^"-;l     Fig,  511,  we  may  determine  the  velocity  at  dif- 
ferent depths.     In  this  case,  the  one  ball  3,  which 
Bii  swims  under   water,  is  quite  filled 

with  the  fluid ;  the  other,  howevs, 
which  swims  on  the  surface,  ia  only 
filled  just  enough  to  make  it  float 
a  little  above  the  snr&ce.  Soth 
balls  are  connected  with  each  other 
by  s  string  or  wire,  or  by  a  light 
wire  chain.  The  velodty  «;,  of  the 
surface  is  first  determined  by  the 
single  ball,  and  then  the  mean  v«> 
locity  of  the  two  observed  by  the 
connection  of  balls.     If  now  the  velocity  at  the  depth  of  the 


PLOATING   BODIES.  509 

second  ball  be  denoted  by  c^,  we  may  then  put  c  =  -2_ — 1^  and 

hencej  inversely^  c^  =  2  c  —  Cq.  Whilst  now  both  balls  are 
connected  with  one  another  by  longer  and  longer  wires,  we  may 
in  this  manner  find  the  velocities  at  greater  depths*  The  mean 
velocity  c  of  a  perpendicular  is  otherwise  given  if  the  second 
ball  is  allowed  to  swim  a  little  above  the  bottom^  and  c  is 
made  =  2ci  —  Cq;  still  more  accurately,  however,  if  for  C| 
the  mean  of  all  the  velocities  observed  in  a  perpendicular  be 
taken. 

To  find  the  mean  velocity  in  a  perpendicular,  the  floating  staff, 
A^Bi,  represented  in  Fig.  512,  is  used.  This  is  particularly 
convenient  for  measurements  in  canals  and  cuts  when  it  is 
composed  of  short  pieces  screwed  together.  The  floating  staff 
which  the  author  uses,  is  composed  of  15  hollow  portions,  each 
1  decimetre  in  length.  That  this  may  swim  pretty  upright, 
the  lowermost  piece  is  loaded  with  shot,  so  that  the  top  just  rises 
above  the  water.  The  number  of  pieces  composing  the  staff, 
depends,  of  course,  on  the  depth  of  the  canal. 

Both  with  the  floating  staff  as  well  as  the  connection  of  balls, 
it  may  be  observed  that  the  velocity  at  the  surface,  when  the 
motion  of  the  water  in  beds  is  tmimpeded,  is  greater  than  at  the 
bottom,  because  the  top  of  the  staff  swims  in  advance  of  the 
bottom,  and  the  upper  ball  in  advance  of  the  lower.  In  con- 
traction only,  for  example,  when  the  water  is  dammed  up  by  piles^ 
&c.,  does  the  contrary  take  place. 

Rtmark.  Ai  a  rule,  espedally  ynth  large  and  floating  bodies,  as  sbips.  Sac,  i^ 
velocity  of  the  swinuning  body  is  somewhat  greater  than  that  of  the  water ;  not  so 
much  becanse  these  bodies  in  swimming  float  down  an  inclined  pUine  formed  by  the 
sozfiuse  of  the  water,  bat  because  they  take  none,  or  scarcely  any,  part  in  the 
irregular  intimate  motion  of  the  water ;  stil],  the  yariation  for  small  floating  bodiea 
is  so  slight  that  it  may  be  neglected. 

§  877.  The  velocity  of  a  floating  ball  is  found  by  noting  the 
time  /  with  a  good  seconds  watch,  or  a  half-second  pendulum 
(§  247),  which  it  takes  while  floating  on  the  water  to  describe  a 
measured  distance  8,  marked  out  on  die  banks.    Then  the  required 

velocity  of  the  ball  is  c  =  p    That  the  time  /  corresponding  to 

the  space  described  along  the  bank  may  be  accurately  found>  it  is 
necessary,  with  the  assistance  of  a  cross  line  or  lines,  to  erect  at 
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the  opposite  bank  two  signal  stafia  C  and  D,   perpendieohr  id   I 
A  and  B,  Fig.  512.     If  we  place  oorselTea  behind  A,  we  maj 
„  then  note  the  moment  when  Uk 

float  K,  dropped  in  ft  litUe  abort 
A,  comes  into  the  line  AC, 
and  if  behind  B,  we  iokj  tbca 
also  obseive  the  time  by  i 
watch  held  in  the  band,  wbea 
the  float  reachea  the  line  BD, 
and  we  then  And  by  Babtrw- 
"o-  513.  tion  <rf  the  times  of  obsem- 

tion,  the  leqoired  time  t  cono- 
ponding  to  the  describing  <d  tk 
spaces.  Besides  themeanveloat; 
e  of  the  water,  the  area  F  ai 
the  transverse  proflle  is  fiuths 
required  for  determining  tht 
quantity  of  water  Q= J"  c.  To 
find  this  area,  it  ia  aeceaa«iy  to 
know  the  breadth  and  the 
mean  depth  of  the  water.  Tbc 
"«■  51*-  depths    are     measured    by   » 

I~  sounding  rod  AB,  Fig.  SIS, 
having  a  rhomboidid  eeetioii, 
and  aboard  £  at  the  foot;  tar 
greater  d^ths  we  may  also  om 
a  sounding  chain,  at  whose  ex- 
tremity there  is  an  iron  plate, 
FIG.  515.  which   in    ainlnng  Tcsta  on  the 

bottom.     The  breadth  and  tb« 
abscissffi  corresponding  to  the 
measured  depths,  or   the    dis- 
taDces  from  the  banks  in  caoali 
and  small  brooks  EFG  Fig.514, 
are  found  by  stretching  acroaa  t 
measuring  chain  AB,   or   the 
placing  of  a  rod  right   across 
the  running  water.     For  Inrosd 
rivers  this  is  determined  by  a  measure  table  M,  which  is  placed 
at  a  proper  distance  AO,  from  the  section  EF,  Kg.  515,  which  is 
to  be  measured.     If  ao   ia  the  distance  AO  between  A   and   O, 
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redaoed  to  the  table,  and  if  no  ia  placed  in  the  direction  of  AO, 
and  thereby  also  the  direction  of  the  breadth  qf  made  parallel  to 
the  line  of  breadth  ./IF  marked  out,  then  each  line  of  vision  will 
intersect  in  the  direction  of  the  points  E,  F,  G,  ftc.,  ^  ^^  profile, 
the  corresponding  points  e,  f,  g  on  the  table,  and  ae,  af^  ag,  &c., 
are  the  distances  AE^  AFy  AG,  &c.,  in  the  reduced  measure. 
It  is  not,  therefore,  necessary  on  putting  in  the  sounding  rod, 
and  measuring  the  depths  by  it,  to  measure  the  distances  of  the 
corresponding  points  of  the  banks,  if  the  engineer  standing  by 
the  measure  table  looks  at  the  sound  on  its  being  put  in,  in  the 
hneEF. 

If  now  the  breadth  EF,  Fig.  614^  of  a  transverse  profile,  con- 
sist of  parts  &1,  b^  £3,  &c.,  and  the  mean  depths  within  those 
parts  a^,  a^  0^3  and  the  mean  velocities  e^  c,,  e^  &c.,  we  have 
then  the  area  of  the  profile : 

F  =  Ojfti  -f  ajf2  +  ^*s  +  •  • . , 
the  discharge : 

Q  =  a^b^c^  +  a^fy  -f  03^3  +  •  •  •  > 
and,  lastly,  the  mean  velocity : 

c  =  Q  ^  «!  Vi  +  «» Vg  -i- '  > 

F  Oibi  +  Ogdji  -f  .  • 

Sgample,  In  a  tolerably  itraight  and  waaiarm  extent  of  river,  we  have  at  the  middle 

points  of  portions  of  the  breadth : 

5  feet,     12  feet,     20  feet,     15  feet,     7  feet, 

The  depths       •       •       •        .d,,         ^     »       l-l>w         ^     n      ^     n 

The  mean  vdoctties  .  •   1,9  „         2,3  „         2,8  „         2,4  „       2,1  „ 

Hence  we  may  put : 

The  area  of  the  profile  Fa5.3-fl2.64-20.11  +  15.8-f7.4«"  455  square  leek 

The  qoantity  of  water  Q  -  15  . 1,9  -»-  72  .  2,3  +  220  .  2,8  +  120  .  2,4  +  28  . 2,1 

1156  9 
—  1156,9  cohio feet.  The  mean  velocity  is  e  —       , -'  •  *•  2,54  feet. 

§  878.  7%e  Tachometer. — ^The  most  preferable  hydrometer  is  the 
tachometer  of  Woltmann,  Fig.  516.  It  consists  of  a  horizontal 
axle  AB,  with  from  two  to  five  vanes  F,  placed  at  an  indina* 
tion  to  the  direction  of  the  ads,  and  gives,  when  immersed 
in  the  water  and  held  at  right  angles  to  the  immtimt  otrffr^^-Afm 
motion,  by  the  number  of  its  revolutions  in  a  certain  time,  the 
velocity  of  the  running  water.  To  read  off  the  number  of  these 
revolutions,  the  axle  has  a  few  turns  of  a  screw  C,  and  these  work 
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into  the  teeth  of  a  wheel  Z>,  upon  whose  lateral  anrfaces  number 
are  engraved,  and  give,  hy  means  of  an  index,  the  number  of  rero- 
lutions  of  the  wheel.  Bat  to  be  able  to  register  s  gre*t  nnmbcr 
of  revolations.iipon  the  axle  of  this  toothed  wheel^  there  ia  aoantn- 

no.  sie. 


Tance  which  works  into  the  teeth  of  the  wheel  E,  by  which,  likf 
the  hands  of  a  watch,  several,  for  example,  fire  or  tenfold  rev(^ 
tions  may  be  read  off.  If,  for  example,  each  of  the  two  toothed 
wheels  has  fifty  teeth,  and  the  trundle  ten,  then  the  second  whed 
rerolves  one  tooth  whilst  the  first  advances  five  teeth,  or  the  vanes 
make  five  revolutions,  if  tbe  index  of  the  first  wheel  points 
to  27  =  26  +  2,  and  that  of  the  second  to  82,  tbe  corres- 
ponding number  of  revolutions  of  the  vanes  is  according)}': 
=82.6+3=162.  The  entire  instrument  is  screwed  to  a  staf 
having  a  tin  vane  attached,  to  admit  of  easy  immersion  in  the  water, 
and  of  being  kept  opposed  to  the  current.  But  that  the  wheel- 
work  may  only  revolve  during  the  time  of  observation,  the  axis  is 
connected  with  a  lever  GO,  which  is  pressed  down  by  a  sjwing, 
so  that  the  teeth  of  the  first  wheel  are  thrown  into  gear  with  the 
screw  only  when  the  lever  is  drawn  up  by  a  string. 
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The  number  of  reyolutions  of  a  wheel  in  a  certain  time^  for 
example^  in  a  second^  is  not  exactly  proportional  to  the  velocity 
of  the  water^  hence  we  cannot  put  v  =  au,  where  u  is  the 
number  of  revolutions^  v  the  velocity^  and  a  a  number  deduced 
from  experiments;  but  rather:  v  =  Vq  +  au,  or  more  correctly 
v=^VQ+au-\-fitfi..  .J  or  still  more  correctly : 

v=a  tt+  \^Vq  +  fi  tt%  where  t;^  is  the  velocity,  at  which  the  water 
is  no  longer  able  to  turn  the  wheel,  and  a  and  /3  are  coefficients 
from  experiment.  The  constants  Vq,  a  and  /3,  are  to  be  deter-^ 
mined  for  each  instrument  in  particular.  With  their  assistance 
the  velocity  is  known  from  a  single  observation,  nevertheless  it  is 
always  safer  to  make  at  least  two,  and  to  substitute  the  mean 
value  as  the  correct  one. 


FIG.  517. 


SMmpk,  If  for  a  uil-wbed  «o  »  0,110  feet,  a  «>  0,480,  tod  /3  »  0,  tkerefore 

V  sr  0,11  •••  0,48  If,  and  we  have  l^  an  obserration  with  this  instrument  found  the 

number  of  revolutions  210  in  80'',  then  the  corresponding  yelocity  is : 

210 
V  -  0,11  +  0»48.-^  -  0,11   +    1,26  m   1^7  iect 

Remark  I.  The  constants  Vg,  a  and  /3  depend  principally  on  the  magnitude  of  the 
angle  of  impact,  i.  «.,  on  the  angle  whidi  the   plane  of  the  vane  makes  with 

the  direction  of  motion  of  the  water,  and  therefore,  also, 
with  the  direction  of  the  axis  of  the  wheel.  To  observe 
with  tolerable  accuracy  small  velocities,  it  is  well  to  have 
a  large  angle  of  impulse,  t.  e.,  one  of  70".  For  the  rest,  it 
is  desirable  to  have  vanes  of  diflbrent  sizes  and  with  dif- 
ferent angles  of  impulse,  and  to  use  the  vane  with  small 
angles  of  impulse  for  great  velocities,  and  a  smaller  one  for 
shallow  water. 

Senuark2.  To  find  the  velocity  of  the  surfsoe  of  water, 
a  small  tin  wheel  may  be  used,  as  represented  in  Fig.  517, 
and  its  under  part  allowed  to  dip  into  the  water.  The 
number  of  its  revolutions  may  be  detennined  by  a  system  of 
wheels,  as  in  the  taohometer. 

§  879.  To  find  the  constant  or  co-efficient  of  the  tachometer, 
it  is  necessary  to  set  this  instrument  in  a  stream,  whose 
velocity  is  known,  and  to  note  the  corresponding  number 
of  revolutions.  Although  as  many  observations  only  are  re- 
quired, as  there  are  constants,  it  is  still  safer  to  have  as  many 
observations  as  possible,  and  especially  for  very  different  velocities, 
because  we  may  then  apply  the  method  of  least  squares,  and 
thereby  eliminate  the  effect  of  accidental  errors  of  observation. 
For  the  rest,  the  velocity  of  the  water  may  be  found  by  the  float- 
ing ball,  or  by  receiving  the  water  in  a  gauge  vessel,  and  dividing 
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the  measured  dischai^  by  the  transYerse  section.  In  using  float- 
ing balls,  the  air  should  be  still,  and  the  tract  of  water  straight 
and  uniform.  The  tachometer  is  to  be  held  at  several  places  ctf 
the  space  described  by  the  floating  ball,  and  it  is  also  requisite 
for  accuracy,  that  the  diameter  of  the  ball  should  be  equal  to  that 
of  the  tachometer* 

The  second  method  of  determination  has  sereral  adyantages 
when  the  water  in  which  the  instrument  is  immersed  is  reoeifed 
into  a  gauge  vessel.  For  this  purpose,  and  especially  for  adjusting 
the  hydrometer,  it  is  well  if  the  Engineer  can  erect  a  proper 
hydraulic  observatory,  consisting  of  a  vessel  of  efflux,  a  gauge 
reservoir,  and  a  channel  of  communication  between  the  two. 
With  such  an  arrangement,  we  may  impart  to  the  water  any  arbi- 
trary velocity,  because  we  can  not  only  regulate  the  entrance  into 
the  channel,  but  also  the  motion  by  means  of  boards  placed  in 
according  to  wiU.  During  observations  we  must  keep  the  tachometer 
at  different  parts  of  the  transverse  section  of  the  channel,  measure 
the  depth  of  this  section  by  a  scale,  and,  lastly,  gauge  the  water 
running  through  in  a  definite  time,  in  the  lower  reservoir  (§  372).  We 
obtain  the  area  F  of  the  transverse  profile  by  multiplication  of  the 
mean  depth  with  the  mean  breadth,  and  the  quantity  of  water  Q  is 
found  from  the  mean  transverse  section  G  of  the  gauge  measnre,  and 
the  height  {$)  of  the  quantity  which  has  flowed  in  during  the  time 

Qg 

by  the  formula  Q^—;  but  the  mean    velocity  of    the    water: 

r=5-==-=r  follows  jfrom  Q  and  F. 
t     tr 

The  corresponding  number  of  revolutions  u  of  the  wheel  is  the 
mean  of  all  the  revolutions  which  are  obtained  when  the  instrument  is 
immersed  at  different  breadths  and  depths  of  the  measured  profile. 

If  from  a  series  of  experiments  we  have  found  the  mean  velocities 
t7|,  Vg,  V3,  &c.,  and  the  corresponding  number  of  revolutions,  we 
then  obtain  by  substitution  in  the  formula  v^v^'\-au,  or  in  the 

more  correct  one :  t;=att+  v^V+iStt*  as  many  equations  of  condi- 
tion for  the  constants  v^  a,  /8,  as  there  have  been  observations 
made,  and  we  may  from  these  find  the  constants,  if  we  either  apply 
the  method  given  in  the  ''  Ingenieur''  §  17,  or  if  these  equations 
are  divided  into  as  many  groups  as  there  are  unknown  constants, 
and  these  added  together  for  as  many  equations  of  condition  as 
requisite  for  determining  v^  a,  and  as  it  may  be  /3. 


fitot's  tubs. 
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Remark,  If  we  adopt  the  more  simpleformiila  with  2  aonstants,  we  may  theti^ 
after  the  method  of  least  squares,  put : 

«,  -  A^Ji2(*)::i?(^)A(yL  -.j  .  .  2  (*«)  2  (y)  -  x  («y)  s  m 

S(«*)S(^-[X(*y)]«      •»*"-      X(^)S(y)_[S(«y)].    ' 

1  ,         „ 

~  —  (I'd  y  ••  — ,  aad  the  iign  Z  represento  tiie  nun  of  aU  raecessiv« 


where 

similar  Tallies,  fia:  example,  Il(;r)=»—  +  -1-  4.  -L  +  ..., 

»j         «i         •i 

Exan^Je.  For  a  small  tachometer  the   yelodties  are:  0,163;    0,205;    0,298; 

0,366 ;  0,610  metres,  the  nwnher  of  levolations  per  second :  0,600 ;  0,835 ;  1,467 ; 

1,805;  3,142  required  to  determine  the  constants  corresponding  to  this  wheel. 

From  the  formula  given  in  the  remark  it  follows,  that : 

« /  X  1  1  0,600 

^  W  =  JTiAa   +  -A-oAt    +    . .   -    18,740,  2  (y)  =  ^j^    + 


0,163   ^    0,206 

'^    '      \  0,163  /  V  0,205  / 

.^,    .  0,600  0,835 


•  • 


82,846,  2  (jf«) 


.  .   »  22,759 
105,223,  and 


(0,163)*    ^     (0,205)* 
105,223  .  18,740  —  80,961  .  22,759 


+  . .  »  80,961, 

129,5 


82^46  .  105,223  —  (80,961)9 


2162 


0,060  and 


368,3 


**  — 2T62~  "  0,1703,  hence  for  this  instrument  the  formulae  »  0,060  +  0,1703 m. 

If  in  this  we  put  v  »  0,6,  we  then  obtain : 

9  a  0,060  +  0,102  e  0,162 ;  further, «  »  0,835, 
«  a  0,060  +  0,142  vo  0,202;  further,  u  a  1,467, 

V  «  0,060  +  0,249  «  0,309;  u  -  1,805, 

V  «  0,060  +  0,307  -  0,367 ;  lastly  «,  «  3,142, 

V  a  0,060  +  0,535  a  0,595 ; 

therefore  the  calculated  values  agree  very  well  with  the  observed. 

§  880.  Piiofs  tube. — Other  hydrometers  are  not  bo  satisfactory 
as  the  tachometer,  for  they  either  admit  of  less  accuracy,  or  they 
are  more  complicated  in  their  use.  The  most  simple  instrument 
of  this  kind  is  Piiofs  tube.  In  its  simplest  form  it  consists 
of  a  bent  glass  tube  ABC,  Fig.  518,  which  is  held  in  the  water 
no.  518.  u^  Buch  a  manner  that  its  lower  part  stands 

horizontally,  and  is  opposed  to  the  water.  By 
the  percussion  of  the  water,  a  column  of 
water  is  sustained  in  this  tube,  which  stands 
above  the  level  of  the  exterior  fluid  surface, 
and  the  elevation  DE  of  this  column  is 
greater,  the  greater  the  percussion  or  the 
velocity  of  the  water  generating  it ;  this  eleva- 
tion or  difference  of  level  may  hence  serve 
inversely  for  a  measure  of  the  velocity  of  the  water.  Let  this  eleva- 

88* 
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tion  DE  above  the  external  Bor&ce  of  water  =  h,  and  the  VEloeitf 

=«,  then  k  =  ^ — T,  where  w  ia  a  number  derived  firom  expcn- 

ment,  and  we  have  inversely,  »  =  /i  V'S  gh,  or  jnare  nmpJr : 
v=  ^  i/h.  To  find  the  constant  ^,  the  instnunent  is  inuiMned 
at  a  pUce  in  the  water  where  the  velocity  v^  is  known  ;  if  the  de- 
ration is  here  =  A,,  we  then  have  the  constant  ^= — == ,  whidi  ii 

to  be  applied  in  other  cases,  where  the  velocity  is  to  be  detenmud 
with  this  instnunent. 

519  "^^  facilitate  the  reading  off  of  the  be^it  i, 

the  instnunent  consists  of  two  tabea,  as  shown  in 
Fig.  519j  and  from  the  one  a  small  tube  Fb 
directed  against  the  stream,  firom  the  other  tvo 
small  tubes  G  and  G,  at  right  angles  to  the  diree- 
tion  of  the  stream,  both  tubes  are  connected  witii 
a  single  cock  H,  by  which  the  water  can  be  re- 
tained in  them.  When  the  instrument  is  dn«ii 
oat  of  the  water,  we  may  then  convaiiraitly  read 
off  on  a  scale  attached  to  both  the  tubes,  the  diflc- 
rence  C2)=A  of  the  two  columns  of  water.  Hoc 
the  water  in  the  tube  may  not  oscillate  much,  it 
is  necessary  to  make  the  exterior  orifices  ol  the 
tubes  narrow,  and  that  the  closing  of  them  mtv 
take  place  quickly  and  safely ;  the  cock  is  prorid- 
ed  with  an  arm  and  an  even  rod  ITfiT,  irfud) 
terminates  above,  near  the  handle  of  the  instiu- 
ment. 
§  881.  Hydromeiric  pendubtm. — The  faydrometric  pendu- 
lum has  been  used  in  preference  by  Ximenes,  Michelotti,  Gerst- 
ner  and  Eytelwein  for  the  measurement  of  the  velocity  of  mnning 
...  water.     This  instrument  consiata  of  a  quadrant 

ABf  Fig.  520,  divided  into  degrees  and  smalkr 
parts,  and  a  metallic  or  ivory  ball  K  of  from  two 
to  three  inches  diameter,  suspended  by  a  thread 
from  the  centre  C,  the  velocity  of  the  water  is 
given  by  the  angle  ACE,  at  which  the  thread 
when  stretdied  by  the  ball  deviates  from  the 
vertical,  when  the  plane  of  the  instroment  is 
brought  into  the  direction  of  the  s 
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the  ball  submerged  in  the  water.  As  the  angle  rarely  amounts  to 
forty  or  more  degrees^  this  instrument  has  often  the  form  of  a 
right  angled  triangle  given  to  it,  and  the  divisions  made  on  its 
horizontal  cathetus*  For  the  placing  of  the  index  or  zero  line 
in  the  vertical,  it  is  best  to  use  a  spirit  level  on  the  horizontal 
arm  of  the  instrument,  or  the  ball  itself  may  serve  for  this  pur« 
pose,  by  letting  it  be  suspended  out  of  the  water,  and  the  instru- 
ment revolve  until  the  thread  coincides  with  the  zero  line  of  the 
division. 

For  velocities  under  four  feet  we  may  use  the  ivory  ball,  but  for 
greater  velocities  the  hollow  metal  ball.  On  account  of  the  con- 
stant undulations  of  the  ball  in  the  direction  of  the  motion  of  the 
water,  as  also  at  right  angles  to  the  direction  of  the  current,  the 
reading  off  i%  somewhat  difficult,  and  leaves  a  good  deal  of  uncer- 
tainty, for  which  reason  this  instrument  cannot  be  relied  upon  for 
the  more  exact  numbers. 

The  dependence  between  the  angle  of  deviation  and  the  velocity 
of  the  water  may  be  determined  in  the  following  manner  when  the 
ball  is  not  very  deeply  immersed.  From  the  weight  O  of  the  ball 
and  from  the  impulse  of  the  water  P=fi  IV,  increasing  simulta- 
neously with  the  square  of  the  velocity  v  and  the  section  of  the 
ball  F,  the  resultant  R,  whose  direction  the  thread  asstimes,  follows, 
and  is  determined  by  the  angle  of  deviation   /3,  for  which  the 

tang.  /3=^=^  ,  hence  also  inversely  : 

,     G  tang,  fi         ,  /  G"       ^ tz  .  ^ n 

V  = — -"^p — f  and  r=^w  -«•  ^^  tang.fi,  u  e.  f?=\^  vtang.  fi» 

if  ip  represents  a  co-efficient  derived  fit>m  experiment,  which  must 
be  obtained  before  use,  according  to  the  above-mentioned  instruc- 
tions. 

§  882.  Rheometer.  —  The  remaining  hydrometers,  such  as 
Lorgna's  water  lever,  Ximenes's  water  vane,  Michelotti's  hydrau- 
lic balance,  Briinning's  tachometer,  Poletti^s  rheometer,  are  more 
complicated  in  their  use,  and  not  altogether  to  be  relied  on.  The 
principle  of  all  these  instruments  is  the  same,  they  are  composed 
of  a  surface  of  impulse  and  a  balance,  and  the  last  serves  for  the 
purpose  of  giving  the  percussion  P  of  the  water  against  the  former,, 
but  since  this  =  fiFv*,  we  then  have  inversely : 


VS^* 


jp—T^Pf  where  ^  denotes  a  constant  deduced  from 
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experiment   dependent  on   tbe  magnitude  of  the  surface  of  im- 
pact F. 

The  rheometer  which  wu  lately  propoeed  b^  Poletti,  and  does 
not  materially  differ  &om  the  hydrometrie  balance  of  MiehdotQ, 
consiata  of  a  lever  AB,  Fig.  521,  tnniing  about  a  fixed  axis  C, 
and  an  arm  CD  to  which  the  snrfaee  of  im- 
pulse, or  according  to  Poletti,  a  mere  im- 
pnlse-staff  ia  acrewed.  To  maintain  equili- 
brium with  the  percussion  of  the  wata  agaiiol 
the  Bor&ee,  the  boxea  suspended  at  tlie  extre- 
mity A  of  the  lever  are  loaded  with  weifht 
or  ahotj  and  to  pat  the  empty  boilanoe  io 
equilibrium  in  still  water,  a  connterpwae  it 
placed  at  B,  which  makes  np  the  oatermort 
end  of  the  arm  CB.  From  the  weight  put 
on  G,  the  impulse  P  is  found  by  means  vS 
the  arm  CA=a,  and  CF=ifiromthe  formuk 
Pb=Ga,  whence,  therefore, 

P=|  G,  andt;=  ^  fL-,/lE,^  ^  '/G, 

where  ^  is  a  constant  derived  from  experiment. 

AniMr*.  With  reipeet  to  the  iMt  hritrometer,  smple  deUOt  wOl  be  ftn^  > 
Eftelwein'i  "  Hindbach  der  Hechanik  fetter  Kiirpei  und  der  Hydnuilik  ;"  fdrtte, 
Id  GMstner'i  "  Hiodboch  der  Hedunik,"  toL  2;  in  Brunning*!  *'TrcaCi«  m 
the  Telodty  of  nutnlng  mten"  in  Ventnioli'i  "  Etementi  di  UecemmcK  e  d'ldnniia,' 
vol.  2.  CoDceraing  Ptdetti't  hydrometo',  we  mnat  refer  to  Dingkr'i  "  INilrtoc^ 
Jounwl,"  voL  20,  1B26.  The  hf  drometcr  deKribed  in  SterenMw'i  trealiM  ob  Hkim 
Sanreying  ud  Uydrometry  ii  the  twhometer  of  Woltmsnn,  lee  Dinger*!  "  Jonrail.' 
TbL  6a,  1842. 


CHAPTER  IX. 

ON    THE   IHFCLSE    AMD   KESISTAMCS   Ot    VLUIIW. 

§  383.  Ir^uUe  and  retittanee  of  water. — Water  or  any  other 
fluid  imparts  a  shock  to  a  rigid  body,  when  it  meets  it  in  such  a 
manner  that  its  condition  of  motion  ia  thereby  altered.  The 
resistance  which  water  oppoaea  to  the  motion  of  a  body,  doea  not 
csaentially  differ  from  impulse.     The  investigation  of  these  twi> 
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forms  the  third  principal  division   of  hydraulics.     We  distiBguish 
from  each  other : 

1.  The  impnlse  of  an  isolated  stream. 

2.  The  impulse  of  a  limited  stream. 

8.  The  impulse  of  an  onlimited  stream. 

An  impulse  of  the  first  kind  takes  place  when  a  body,  for 
instance,  the  float  board  of  an  over-shot  vater-wheel,  ia  opposed  to 
a  stream  of  water  issviing  firom  a  reservoir ;  an  impulse  of  the 
second  kind  occurs  where  water,  in  a  canal  or  in  a  watar-course, 
impinges  against  a  body  which  entirely  fills  up  its  transverse  sec- 
tion, as  for  instance,  against  the  float  board  of  an  under-shot  wheel  j 
the  third  kind,  lastly,  presents  itself,  when  muning  water  strikes 
against  a  body  immersed  in  it,  whose  transverse  section  is  only  a 
very  small  part  of  that  of  the  current  of  water,  as  for  instance, 
agunst  the  float  boards  of  a  floating  mill-wheel. 

We  must  distinguish  the  impulse  of  water  against  a  body  at  rest 
and  agunst  a  body  in  motion,  and  Airther,  the  impulse  against  a 
curved  and  against  a  plane  surface,  and  in  this  last  again,  between 
the  perpendicular  and  the  oblique  impulse. 

Let  us  consider  at  once  the  general  case,  namely,  the  impulse  of 
an  isolated  stream  against  a  sur&ce  of  rotation  which  moves  in  its 
proper  axis  and  in  the  direction  of  motion  of  the  stream. 

§  884.  Iwgtttct  of  isolated  tlreams.—'Let  BAC,  Fig.  622,  be  a 
^^^  g22  surface  of  rotation,  AX  its  axis,  and 

FA  a  fluid  stream  meeting  it  in  this 
direction.     Let  the  velocity  of  the 
water  =  c,  that  of  the  surface  =  », 
and  the  angle  BTX,  which  the  tan- 
gent DT  at  the  extremity  B  of  the 
generating  curve  or  of  each  of  the 
filaments  of  water  BT  leaving  the 
surface,  includes  with  the  direction 
of  the  axis  BE=a ;  lastly,  let  us 
further  assume  that    the   water  in 
rttoning  <^  from  the  surface  loses  nothing  in  vis  viva  by  friction. 
The  water  strikes  against  the   surface  with  the  relative  velocity 
e—v,  and  hence  leaves  the  surface  with  this,  and  therefore  quits  it 
in  the  tangential  directions   TB,  TC,  ftc.     From  the  tangential 
velocity  BD^c — v,  and  the  velocity  of  the  axis  BE^v,  the  abso- 
lute  velocity  BG=Ci  of  the  water  after  impinging   i^;unst  the 
surface  is  fbund  by  the  known  formula : 

Cj=  v'(c — p)'  +  2  (c — v)  V  COS.  a  +  D*. 
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Bat  now  a  quantity  of  water  Q  is  able  to  prodnee  by  virtue  of 
its  vis  viva  the  mechanical  effect  «-  •  Q  r>  if  its  velocity  c  is  faOy 
imparted ;  accordingly  the  residuary  effect  of  the  water : 
=  ^  »  Qy;  consequently  the  mechanical  effect  distribated  over  the 
surface  is : 


^  [c«— (c— t?y— 2  (<s-f?>  V.  COS.  <^— p*J 
"iff  ^ 

_2ct?— 2i?* — 2(c — v)  V  C09.  a  ^ 

-  2g ^^'  ''  ^' 

Pv^{\^cos.a)^^=^Qy, 

and  the  force  or  the  impulse  of  the  water  in  the  direction  of  its 
axis  is; 

P  =  (1  -  CO*,  a)  i^:=l^  Q  y. 

If  the  sur&ce  meets  the  water  with  the  velocity  v,  wc  then 
have  : 

y 
and  if  this  is  without  motion^  therefor^   v=0,   the  impulse  or 
hydraulic  pressure  of  the  axifer  comes  out : 

P  =  (1 CM.  a)  -  .  Qy, 

It  follows  from  this,  that  the  impulse  of  one  and  the  same  mass 
of  water  under  othermse  similar  drcumstanees  is  proportional  to 
the  relative  velocity  c^v  f(fthe  water. 

From  the  area  F  of  the  transverse  section  of  the  fluid  stream^ 
it  foQowB  that  the  quantity  discharged  is  Q^Fc *,^ifSDXi^ 

F=  (1  —CO*,  cf)  ^    ^   ^ —  Fy; 

if 

and  for  «  »  0 ; 

P=  (1  — co^.a)  —  Fy. 

y 

For  an  eguo/  transverse  section  of  the  stream,  the  impulse 
against  a  surface  at  rest  increases  therefore  as  the  square  of  the 
velocity  of  the  water. 
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§  885.  Imptdae  agaitui  plane  tarfaeet. — ^The  impnlse  of  one 
and  the  same  fluid  stream  depends  principally  on  the  angle  a, 
under  wluch  the  water,  after  the  impulse,  leaves  the  axis ;  it  ia 
nothing  if  this  angje  =  0 ;  and  on  the  other  hand,  a  maximum, 

namely,   =  %  — —  Q  ^j  if  this  angle  is  180°,  therefore  ita  coune 

=  —  1,  where  the  water,  as  represented  in  Fig.  633,  kavea 
the  anrface  in  a  direction  opposite  to  that  in  which  it  impinges. 
This  is  generally  greater  for  concave  surfaces  than  for  convex, 
becanae  the  angle  is  there  ohaqse,  therefore  the  cosine  n^;ative 
and  1  —  co«.  a  becomea  1  +  c(u.  a. 


Most  frequently  the  surface,  as  represented  in  Fig.  624,  is 
plane,  and  hence  a  =  90",  therefore  eo».  a  =  0,  and  the  impnlse 

P  =  -i '—  .  Qy;  for  a  surface  at  rest : 

9 

The  normal  innpuUe  of  water  agakut  a  plane  titrface  »  ihare- 
fwe  equivaleni  to  the  weight  qf  a  column  o/  water  which  hat 
for  boM  the  Irangverie  section  F  of  the  ttream,  and/or  altUude, 

twice  the  height  due  to  the  veleeitif,Z  4  «  2  ,  ^  . 

„o.  52S.  'Hie  esperimwts  made  on 

this  suhject  by  Michelotti, 
Vince,  Langadorf,  Bossat, 
Morosi,  and  Bidone,  have 
nearly  led  to  the  same  re- 
sults when  the  transverse 
section  of  the  impinged  sur- 
face was  at  least  six  times 
as  great  as  that  of  the 
stream,  and  when  this  sur- 
£Bce  was  twice  as  far  from 
the  plane  of  the  orifice    as 
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the  thickness  of  the  stream.  The  apparatus  whidi  was  iisen 
for  this  purpose  consbted  of  a  lever^  similar  to  that  of  Poletti's 
rheometer,  which  received  upon  one  side  the  impulae  of  the 
water^  and  whilst  its  other  side  was  kept  m  equilibrium  by  weights. 
The  instrument  which  Bidone  made  use  of  is  rq>rcaented  m 
Fig.  525.  BC  is  the  surface  impinged  on  by  the  stream  PA, 
G  is  the  scale-pan  for  the  reception  of  the  weights^  D  the  axB 
of  rotation^  KL  counter-weights. 

Remark.  The  latest  and  most  extensiTe  expeiimeats  on  the  perciwaion  of  viler 
are  those  of  Bidone.  See  **  Memorie  de  la  Reale  Accademia  deUe  Sdenze  di  Todao,* 
ToL  40, 1838.  They  were  performed  with  a  Telocity  of  at  least  27  feet,  and  m 
hrass  plates  of  frtnn  2  to  9  inches  diameter.  In  generil,  Bidone  found  that  the 
normal  impulse  against  a  plane  snrfisce  was  somewhat  greater  than  2Fkjy  yet  this 
▼ariation  is  perhaps  to  be  attributed  to  an  augmentation  of  the  leyen^  mlack  is 
produced  by  the  falling  back  of  the  water.  See  Duchemin's  ^  Redierclies  exp^ria. 
sur  les  lois  de  la  r^istance  des  fluides."  When  the  impinged  surface  was  qnite  sesr 
the  orifice,  Bidone  found  that  P  was  only  l,b  Fhy;  when,  further,  tlie  smftoe  hsd 
a  transverse  section  equal  to  that  of  the  stream,  in  which  case  the  water  m^ 
deviated  by  an  acute  angle  a,  then,  after  Du  Buat  and  Langsdorf,  P  was  onh 
^  Fhy.  Lastly,  it  has  been  deduced  by  Bidone  and  others  that  the  impulse 
is  in  the  first  moment  nearly  as  great  again  as  the  permanent  impulse. 

§  886.  Maximum  effect  of  impulse. — The  mechanical  effect  of 
impulse : 

Pr  =  (1  —  COS.  a)  ^^ -'')''  Qy 

%f 

tl  *      '*' '     depends  principally  on  the  velocity  v  of  the  impinged  surfiMe  ;  it  is, 

for  example^  nothings  not  only  for  v=c^  but  also  for  i7=:0  ;  hence 

there  is  a  velocity  for  which  the  effect  of  the  impulse  is  a  maximum. 

It  is  manifest  that  it  only  depends  on  [c — v)  v  becoming  a  maximum. 

If  we  consider  c  as  half  the  perimeter  of  a  rectangle^  and  v  as  ita  base 

we  have  then  its  height  =  c — v  and  its  area  =(c — v)  v.  But  of  all 

rectangles  the  square  is  that  which  has  for  a  given  perimeter  2  c 

the  greatest  area^   hence  also  (c  — t?)   v  is   a  maximum^   when 

c 
c^^v=^v,  I.  e.  v=  o>  0nd  we  therefore  obtain  the  maaimmn  valme 

of  the  mechanical  effect  of  the  impulse  when  the  surface  moref 
from  it  unth  half  the  velocity  of  the  water,  and  indeed 

Pr=(l — COS.  a)  .  4  .  5-  .  Qy=(l — cos.  a)  .  ^  Qhy. 

If  now  a=180^^  therefore  the  motion  of  the  water  be  reversed 
by  the  impulse^  we  then  have  the  effect  equal  to  2  .  J  iJAy 
=  QAy.     But  if  a  =90",  i.  e.  if  it  impinges  against  a  plane  siu-faec, 
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this  effect  is  then  only  i  Qky,  therefore,  in  the  last  case,  the  half 
only  of  the  whole  disposable  effect,  or  that  which  corresponds  to 
the  via  viva  of  the  water,  is  gained  or  brought  to  bear  npon  the 
surface. 


If  m  itreun  of  water,  of  40  iqnMe  inches  tnoarene  aectioa,  deliTen 
•  qnantitj  of  G  cabic  feet  pei  Mcood,  and  itrikei  Donnally  igaintt  $.  plane  (luface, 
and  eic^iei  with  a  12  feet  Telocity,  the  effect  of  impulie  is  then : 
p^  (ff  — b)  ^  ^  ^  .\ii  _      \      ij  JJJ2  _  J      55  _  5  (,32    gjgj  _  gj,  j,^_ 

and  the  mechanical  eSM  bronght  to  bear  npon  theiiu&ce  Ps— SOx  12  —  720  ft.  lb*. 

The  greatest  effect  is  for  e  o  —  _  j .     "  —  9  f*et,  and  indeed : 

^  i-  ^.<h  "  }.18>.  0,016.5.  66   -   81  .0155  .  62,5   -    784,68  ft.  lb*. ; 

the  corresponding  fanpolae,  or  hrdrtnlic  prestore  «■  — ^ —   =   87,18  lb*. — 2.  If  a 

(tream  FA,  Kg.  525,  of  64  tqoare  inchet  section,  strikes  with  a  40  feet  velodtj 
gainst  an  immoTeable  eone,  hanng  an  ai^le  of  coDTergence  BAG  —  IOC,  then  is 
the  hydranlic  presnne  in  the  Erection  of  the  stream  i 


-  (1  -  0,64279)  .  1815  .  ^  =  0,35721  .  1815  -  648,33  lbs. 


§  887.  Impube  of  a  Umited  alream.  —  If  we  add  borders 
BD,  CE,  to  the  perimeter  of  a  plane  sur&ce  BE,  Fig.  626, 
which  project  from  the  side  impinged  upon  by  the  water,  then 
will  the  water  deviate  from  its  direction  at  an  obtoae  angle, 
in  s  similar  manner  as  frum  concave  surfaces,  and  hence  the 
impulse  will  be  greater  than  for  plane  surfaces.  The  effect  of 
this  impulse  depends  principally  on  the  height  of  the  border 
and  the  ratio  of  the  transverse  section  between  the  stream  and 
the  part  confined.  In  an  experiment,  where  the  stream  was  I  inch 
thick,  the  cylindrical  enclosure  8  inches  wide  and  3i  lines  deep, 
the  water  ran  off  almost  in  a  reversed  direction,  and  the  impulse 
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J  ~  tyi  ui  every  other  case  this  force  wu  less. 

In  coD8equien<»  of  the  friction  of  the  water  at  the  surface  and 

the  mdea,  the  theoretical  maximnm  value  never  reaches  4>  =-  Fy. 

In  the  impulse  of  a  limited  stream  FAB,  Fig.  528,  a  rimng  at  the 
edges  takes  place ;  this  rising  occu- 
pies only  a  portion  of  the  perimeter, 
and  ertends  itself,  on  ^e  other 
hand,  simnltaneonsly  to  the  im- 
pinged  surface  and  the  fluid  stream- 
The  impii^ing  water  takes  the 
direction  of  the  nnbwdned  portkn 
of  the  perimeter,  and  here,  there- 
fore, becomes   deflected  90  degrees,  whence  the  formula  abon 

found  for  the  isolated  stream  P  =  ^^       ^'  Qr  h<dds  good;    yet 

this  may  also  be  deduced  in  the  following  manner.  If  we  anmne 
that  the  vdocity  c  of  the  arriving  water  by  the  impolae  agwnM 
its  surface  is  changed  into  the  velocity  v  of  the  surface,  we  may 

then  also   assume  that  a  loss   of  mechanical  effect  — s- —  Q  7 

(similar  to  that  b  %  337),  expended  in  the  divinon  of  tbt 
water,   is  connected  with   it.      But  now  the  effect  due  to    the 

oif  invd  of  the  arriving  water  =  5-   Q  r  aQ<1  ^  ^^^  ^^  ^^  water 

going  on  =  -ct-  ^t}  l>ence  it  follows  that  the  mechanical  effect 

imparted  to  the  surface  is : 

ig  g 


§  388.  Oblique  impuUe. — In  oblique  impulse  against  a  plane 
surface,  we  must  distinguish  whether  the  water  flows  away  in 
one,  two,  or  in  all  directions  in  the  plane.  If,  as  in  the  impact 
of  limited  water,  the  surface  AB,  Fig.  629,  is  confined  at  three 
aides,  so  that  the  water  can  run  off  only  in  one  direoticm,  we  have 
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Aen  the  hydraulic  pressnie  against  the  soriacfl  in  the  direction 
of  the  atream  P  =  {\~C03.  a)  ^^~*''  Q  y. 


Bat  if  the  impinged  plane  BC,  F^.  630,  ia  only  bordered 
on  two  oppositely  aitnated  sides,  the  stream  then  divides  itself 
into  two  nnequal  portions ;  the  greater  portion  Qj  takes  the  small 
deflexiMi  a,  and  the  lesser  Q^  the  greater  deflexion  180  — a; 
hence,  the  whole    impulse  in   the   direction  of  die  stream  is: 

P=  (1— CM.tt).  ''~*'  QiT   +   (1  +  co#.  o)  .-i^lf.  Q,y 


^).[(1- 


eos.a)  Q,  +  (1  +  coir,  a)  QJ. 


Now  the  equilibrium  of  the  two  portions  of  the  stream  requires 
that  the  pressures 

^^=^  y{l  — cot.  a)   Qi  and  ^^^  y  (1  +  cm.  o)  Q;, 

between  them  should  be  equal ;  hence,  also : 
(1  — -  CM.  a)  Qi  =  (1   +  CM.  a)   Qj,   or  since  Qy  +  Qj  =  Q, 
(1  —  «w.  a)  Q,  =  (I  +  co>.  a)  (Q—  Q,},  i.e., 

BO  that  the  whole  impulse  in  the  direction  c^  the  stream  is  finally : 
P=faL)y.3(i_^.„)il±^?l^^{^  (l_c«.a«)  Q, 

i.e.,  P=    """  «in.c^.Qy. 

Besides  the  parallel  impuUe  P,  acting  in  the  direction  of  the 
stream,  we  distinguish,  further,  the  lateral  imjntUe  S,  acting  at 
right  angles  to  the  direction  of  the  stream,  and  the  tiormal 
iagmlse  JV,  composed  of  these  two,  and  at  right  angles  to  the 
aurface.     In  every  case  P  =  N  m.  a  and  8  =  N  cot.  a ;  hence. 
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:  -^ — «tn. aQraiidS^=-^ — tiH.2a.Qy. 

The  wxrmal  \mpvitt,  iKer^ore,  menaaet 

OM  the  sine,  iheparaUel  impuUe  at  the  tgnart 

of  the  tine  of  the  taigle  of  incidence,  and  the 

lateral  imjmlte  at  douSk  the  tame  migle. 

Lastly,  if  the  inclined  iorfece  impinged  aa 

is  not  bordered,  then  the  water  cut  B|»ad 

over  it  in  all  directions;   the  impnlM  is 

then  greater,  because  of  all  the  angles  bjr 

which  the  filaments  of  water  ore  deflected, 

I  the  least ;    and  hence,  each   fikment 

which  does  not  more  in  the  Qomul  planf , 

exerts  a  greater  pressure  than  the  filameait  in 

this  plane.  Let  us  assume  that  a  portion  Q, 

corresponding  to  the  sectors  A  OB  and  DOE,  P^.  531,  is  deflected 

by  the  angles  a  and  180"  — a,  and  another  Qj,   corresponding  to 

,  the  sectors  AOD  and  BOE,  by  90",  and  that  both  portions  exert 

a  parallel  impulse,  we  may  then  put : 

i>=£z:f  Qjyrin.a'+^^^Qay,  Qi«n. o»=(^ and  Q,+  Q,=  Q; 

hence  it  follows,  that  Q,  (1  +  tin.  t^)  =  Q,  and  the  whole  panDel 
.mp„l«  P  =  (^-^^  j-j-3^  =  5-pjg^  .  -^  .  O,. 

Although  this  hypothesis  is  only  approximately  correct,  it 
tolerably  well  agrees,  nevertheless,  with  the  latest  experiments 
of  Bidone. 

§889.  Action  qf  an  vnlimitedttream. — If  a  body  mOTcs  progres- 
sively in  an  unlimited  fluid,  or  if  a  body  is  put  into  a  fioid  which  is 
in  motion,  it  then  suffers  a  pressure  which  is  dependent  on  the  form 
and  dimensions  of  this  body,  as  well  as  on  the  density  and  on 
the  velocity  of  the  one  or  the  other  mass,  and  in  the  one  ease 
is  called  the  retittanee,  and  in  the  other  the  io^uhe  of  the  fluid. 
This  hydraulic  pressure  arises  prmcipally  ftpm  the  inertia  of 
the  water,  whose  conditioa  of  motion  is  altered  by  striking  against 
the  BoUd  body,  and  also,  further,  from  the  force  of  cohesion  of  the 
particles  of  water,  which  are  hereby  partially  separated  from  one 
another,  or  pushed  aside.  -  If  a  body  ^C7  moves  against  running 
water,  Fig.  582,  it  pushes  away  before  it  a  certain  quantity  with 
an  augmented  pressure.    Whilst  this  mass  of  water,  1^  the  fottber 
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advance  of  the  body,  always  increaaes  on  the  one  aide,  on  the 

other  a  conBtaot  flowi&g  away  takes  place,  while   the  particles 

no.  532.  n«.  533. 


lyii^  near  the  anterior  surface  assome  a  motion  in  the  direction 
of  this  surface.  If  the  moving  maaa  of  water  strikes  against 
a  body  at  rest.  Fig.  633,  then  is  there  likewise  an  increased 
presanre  produced  in  &ont  of  it,  which  canses  the  particles  before 
the  body  to  deviate  from  their  original  direction,  and  to  rnn  off  at 
the  surface  AB.  When  these  particles  have  reached  the  limits 
of  the  surface,  they  then  turn  and  flow  away  by  the  lateral 
Burfaces  until  they  come  to  the  back,  when  they  then  again 
immediately  unite,  but  assume  an  eddying  motion.  It  is  manifest 
that  the  general  circumstances  of  motion  of  the  particles  iof- 
rounding  the  body  are  the  same  in  the  impact  of  moving  water 
as  in  the  resistance  of  a  body  moving  in  water,  except  that  in 
the  eddies  a  difference  so  &r  takes  place,  that  with  short  bodies 
the  eddy  in  the  latter  case  occupies  a  less  space  than  in  the 
former.  In  both  cases  the  velocity  of  the  particles  increase^ 
more  and  more  &om  the  middle  of  the  anterior  surface  to  its 
limits,  attains  its  maximum  at  the  commencement  of  the  lateral 
Burfacea,  where,  for  the  most  part,  a  contraction  takes  place, 
gradually  diminishes  in  the  water  which  passes  away  at  the  sides, 
and  lastly,  attains  its  minimum  when  the  water  reaches  the  back 
and  passes  into  a  whirling  motion. 

§  890.  Theory  ofimpuUe  and  reriatanee. — The  normal  pressure 
varies  at  different  points  of  the  body ;  it  is  greatest  at  the  middle 
of  the  anterior,  and  least  at  the  middle  of  the  posterior  aur&ce, 
and,  next  to  that,  at  the  parts  of  the  sides  nearest  this ;  becanae,  in 
respect  to  the  body,  there  is  at  the  one  place  rather  a  flow  to,  and 
at  the  other  a  flow  from  these  surfacea.  If  the  body  be  symmetrical, 
as  we  shall  suppose  it  to  be,  with  respect  to  the  direction  of 
motion,  then  the  aggrcgtie  preasures^iK  this  direction  counteract 
each  other,  and  hence  only  the  pressures  in  the  direction  of 
motion  are  to  be  taken  into  account.     But   now   the  pressures 
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on  the  poataior  surface  are  opposed  to  those  on  the  anterior; 
hence  the  reiuttant  impuhe  or  resistance  of  the  water  ma^  be 
equated  to  the  difference  of  pressure  of  the  anterior  and  posterior 
surfaces. 

If  we  cannot  assign  the  amount  of  these  pressores  h  priori,  «e 
majj  nevertheless^  from  the  great  similarity  of  the  eLrcnmstances  to 
the  impulse  of  isolated  streams^  assume  that  at  least  the  generd 
law  for  the  impulse  of  unlimited  water  does  not  difPer  from  that  m 
the  impulse  of  isolated  streams.  If^  therefore^  F  is  the  area  oft 
surface^  which  is  impinged  on  by  an  unlimited  eurrent  whose 
density  is  y,  with  a  velocity  v,  then  the  corresponding  impalte 

or  hydraulic  pressure  may  be  put  P  =  f  —-  Fy,  where  f  rcpre- 

sents  a  number  deduced  from  experiment,  dependent  on  the  tora 
of  the  surface.  But  this  expression  is  not  only  iqpplicable  to 
action  against  the  anterior,  but  also  to  that  against  the  postenor 
surface,  only  that  in  this  last,  when  the  water  has  a  t^ndeDer 
to  flow  away,  it  consists  of  a  draught  or  negative  pressure.  It 
now  PA  7  is  the  hydrostatic  pressure  (§  276)  against  the  from 
and  back  surface  of  a  body,  the  whole  pressure  against  the  froci 

is:  Pi   =   Fhy   +   f  1  .  5-  Fy,   and  that    against   the  hack: 

P3  =  Fh  y  —  fa  •  o~  ^Yj  <^^  ^^  resultant  impulse  or  resistanct 

of  the  water  is  then  found : 

P=Pi-P,=Ki+CJ  .^Fy  =  f  .  g  Py,  if  fi  +  f,  =  ;. 

This  general  formula  for  the  impulse  of  unlimited  water  is  appli- 
cable to  the  percussion  of  the  wind  or  to  the  resistance  of  the 
air.  Besides  the  difference  of  aerodynamic  pressure  at  the  fit»t 
and  back,  there  is  further  a  difference  of  aerostatic  pressure, 
because  the  air  in  front,  in  consequence  of  its  greater  elasticity, 
has  a  greater  density  (7)  than  that  at  the  back.  For  this  reason, 
in  high  velocities,  as  those  of  cannon-baUs,  the  co-efficient  of  the 
resistance  of  air  is  greater  than  that  of  water. 

Remark,  The  adhedoii  of  a  certain  quantity  of  air  or  ^vater  to  tbe  body,  b  ■ 
peculiar  phenomenon  of  the  impulse  or  resistance  of  an  unlimited  medium  (water  or 
air),  whose  influence  is  particularly  remarkable  in  the  variable  molicm  of  botfiek 
as,  for  example,  in  the  oscillations  of  the  pendulum.  For  a  ball,  the  air  or  water 
adhering  to  the  moving  body  is  equal  to  0,6  of  the  volume  of  the  baD.  For  i 
prismatic  body  moved  in  the  dimction  of  its    axis,  the  ratio  of   thb  vohwe 


IMPULSE    AND   RESISTANCE    AGAINST   SURFACES.  629 

»  0,13  •¥  0,705  -—,  yrhett  I  is  the  length  and  F  the  transTene  section  of  the 

body.    These  relations,  disooTered  by  Du  Bnat,  hare  been  inlly  confirmed  by  the 
later  observations  of  Bessel,  Sabine,  and  Baily. 

§  391.  Impulse  arid  resistance  against  surfaces. — The  co-efficient 
of  resistance  C^  or  the  number  with  which  the  height  due  to  the 
velocity  is  to  be  multiplied  to  obtain  the  height  of  a  column  of  water 
measuring  this  hydraulic  pressure,  varies  for  bodies  of  different 
figures,  and  only  for  plates  which  are  at  right  angles  to  the  direc- 
tion of  motion  is  it  nearly  a  definite  quantity.  According  to  the 
experiments  of  Du  Buat  and  those  of  Thibault,  we  may  put  4; =1,85 
for  the  impulse  of  air  or  water  against  a  plane  surface  at  rest,  and  on 
tbe  other  hand  assume,  but  with  less  accuracy,  for  the  resistance  of 
air  or  water  against  a  surface  in  motion  4f  =  1,40.  In  both  cases 
about  two-thirds  of  the  whole  efiect  are  expended  on  the  front,  and 
one-third  on  the  back.  The  resistance  which  the  air  opposes  to  a 
surface  revolving  in  a  circle,  has  been  found  by  Borda,  Hutton,  and 
Thibault  to  vary  a  good  deal,  but  may  be  expressed  by  a  mean  of 
^=1,5.  If  the  surface  does  not  stand  at  right  angles  to  the  direc- 
tion of  the  motion,  but  makes  with  it  an  acute  angle  a,  we  may 

then,  with  Duchemin,  substitute  for  ^,  =-- — r-^ — 5  with  tolerable  cor- 

1  +  sin,  a 

rectness. 

The  impulse  and  resistance  of  unlimited  media  are  also  aug- 
mented when  the  surfaces  are  hollowed  out  or  have  projecting 
edges  at  their  perimeters,  but  we  have  arrived  at  no  general  results 
on  this  subject. 

E»an^k.  If  the  wind  impinges  with  a  20  feet  velocity  against  a  firmly  fixed  wind- 
wheel,  which  consists  of  four  wings,  of  which  each  has  an  area  of  200  square  feet 
and  75<*  inclination  to  the  direction  of  the  wind,  then  is  the  impinging  force  of  the 
wind  in  its  direction,  or  In  that  of  the  axis  of  the  wheel : 

P  »  1,85  .  ^  (^  y^y    ^    2^  .  4  •  200  .  0,086=1,85  . 0,965  .  6.21  .  800  .  0,086 
1  +  («n.  75)»       2g 

»  762,7  ft.  lbs.,  when  the  density  of  the  wind  is  (from  §  301)  taken  at  0,086  lbs. 

Remark.  Views,  with  respect  to  the  impulse  and  resistance  of  unlimited  fluids, 

entirely  at  variance  with  these,  are  put  forward  in  the  aboTC-mentioned  work  of 

Duchemin.    It  is  there  maintained,  for  instance,  that  the  impulse  and  resistance 

against  the  front  sarfruse  of  a  thin  plate  amounts  to  2  .  ^  FA,  and  is  not  negative 

at  the  back,  that  the  impulse  =  0,136  ^  Fjr,  and  the  resistance « 0,746  j-  Fy,    It 

would  be  too  circumstantial  here  to  give  a  detail  of  the  reasons  why  the  author  cannot 
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agree  with  the  views  of  Duchemin,  but  more  with  reference  to  this  will  be  faa^ 
in  Poncelet's  "  Introduction  k  la  m^anique  indusirielle,''  2nd  editioD,  1841. 

§  392.  Impulse  and  resistance  to  bodies, — ^The  impulse  and 
resistance  of  water  to  prismatic  bodies^  whose  axis  coincides  with 
the  direction  of  motion^  diminishes  when  the  length  of  the  body  is 
considerable.  From  the  experiments  of  Du  Buat  and  Duchemin^ 
the  impulse  of  the  front  surface  is  invariable^  and  only  the  effect 
against  the  back  surface  variable.  To  this  corresponds  the  co-efBcient 
4*1  =  1,186,  for  the  total  effect,  however,  with  the  relative  lengtlb 

;;=  =  0,        1,        2,        3, 

?  =  1,86 ;  1,47 ;  1,35  ;  1,33. 
For  still  greater  ratios  between  the  length  /  and  the  mean 
breadth  m^F  of  the  body  ^  diminishes,  owing  to  the  friction  of  the 
water  at  the  lateral  surfaces  of  the  body.  From  the  resistance  uf 
the  water,  reverse  relations  take  place.  Here,  from  Du  Buat, 
for  the  effect  on  the  front  surface,  ^j  =  1  invariably ;  for  the  total 
effect,  however,  with 

=  =0,         1,         2,         3, 


^=1,25;  1,28;  1,31;  1,33,  so  that,  for  i 
prism  which  is  3  times  as  long  as  broad,  the  impulse  is  the  same 
as  the  resistance. 

The  experiments  undertaken  by  Borda,  Button,  Vince,  Desa- 
guilliers,  Newton,  and  others,  with  angular  and  with  round  bodies, 
leave  still  much  uncertainty.  In  what  relates  to  spheres,  it 
appears  that  for  moderate  velocities  the  mean  co-efficient  for 
motion  in  air  or  water  =  0,6.  For  a  greater  velocity  and 
for  motion  in  air,  according  to  Robins  and  Hutton,  for  the 
velocities 

t?=l,         5,         25,       100,  200,   300,   400,  500,    600  metr. 
?=0,59;  0,63;  0,67;  0,71;  0,77;  0,88;  0,99;  1,04;  1,01. 

Duchemin  and  Piobert  have  given   particular    formulae   for   the 
rate  of  increase  of  these  co-efficients. 

For  the  impulse  of  water  against  a  sphere,  Eytelwein  found 
^=0,7886. 

Remark,  Poncelet,  in  his  work  above  cited,  and  Duchemin  and  Thibftult  in  their 
**  Recherches  experimentales/'  have  treated  very  fully  of  these  circumstances.     In  the 
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Second  Part  we  shall  treat  of  the  resistance  to  floating  bodies,  especially  to  ships, 
&c.,  as  also  the  impact  of  the  wind  on  wheels,  &c. 

Ex€miple.  If,  according  to  Borda,  we  put  the  resistance  and  impact  at  right  angles 
to  the  axis  of  a  cylinder  at  half  as  great  as  that  against  a  parallelepiped  which  has  the 
same  dimensions,  we  then  obtain  for  the  resistance  ^  »  f .  1,28  »  0,64  and  the 
impact  s  i  .  1,47  »  0,735.  If  we  apply  these  Talues  to  the  human  body,  whose 
section  has  an  area  of  some  7  square  feet,  we  then  find  for  the  resistance  and  impulse 
of  air  against  it,  the  Talues  t 

P  »  0,64  .  0,016  .  7  .  0,086  «>  »  0,00616  e^,  and 

P  »  0,735 . 0,016 .  7 .  0,086  e>  »  0,00708  e^.  Hence  the  resistance  of  air  for  fe 
Telocity  of  5  feet  is  only  0,00616  .  25  =  0,154  lbs.;  and  the  corresponding 
mechanical  effect  per  second  «  5  .  0,154  »  0,77  ft.  lbs. ;  for  a  Telocity  of  10  feet 
this  resistance  is  four  times,  and  the  effect  expended  eight  times  as  great,  and  for  a 
Telocity  of  15  feet,  these  numbers  are  respectively  9  and  27.  If  a  man  moves  against 
wind  having  a  50  feet  velocity,  with  a  5  feet  velocity,  he  has  then  a  resistance 
0,00708  .  55'  a  21,42  lbs.  to  overcome,  corresponding  to  the  relative  velocity 
50  -f  5  B  55  feet,  and  thereby  to  produce  the  mechanical  effect  of  21,42 .  5 
»  107,1  ft.  lbs. 

§  893.  Motion  in  resisting  media. — The  laws  of  the  motion  of  a 
body  in  a  resisting  medium  are  rather  complex^  because  we  have 
here  to  deal  with  a  variable  force,  i.  e.  one  increasing  with  the 
square  of  the  vdocity.    From  the  force  Pj  which  urges  the  body 

forward^  and  from  the  resistance  Pj,=^ ,  5-  Fy,  which  the  me- 
dium opposes  to  the  motion^  the  motive  force  is : 

Q 

but  since  the  mass  of  the  body =ilf =— ,  the  accelerating  force  is : 

Fy  1 

or  if  we  represent  ^-p-  by  ^ . 

p  s- 1  1 — f  / — \  j--I  ^.  But  the  velocity  v  is  accelerated  in 
the  instant  of  time  r  by  ic=p  r,  hence :         ^  ^  ^  z^  '^  •    ^  • 

K  =  M  — f  (:^)  J  -G^  '"'  *^*  diversely: 

P 


■■»D-'(i)T 
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Now  to  find  the  time  corresponding  to  a  given  change  of  velocity, 
let  us  divide  the  difference  t7»  —  Vq,  of  the  final  and  initial  velocit) 

into  n  parts^  let  any  sucb  part  -^ ^=  r^  and  let  u»  calculate  the 

velocities : 

and  substitute  these  values  in  the  formula  of  Simpson,    In  this 
manner^  by  taking  four  parts  we  shall  obtain  the  time  sou^t 

Further^   the   small  space  described  in  any  mstant  r   (§  19),  i> 
c=vt,  or  smce  r=:-,  0*= — ,  therefore^      ^  , 

9  = ; — ^^  .  =j— .     By  the  application  of  Simpson's  rule,  w 

w(i)  '■^  '  " 

shall  now  find  the  space  which   is   described  while  the  velocity  r 
passes  into  that  of  v^  • 


2.   «=T^. 


Pi       12 

Of  course  the  accuracy  is  greater,  when  we  take  six,  eight,  or 
more  parts.  This  formula  takes  into  account  the  variability  of  the 
co-efficients  of  resistiMice,  which  in  considerable  velocities  is  neces- 
sary. For  the  free  descent  of  bodies  in  air  or  water  Pi=  G,  and  for 
motion  on  a  horizontal  plane  Pi=0,  is  more  correctly  eqnslfe^ 
the  friction  yG.  Since  this  is  a  resistance,  we  have  then  to  intro- 
duce it  as  negative  into  the  calculation,  whence 

P=  -  (P,  +  P,),  andp=  -  [l  +  f  (^y]  J*- 

As  it  cannot  be  a  question  here    of  an  increase,  but  only  of » 


C^l^ 


■^  h  -^  ^'    ^\  /cu^3  '/-^^  ^//i^^^-  „ 

J        ^    A  ^ 

/=  A  t-yi,    .'.  A  -   /-J^,  .,    C  ■=   A,a--A<K. 

'^  A.  A,     ,-.  A,-  i;4^i 

,r  7a-      J  ^  - 


f(C  .  .     .  ^ 


cf  a  -  pz 


V-c/ir 


i/ 


/        O^ 


t    <  --  - 


4    t 


^/  ^  -^  f^A^r-  Aa.  .J   A,^  i-^  A  -  'A 


^/ ^T  ic 
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diminution  of  velocity,  we  have  then  to  substitute  in  the  above 
formula  Vq  —  Vn  for  r«  —  Vq. 

In  the  case,  where  the  body  is  urged  by  a  force,  by  its  weight 
for  instance,  the  motion  approximates  more  and  more  to  a  uniform 
one,  so  that  after  the  lapse  of  a  certain  time,  it  may  be  considered 
as  such^  although  not  so  in  reality.  The  accelerating  force 
p  =  0,  when 

(  .  ^  Fy=P„  when,  therefore,  v=  ^^p. 

The  velocity  of  a  falling  body  approximates,  therefore,  to  thjs 
limit  more  and  more,  without  ever  actually  attaining  it. 

Eapan^le,  Piobert,  Murin,  and  Didion  found,  for  a  parachute  whose  depth  was 
0,31  that  of  the  diametct  of  its  opening,  ^  «  1,94  .  1,37  «  2,66.  Hence,  from 
what  height  will  a  man,  of  150  lbs.  weight,  be  able  to  descend  with  a  similar  parachute, 
of  10  lbs.  weight  and  60  square  feet  transverse  section,  without  acquiring  a  greater 
velocity  than  that  which  he  would  have  acquired  by  jumping  (rom  a  10  feet  height, 
without  a  parachute  ?  The  last  velocity  is  i;  =  8,03  ^/\0  «  25,4  feet,  the  force  is 
i>,  a  (?  s  150  +  10  s  160  lbs.,  the  swrbice  /•  =  60  square  feet,  the  density 
7  «  0,0859,  and  the  co-efficient  of  resistadve  Z;  ^  2,66,  hence : 

1  60     0  0859  e' 

^  ^    64  4  I  160    *  ^»^^^^'  and  ^ .  jj-  «  «,66  .  0,000515  .  25«  =  0,85625. 

If,  therefore,  we  take  6  parts,  we  then  dbtaiii  for  these j 

^^^'^2  "  0,97621;   0,90486;  0,78593;  0,61944;   0,40637s  0,14375,  and  for 

0^  4,268  ;  9,210 ;  15,905  ;  26,910 ;  51,393,  and  173,913 ;  from  Simp. 


V 


^-^s 


son's  rule  the  mean  value  is : 

»(1. 0  +  4. 4,268 +  2. 9,210  +  4. 15,905 +  2. 26,910  +  4. 51,393  <fl.l73,913):3. 6 
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a.— 7^ —  a  29,58 ;    and  from  this  the  space  of  descent  sought : 

^n^^o  times  the  mean  of L—.  «  25  —  0    gg  ^g  ^  ^2,9  feet 


18 


w» 


The  corresponding  time  of  descent  is,  since  the  mean  value  of 3" 

IIP 
«  (1  .  0  +  4  . 1.024  +  2  .  1,105  +  4  .  1,272  +  2  .  1,614  +  4  .  2,467  +  1  -  6,957)  :  18 

=  1,747,  i  «  -^j-  .  1,747  «  1,35  sec. 
JUmark,  For  a  constant  co-«fficient  of  resbtance,  the  higher  calculus  gives  us : 
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hyperbolic  lasuithm. 


ethebue  of  the  bypertralic  tyttem  of  powoi,  a 


§  S94.  Prqfecliles. — We  hare  already  investigated   the  modon 
of  projectiles    in    vacuo    (^    88),  and    foond    this    motion    to 
be    parabolic,    we  may  now  obtain  a  more  eutct  knowledge  of 
motion    in    a    resisting   medinm,    and   coneider    that,     far   in- 
stancc,   of  a  shot.     In  no  case  is  the  path  AON,  Fig.  534,  cf 
a  body  passing  throo^ 
the     air      a      Hynunetrie 
cnrvej  the  portitm   G.V 
in  which  the   body  de- 
scends is  rather  ahorter, 
and,  therefore,   len    in* 
dined  than   the   portkn 
AG  in  wjiich   the  bodf 
ascends,  because  the  le- 
sistance  of  the  air  (ite- 
rating in  the  directios  of 
motion  tends    ahnys  to 
shorten  the  poitiMU   rf 
its  path  AC,   CE,  EG, 
&c.,  more  and  nvwe ;  if, 
therefore,  the  first  portion  of  the  path  AC,  for  motion   in   the 
air  is  only  a  little  shorter  than  it  would  be  in  vacuo,  the  last  por- 
tion LN  is  considerably  shorter  in   the  first  motion  than  it  ii 
in  the  last.    The  construction  of  the  path  in  a  resisting  medinm 
by  means  of  circles  of  curvature  may  be  accomplished  in  the  fol- 
lowing manner. 

From  the  initial  velocity  v„  and  the  angle  of  elevation  BAX 
=a„  it  follows  that  z  ABC=90~a„  and  m,ABC=eim.a^ 
irom  §  40  the  radius  of  curvature 


O.A  =  0.C  =  r.  =  — iJ — , 
gcot.a{ 

hence  with  this  we  may  approximately  describe  the  portion  of  arc 
AC.  If  now  we  assume  the  angle  subtended  at  the  centre  AO^C 
=<fi°i,  therefore  jJC=«i  =  r,^,  we  then  obtain  for  the  ntcceediiig 
particle  of  space  CE  the  angle  of  inclination  a%=a''i — ^,.     Let, 
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further,  the  height  of  fall  BC=h^y  and  the  measure  of  the  retard- 
ation  due  to  the  aire  resistance  (  .  -^Fy  being 

f  •  ^-  ^"^/i^iS  therefore  (  .  ^Q-f"^ 

from  the  principle  of  living  forces,  we  then  obtain  for  the  velocity 
Vg  at  the  initial  point  of  the  second  portion  of  arc  : 


=  (1— /^i)  H^  —  ^.  and  hence  «,=  ,  /i^—f^i)  V— ^  A  . 
Since  now  the  height  of  fall  Ai = i  ^^  -  ^  ^  A  V^   j^  follows  that 


If  we   substitute  these  values   of  a^  and  v^    in   the  equation: 

7.  = ^^ —  >  we  then  obtain  the  radius  of  curvature  OnC  =^  O^E 

g  COS*  a%  A  A 

of  the  succeeding  portion  of  arc  CE,  and  if  we  assume  an  angle  of 
revolution  CO^E^t^^^  it  again  follows  from  this  that  the  angle  of 
inclination  in  the  vicinity  of  E\  03  =  09  —  ^^  and  the  velocity 
at  this  point 


='«  v^ 


»2' 

^'3  =  ^2    \/*        ^^^^^       cos.a^  • 


— /^^2*2  — 


It  is  therefore  easy  to  see  how  the  entire  path  of  the  projectile  may 
be  successively  composed  of  circular  arcs. 

ExampU,  A  cast-iron  ball,  of  4  inches  diameter,  is  shot  off  at  an  angle  of  elevation 

of  50°  with  a  velocity  of  1000  feet,  required  its  path,  if  only  approximately.  The  radius 

t;,«  1000000 

of  curvature  of  the  first  portion  of  arc  is  r,  —  — - —  =»    ^777; ttt-  =  48339  ft- 

'    g  CO8.  a         32,2  eos.  b\r 

As  the  density  of  the  air  ^  0,0859,  and  that  of  cast-iron  =  470  lbs.,  we  have  then 
^==^  ^  -  2: .  ^'f'y^  =  0,00041122  .  «;   now  for  v  «  1000,  K  =  0,90, 

hence  n  0,0003701.     If  in  the  first  pkce  we  take  an  arc  of  1<>  only,  we  then  obtain 

the  velocity  at  the  end  of  it : 

V  =  1000     *   /I— 0,0003701  .  48339  .  0,017453  —  (0,017453  -f-  cos.  50«>)a 


v 


-2  -  *--      /y  i^  0,0003701  .  48339 . 0,017453 

=  747.3  feet. 
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and  the  radius  of  cuiratiire  for  a  second  p<Hiion  oi  arc : 

r,=  ^^(J^^*^)'       «  28035  feet. 
'      32,2  COB,  49^ 

For  t^  =  747»3  feet,  Z  —  0,81,  therefore  ft  =  0,0003331.  If;  therefore,  we  de- 
scribe with  the  last  radius,  an  arc  ^  =  2<*,  the  velocity  at  its  ending  point  win  ht 
93  >B  564,6  feet.  For  a  third  arc  Q^  the  radius  of  curvature  r,  =  14420  feet,  i&d 
if,  therefore,  we  assume  Z  =  0,75,  we  shall  then  obtain  at  the  end  of  a  leegtb 
of  arc  of  4*,  the  velocity  v^  =»  401,3  feet.  The  radius  of  curvature  for  a  fburtli  arc  mav 
be  likewise  found  by  assuming  Z  =  0,72,  and  we  shall  then  obtain  the  vdodtr  r^  as 
the  end  of  an  arc  of  8*^,  from  which  a  fifth  radius  of  curvature  r^  may  be  calcolasrd 
Proceeding  in  this  manner,  we  shall  obtain^  by  degrees,  the  collective  desesu 
for  the  construction  of  the  line  of  projection  ia  question. 
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Axes,  tree,  266. 
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Balance,  hydrostatic,  360. 

Ballistic  pendulum,  319. 

Beams,  hollow,  196. 

— — ,  hollow  and  elliptical,  206. 

— — ,  rectangular,  192. 

— — ,  strongest,  204. 

,  the  strongest  form  of,  212. 


Bodies,  a&iform,  40. 

,  centre  of  gravity  of,  88. 

— ,  dynamics  of  solid,  40. 

,  flexure  of,  186. 

,  floating,  508. 

,  free  descent  of,  7. 

,  impact  of  free,  295. 

— — ,  mechanics  of  sohd,  40. 

fluid,  40. 
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— ,  rotatory,  315. 
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,  statics  of  solid,  40. 

,  strongest  form  of,  183. 

Breaking  twist,  227. 
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Catenary,  130. 

Centre  of  gravity,  76. 

— — — ^^  of  bodies,  88. 

— — — -^—  of  curved  surfaces,  87. 

■  of  plane  figures,  81. 
— — — ^^  of  lines,  79. 
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-^—  of  percussion,  321. 
-^—  of  pressure,  335. 
Centrifugal  force,  256. 

'  of  extended  masses,  258. 

Centripetal  force,  256. 
Chains,  rigidity  of,  174. 
Circular  lateral  orifices,  392. 
^-—  pendulum,  279. 
Co-efflcient  of  efflux,  400, 479. 

.  through  rectangular 
orifices,  Tables  I.  and  II.  from  Poncelet 
and  Lesbros,  404, 405. 

■  for  circular  orifices. 


Table  of  corrections  of  the,  412. 
—  of  contraction,  398. 
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Co-efficient  of  velocities,  397. 

■  of  resistance,  420. 

—  table  of  efflox  and  velocity,  427. 

of  friction,  145,  494. 

of  friction,  Table  of  the,  431 . 

of  the  friction  of  repose  and  mo- 

tion.  Table  of,  149, 15QL 
of  resistance  of  curvature  in  tubes, 

436. 
Cohesive  force,  39. 
Columns,  222. 

Combination  of  velocity,  21. 
Communication,  vessels  of,  457. 
Components,  48. 
Composition  and  resolution  of  velocities, 

20. 

of  forces,  48. 

— — ~—  in  a  plane,  65. 
Compound  motion,  15. 

■  .      pendulum,  288. 
— ^  vessels,  451. 
Compression,  rupture  by,  217. 

. , under,  219. 

Cone  of  friction,  the,  146. 

Conical  tubes,  425. 

Cordes,  friction  of,  170. 

rigidity  of,  175. 

Contraction,  effect  of  imperfect,  448. 

,  co-efficient  of,  398. 

,  imperfect,  411,  423. 

,  maximum  and  minimum  of,  407. 

of  the  fluid  vein,  399. 

,  partial,  408. 

Corrections  for  the  Poncelet  wiers.  Table 
of,  416. 

for  wiers  over  the  entire  side,  or 

VTithout  any  latoul  contraction,  416. 

of  the  co-efficients  of   efflux  for 

circular  and  rectangular  orifices,  412. 

Coulomb's  experiments,  176. 

Couples,  69. 

Cru^ng,  Table  of  the  modulus  of  re- 
sistance to,  218. 

Curve,  elastic,  189. 

Curved  motions  in  general,  26. 

tubes,  435. 

Curvilinear  motion,  60. 

Cycloid,  284. 

Cydoidal  pendulum,  286. 

Cylinders,  197. 

and  prisms,  239. 

Cylindrical  tubes,  418. 


D'eau,  jets,  437. 
Declavity  of  water,  484. 
Density,  36. 

and  pressure,  velocity  of  efflux,  384. 

of  the  air,  376. 

Depth  of  floatation,  351. 
Determination  of  the  centre  of  gravity, 
77. 


Different  velocities  in  the  transverse 

tion,  484. 
Discharging  vessels  in  motion^  394. 
Division  of  forces,  32. 

of  mechanics,  40. 

Dynamical  stability,  114. 
Dynamics  of  aeriform  bodies,  40. 
—  of  fluids,  40. 
of  solid  bodies,  40. 


Edges,  points  and  knife,  167. 
Effect  of  imperfect  oontractioo,  443. 
Efflux,  380, 468. 

,  co-efficient  of,  400,  479. 

^"-^  of  air  in  motion,  475. 

of  still  air,  472. 

of  water  in  motion,  413. 


,  regulators  of,  503. 

under  decreasing  pressure,  477. 

,  velocity  of,  381. 

,  velocity  of  pressure  and  densiEy. 

384. 
Elastic  body,  perfect  and  impcrfeci,  »5. 

curve,  189. 

unpact,  298,  307. 

pendulum,  292. 

Elasticity,  179. 

—  and  strength,  179. 

,  modulus  of,  180. 

,  or  spring  force,  139. 

Elliptical  beams,  hoUow  and,  206. 
English,  French,  and  Gennan  measoRs 

and  weights,    comparatiTC  tables  of. 

xviL 
Equality  of  forces,  33. 
Equilibrium,  kinds  of,  101. 

of  forces  about  an  ana,  104. 

Excentric  impact,  323. 
Experiments  on  beams,  200. 

on  friction,  147. 

of  Rennie,  149. 

Evtelwein,  201. 

P. 

Fall  of  water,  484. 

Flexure  of  bodies,  186. 

— ^,  reduction  of  the  moment  of,  193. 

Floatation,  depth  of,  351. 

.— ^  oblique,  358. 

Floating  bodies,  508. 

Floods,  500. 

Flow  through  tubes,  481. 

Fluidity,  326. 

Fluid  surface,  the,  329. 

Force,  31. 

about  an  axis,  equilibrium  of,  104. 

,  centre  of  parallel  of,  70. 

,  centripetal  and  centrifugal  of  ex- 
tended masses,  256. 
,  cohesive,  39, 
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Force,  oompodtion  of,  48. 

,  direction  of  a,  39. 

V  division  of  a,  32,  39. 
equality  of,  33. 

-  in  a  plane,  51. 
,  composition  o£^  65. 

-  in  space,  53,  70. 
-,  living,  46. 
-,  magnetic,  39. 
-,  measmv  of,  34. 
>,  mnscnlar,  39. 
-,  normal,  255. 

of  inertia,  39. 

-  of  heat,  39. 
-,  parallel  of,  68. 


,  parallelogram  of,  49. 
-,  resolution  of,  50. 
-,  simple  constant,  41. 


Formulae  of  stability,  112. 

Free  axes,  266. 

-^  descent  of  bo^es,  Table  of,  7,  8. 

Ftench,  Bnglish,  and  German  measures 

and  weights,  comparative    tables  of, 

xviL 
Friction,  axle,  154. 
f  Table  of  co-efficients  of, 

(from  Morin),  155. 

,  co-efficient  of,  145,  494. 

— ,  experiments  on,  147. 
— ,  kinds  of,  143. 

,  kws  of,  144. 

of  cords,  170. 

—  of  motion,  150. 

—  of  repose,  Table  of  the  co-effidents 
of  the,  149. 

,  pivot,  164. 

,  resistance  of,  427. 

,roUing,  168. 

,  the  angle  and  cone  of,  146. 

Funicukr  machines,  121. 
f  polygon,  124. 

O. 

Gases,  tension  of,  365. 

Gay-Lussac's  kw,  375. 

Geodynamics,  40. 

Geomechanics,  40. 

Geostatics,  40. 

German,  English,  and  French  measures 

and  weights,  comparative  tables  of, 

xvii. 
Gerstner,  201. 

Graphical  representation,  12. 
Gravity,  specific,  37,  360. 
Gravity,  39. 
— ,  centre  of,  76. 

— -,  determination  of  the  centre  of,  77. 
— —  of  lines,  centre  (rf,  79. 

—  of  plane  of  figures,  centre  of,  81. 

of  curved  surface,  centre  of,  87. 

Guages,  502. 

Galdinus's  properties,  98. 


B. 

Hardness,  305. 
Hollow  beams,  196. 

and  elliptical  beams,  206. 

Horizontal  and  vertical  pressure,  344. 
Hydraulic  pressure,  385. 
Hydrostatics,  40. 
Hydrodynamics,  40. 

balance,  360. 

Hydrometers,  363. 
Hydrometic  sail  wheel,  511. 
Hydrometical  pendulum,  516. 

I. 

Impact  of  isokted  streams,  519. 
-^  ,  elastic,  298. 

,  excentric,  323. 

— ,  inelastic,  296,  307. 
—  in  particular,  294. 

,  imperfectly,  309. 

,  oblique,  310. 

Imperfectly  elastic  impact,  309. 
Imperfect  contraction,  411,  423. 

,  effect  of,  443. 

Impulse,  maximum  effect  of,  522. 

and  resistance,  theory  of,  527. 

oblique,  524. 

of  a  limited  stream,  523. 

and    resistance    against    surfiEu;cs, 


529. 


to  bodies,  530. 
of  water,  518. 


Inclined  plane,  150,  271. 
— =-,  theory  of  the,  116. 
Inehutic  impact,  296,  307. 
Inert  masses,  reduction  of,  233. 
Inertia,  34. 

,  force  of,  39. 

,  moment  of,  232. 

— — ,  radius  of,  236. 

,  reduction  of  the  moment  of,  235. 

Influx,  velocity  of,  382. 

and  efflux,  468. 

Intensity  of  a  force,  39. 
Irregular  vessels,  466. 


J. 


Jets  d'Eau,  437. 


Kinds  of  support,  101. 
'—  of  equilibrium,  101. 

of  friction,  143. 

of  motion,  230. 

Knife,  edges  of,  167. 
Knots,  122. 

Lateral  pressure,  333. 
Laws  of  friction,  144. 

of  Mariotte,  369. 

—  of  Gay-Lussac,  375, 
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Lever,  mathematicajy  105. 

,  material  or  physical,  105. 

— ^,  theory  of  the  equiUbrhim  of  the, 

105,  162, 
Living  forces,  46. 
Liquids  of  different  densities,  364. 
Loading  beyond  the  middle,  209. 
Locks,  470. 
Long  tubes,  432. 


Machines,  Attwood's,  250. 

,  funicular,  12L 

Magnetic  force,  39. 
Manometer,  367. 
Mariotte's  law,  369. 
Mass,  35. 

I,  reduction  of  inert,  233. 
Masses,  centrifugid  forces  of  extended, 

258. 
Mathematical  pendulum,  279. 

lever,  105. 

Mfiterial  pendulum,  279. 

Matter,  33. 

Maximum  and  minimum  of  contractira, 

407. 

effect  of  impuk^  522. 

Mean  velocity,  486. 
Measure  of  forces,  34. 
Mechanics,  31. 

of  solid  bodies,  40. 

of  fluid  bodies,  40. 

—  of  air,  40. 

— —  of  material  point,  41. 
Mechanical  effect,  43. 

,  transmission  of,  58. 

Media,  motion  in  resisting,  531. 
Metacentrum,  356. 
Modulus  of  elasticity,  180. 

—  of  working  load  and  strength,  181. 
^—  of  elasticity  and  strength,  185. 

— —  of  relative  strength,  201. 
Moment  of  inertia,  rotation  and  mass, 

232. 
Morin*s  experiments,  149,  170. 
Motion  in  resisting  media,  531. 

,  accelerated,  4. 

and  rest,  1. 

',  compound,  15. 

,  efliux  of  air  in,  475. 

,  in  general,  curved,  26. 

,  kind  of,  1,  2,  230. 

of  water,  permanent,  485. 

— »,  of  rotation,  231. 

,  mean  velocity  of  a  variable,  13. 

,  parabolic,  23. 

,  rectilinear,  231. 

— -,  roUmg,  277. 
^-— ,  uniform,  2,  492. 

,  uniformly  variable,  3. 

,  variable,  in  particular,  10,  496. 


Mouth  pieces,  417. 
Muscular  force,  39. 


Nodes,  122. 

Normal  aocderation,  28. 

force,  255. 

Notches  in  a  side,  460. 
Numerical  values,  184. 


Oblique  impact,  310. 

—  pressure,  208. 

floatation,  358. 

additional  tubes,  422. 

shaped  vessels^  spherical  and,  4$4. 

impulse,  524. 

Orifice,  triangular  lateral,  390. 

,  rectangular  lateral,  402. 

,  circular  latersl,  392. 

Oscillation,  time  of,  280. 

P. 

Paraldogram  of  the  vdodtaea,  17. 
— ^  of  accelerations,  21. 
-»-»  (tf  forces,  49. 
PaiaUelepiped  of  velocities,  20,  112. 

,  rectangle  of,  237. 

Parallel  forces,  68. 

,  centre  of,  70. 

Parabola,  22. 
Parabolic  motion,  23. 
Particular  cases,  299. 
Partial  contraction,  408. 
Pendulum,  hydrometrical,  516. 
Pendulum,  drculsr,  279. 

,  ballistic,  319. 

,  elastic,  292. 

Percussion,  centre  of,  321. 

Permanent  motion  of  water,  485. 

Perimeter,  484. 

Permanency,  486. 

Physical  lever,  105. 

Piezometers,  454. 

Pile  driving,  302. 

Pipes,  thickness  of,  346. 

Pittot's  tube,  515. 

Rvot  friction,  164. 

Plane  of  rupture,  211. 

,  composition  of  forces  in  a,  65. 

— ,  forces  in  a,  51. 

,  inclined,  152,  271. 

,  theory  of  the  inclined,  116. 

Pneumatics,  40. 

Points  and  knife  edges,  167. 

Pointed  axles,  165. 

Polygon,  funicular,  124. 

Poncelet  and  Lesbros,  two  tables  of  co- 

eflident  of  efflux  through  rectangular 

orifices,  404. 
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Pontoon,  a,  93. 
Pooce  d'Eau,  506. 
Pressure,  32. 

,  horizontal  and  yertica),  344. 

*^«  in  a  definite  direction,  34Q. 

on  the  axis,  102. 

-^—  of  bodies  on  one  another,  108. 

of  oblique,  208. 

of  efflux  under  decreasing,  477. 

on  curved  surfaces,  342. 

Pressures,  principles  of  equality  of,  327. 

and  density,  velocities  of  efflux, 

384. 

,  centre  of,  335. 

,  hydraulic,  385. 

,  lateral,  333. 

on  the  bottom,  331. 

Principle  of  equality  of  pressures,  327. 

—  of  the  ©iff  vivat  46. 

—  of  virtual  velocities,  72,  11  ff. 
Prismatic  vessels,  456. 

Prisms  and  cylinders,  239. 
Profile  in  river,  484. 
Projectiles,  534. 
Properties  of  Guldinus,  98. 
Pulley,  the,  137. 

Pyramidal-shaped  vessels,  vredge,    &c., 
462. 

R. 

Radius  of  gyration  or  inertia,  236. 

Rectangle  and  parallelepiped,  237. 

Rectangular  beams,  192. 

'»—  lateral  orifices,  402. 

Rectilinear  motion,  231. 

Reduction  of  the  moment    of  flexure, 

193w 

of  inert  masses,  233. 

^—  of  the  moment  of  inertia,  235. 

Regular  of  efflux,  503. 

Rehitive  strength,  180,  199. 

Rennie's  experiments,  149. 

Rest  and  motion,  1. 

Resistance  and  impulse  against  surfiMses, 

529. 

to  compression,  180. 

to  torsion,  180. 

— —  to  bodies,  530. 

,  co-efficient  of,  420. 

of  friction,  427. 

^—  of  veater,  518. 

,  theory  of  impulse,  &c,  527. 

Resolution  of  velocities,  20. 

—  of  forces,  50. 
Resultant,  48. 
Rheometer,  517. 
Rigidity  of  chains,  174. 

—  of  cords,  175. 
Rod,  the,  236. 
Rolling  motion,  277. 

—  friction,  168. 


I  Rotatory  bodies,  315. 
Running  water,  483. 
Rupture,  plane  of,  211. 

by  compression,  21 7. 

under  compression,  219. 

8. 

Sailwheely  hydrometic,  511. 

Section,   transverse,   different  velocities 

in  the,  484. 
Segments,  244. 
Short  tubes,  417. 
Simple  constant  force,  41. 
Slop  of  water,  484. 
Space,  forces  in,  53,  72. 
Specific  gravity,  37,  360. 
Sphere  and  cone,  241. 
Spherical    and    obetisk-shaped    vessels, 

464. 
Spring  force,  39. 
State  of  aggregation,  38^. 
Stability,  109,  355. 
-^ — ,  formuhe  of,  112. 

,  dynamical  of,  114.^ 

Statical  moment,  65. 
Statics  of  solid  bodies,  40. 

of  fluid,  40. 

of  aeriform  bodies,  40. 

Strata  of  air,  374. 

Stream,  action  of  an  unlimited,  526. 

Streams,  impact  and  isolated,  519. 

,  impulse  of  a  limited,  523. 

Strength  and  elasticity,  179. 

^—  modulus  of  working  load  and,  181. 

the  moduli  of  elasticity  and  table, 

185. 
relative,  199. 

modulus  of  relative,  201. 

Strongest  form  of  body,  183. 
beams,  204. 

—  form,  beams  of  the,  212. 
Sopport  of  kinds,  101. 

T. 

Table  of  co-efficients  of  the  friction  of 

repose,  149. 
comparative,  of  English,   French 

and  G^man  measures  and  weights, 

xvii. 

of  motion,  150. 


—  of   co-efficients   of   axle   friction 
from  Morin,  155. 

-—  I,  the  moduli  of  elasticity  and 
strength,  185. 

—  II,  the  modulus  of  strength  for 
the  flexure  of  bodies,  202. 

—  of  the  modulus  of  resistance  to 
crushing,  218. 

—  of  co-efficients  of  effiux  through 
rectangular  orifices,  404. 

—  of  co-efficients  of  efflux  for  wiers, 
406. 
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Table  of  the  co-effidents  of  resistance  for 
trap  valves,  451. 

of  the  co-efficients  of  friction,  431. 

of  the  co-efficients  of  the  resistance 

of  curvature  tubes,  436. 
of  the  co-efficients  of  resistance  for 

the  passage  of  water  through  a  cock  in 

a  rectangular  tube,  446. 

in  a  cylindrical  tube,  446. 

— ^— ^— —  through  throttle- 
valves  in  rectangular  and  cylindrical 
tubes,  447. 

showing  the  relations  of  the  mo- 
tion to  the  time  in  the  free  descent  of 
bodies,  8. 

—  of  corrections  of  the  co-efficients 
of  efflux  for  circular  and  rectangular 
orifices,  412. 

—  for     the    Ponoelet 


wiers,  416. 


for  wiers  over  the 
without    any  lateral 


entire  side,    or 
contraction,  416. 

— ^  of  correction  for  imperfect  con- 
traction by  efflux  through  short  cylin- 
drical  tubes,  424. 

of  the  co-efficients  of  efflux,  427. 

Tachometer,  511. 

Tension  of  gases,  365. 

Theory  of  the  inclined  plane,  116. 

of  impulse  and  resistance,  527, 

— — — —  wedge,  120. 

Thickness  of  axles,  the,  215. 

of  pipes,  346. 

Time  of  osdllation,  280. 

Torsion,  223. 

Traction,  32. 

Transference  of  the  point  of  application, 
62. 

Transmission  of  mechanical  effect,  58. 

Transverse  section,  different  velocities 
in  the,  484. 

the  best  form  of,  488. 

Tredgold,  215. 

Triangular  lateral  orifice,  390. 

Trigonometric,  19. 

Tubes,  angular,  434 

— -,  conical,  425. 

— ,  curved,  435. 

— ^  cylindrical,  418. 

,  flow  through,  481. 

,  long,  432. 

—  oblique  additional,  422. 

,  of  Pittot,  515. 

,  short,  417. 

,  table  of  co-efficients  of  the  resis- 
tance of  curvature  in,  436. 


Twist,  breaking,  227. 

V. 

Unifonn  motion,  2,  492. 
Uniformly  accelerated  motioii,  4. 

variable  motion,  3. 

Unit  of  weight,  33. 

V- 

Yalves,  449. 

,  table  of  the  co-effirifinta  of  resa- 

tance  of  teq[n,  451. 
Yaiiable  motions  in  partioiilar,  10. 
— —  motion,  mean   vdodtr  of  a,  11 

496. 
Velocitiea,  co-efficient  o£,  397. 

,  combination  of,  21. 

— ,  composition  and  resoliitaaii  ai,  26. 
in  the  transverse  sectiosi  difeeai. 

484. 
— -,  mean,  486. 
— ,  paralldogram  of  the,  17. 

,  parallelepipedon,  20. 

— -,  principle  df  virtnal,  72,  118. 
-»— >  of  efflux  and  influx,  381,  332: 
— »  of  efflux,   pressure,  and  deosirT, 

384. 
Vertical  and  horizontal  presmre,  344. 
Tesuds,  compound,  451. 

in  motion,  discharging,  394. 

1  irregular,  466. 

of  communication,  457. 

f  prismatic,  456. 

— -,  spherical  and  obelisk-aiiaped,  4€4. 
— — ,  wedge  and  pyramadal-ahaped,  4€t 

Water-inch,  506. 

—  in  motion,  efflux  of,  413. 
-«»,  permanent  motion  of^  48&. 

■  running,  483. 
— ,  slop  of,  484. 
Wedge  and  pyramidal  shaped    fctsstls. 

462. 

,  the,  152. 

^^,  theory  of  the,  120. 

Wheel,  and  axle,  the,  246. 

— — ,  hydrometic  sail,  54. 

'— —  of  an  axle,  the,  139. 

Widening,  abrupt,  440. 

Wiers,  406. 

— — ,  table  of  the  co-eflicieiita  of  cfflax 

for,  406. 
— ,  table  of  corrections  for  the  Poa- 

celet,  416. 
,  over  the  entire  side,  table  of  car- 

rections  for,  416. 
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line    7,  for  6  feet  read  6  feet  per  second. 

5,/or8,01  V9read8fi3  Vs. 

6, /or  2,480  Vs  read  2,4S9  Vs. 
22 1  for  height  of  velocity  read  height  due  to  the  velocity,  and  so  on. 

b,for  where  a  read  where  a. 

Ay/or  31,25  read  32,2,  for  36,25  read  38,7. 

^tfor  relationship  read  ratio, 
line  2  from  bottom, /or  rotation  read  relation. 
2  from  bottom, /or  746  read  708. 
2,/or  727,48  read  7055,4. 

2  from  bottom,  ybr  weight  read  weights  as. 
2f  for  arm  read  arms. 

8  from  bottom,/or  enumerated  read  enunciated. 
l,ybr  diameter  read  radius,  and  in  the  following  page. 

11, /or  common  XX  read  XX  common. 
4, /or  diameters  read  radii. 

6,  ditto  ditto. 
12,/or  English  read  Prussian. 
17,/or  thus  r,  read  in  this. 

4  from  bottom, /or  less  on  the  side  read  on  the  least  side. 

If  for  straight  lines  read  of  the  straight  line  JD, 
10,  for  as  prismatic  read  as  for  prismatic. 
17,/or  flexion  read  flexure. 
16  and  17  from  bottom, /or  tension  read  torsion. 

1,  for  vives  vivse  read  vires  vivae. 

7,  for  dermine  read  determine. 

3  from  bottom, /or  acceleration  rotatory  read  rotatory  acceleration. 
7,  for  this  read  the. 
8  from  bottom,/or  32,48  read  32,11. 

„  19  from  top, /or  diameter  read  radius. 

„  11  from  top, /or  percutical  read  percutient. 
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9tfor  y  read  — . 


12  from  bottom,/or  viz.  read  as  well  as. 

12  from  top, /or  pressure  of  heights  read  heights  of  pressure. 
15  from  bottom,/or  15,6  read  lb,  for  2246,4  read  2160. 
11  and  12,  for  2246,4  read  2160,  for  4492,8  read  4320,  for  up  read 

down. 

13  from  bottom /or  4187  read  4787. 
„  13  frt>m  top,  ybr  duties  read  tubes. 
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TJkg  Nahtrai  Hittonf  o^  MammaUa  U  Iniemded  to  embrace  an  'aetemU  ef 
madhabUe  uf  aU  ike  known  epeeUe  t^f  Quadrupeda,  er  Memmaies  tewkidkmmabei 
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wuid^ficatiom  obeerwMe  im  the  atmctare ^f  the akuUa,  teeth,  feet,  emd  other pm ta,  wMti 
ahnod  entlreip  Uhietrated  bp  eteel  engraainga, 
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MIBR8  (J.)  ILLUSTRATIONS  OF  SOUTH  AMERICAN  PLANTS.  4to.  with  M  platM. 
London,  1847.    14«. 

inriOHT.  ILLUSTRATIONS  of  INDIAN  BOTANTj  or  Wlmum  DliitlnitH^oroMli  of  the 
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London,  1848. 

BC8MNINOHAU8BN.  MANUAL  of  THERAPEUTIC  and  of  MATERIA  MEDICA. 
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V*  See  J  AMU, 

DviraroRB  (Harris.)  the  pathogenetic  effects  of  some  of  the  prin. 

CIPAL  homoeopathic  REMEDIES.    8vo.  9s.    London,  1888. 
THE  PRACTICAL  ADVANTAGES  of  HOMOSOPATHY.  lUustrsted  by  aomerons  Cosea 
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dies  of  Inftmts,  Children,  and  Adults,  and  for  the  Conduct  end  Traotment  during  Pre^ 
nancy.  Confinement,  and  Sockling.    4th  Edition,  12mo.  4e.  dd.    London,  1844. 


(T.  R.)     A  POPULAR  VIEW  of  HOMOSOPATHYi    ezhlUtiag  the  Present 
State  of  the  Science.    2nd  Edition,  amended  and  much  enlarged.  Sro.  8t.    London,  1888. 
A  LETTER  addressed  to  the  Medical  Proctltionen  of  Great  Brttobi  on  the  Sul^ect  of 
HomoBopathy.   Sro.  le.  8<l.    f^ndon,  1881 

OUMTHBR«  NEW  MANUAL  of  HOM<BOPATHIC  VETERINARY  MEDICINE  1  or, 
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SHORT  ELEMENTARY  TREATISE  upon  HOMGBOPATHY  audita  PRACTICE  1  with 
•ome  of  the  most  Important  Eflbcta  of  Tea  of  the  Principal  Homceopathio  Remedies. 
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NEW  HOMOEOPATHIC  PHARMACOPffilA  and  POSOLOOYt  or.  The  Preparatkm  of 
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Medical  Practitlonera,  a  Sketch  of  tbe  Hlitory  and  Progress  of  tbe  Water  Cure,  and  an 
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OF 

A  TREATISE 

ON 

METALLURGY 
AND  THE  CHEMISTRY  OF  THE  METALS. 

BY  DR.  E.  RONALDS, 

LKCTUKBB.  ON   CHBMI8TBT    AT  THB   MIDDLB8EX    HOSPITAL. 

AND  DR.  THOMAS  RICHARDSON, 

OF  MBWCA8TLS-ON-TTNB. 


Thc  appflicstions  of  the  abundant  supply  of  metallic  ores,  and 
the  production  from  them  of  the  several  useful  metals^  although 
carried  on  to  a  vast  extent  in  this  country,  have  never  been  made 
the  subject  of  a  distinct  Treatise  in  our  language.  No  work 
exists  to  which  the  term  MetaUurgy^  can  with  propriety,  be 
applied. 

Branches  of  the  subject  have  been  separately  handled,  as,  for 
instance,  ''The  Manufacture  of  Iron^**  by  Mushet  and  by  Alex- 
ander; valuable  information  of  an  isolated  character  is  also  to  be 
found  in  Uxe*s  "Dictionary  of  the  Arts  and  Sciences,'*  in  Taylor's 
"  Records  of  Mining,''  and  in  Foster's  "  Section  of  the  Strata ;" 
but  a  connjected  work  upon  the  whole  subject  of  the  reduction 
of  metallic  ores,  like  those  of  Lampadius  and  Karsten  in 
Germany,  and  of  Heron  de  Yillefosse  in  France^  embracing 
descriptions  of  the  various  methods  and  processes  of  smelting, 
the  implements  and  materials  employed  in  obtaining  the  different 
useful  metals,  and  a  scientific  explanation  of  the  processes,  analyses 
of  the  ores,   produce,   &c.,   as  complete  as  the  present  state  of 
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science   will  admits  has  never  yet  been  offered  to    the   Engli^ii 
public. 

In  endeavouring  to  fill  up  this  gap  in  our  litemtore^  the  pJan 
we  propose  to  follow  is^  perhaps^   not  so    strictly    scientific   »^ 
that  adopted  by  the  Germans  and  French,  the  public  of  whiei 
countries  have  been  familiar  for  nearly  a  century  with  adenti^c 
treatises  on  this  important  subject;  but  we  believe  that  it  will 
be  more  practically   useful  in   this    country,   and    more  in  ac- 
cordance  with  the   view   we  take  of  including   Metallurgy  as  a 
branch  of  Chemical  Technology.     It  also  justifies  us  in  exdudin^ 
those  metals  of  which  no  technical  use  has  yet  been   made,  or 
which  will  find  a  more  appropriate  place  in  some  other  divisioo 
of  our   subject,  while   we  properly  include  platinum,    rhodium. 
iridium,   osmium,    nickel,    manganese,   uranium,    tungsten,   and    | 
chromium,  which  have  been  wholly,  or  partly,  omitted  by  fbnncr    ! 
authors. 

I 

Our  arrangement  will,  therefore,  embrace  the  following  par- 
ticulars : 

OBNERAL   METALLURGY. 

General  Principles  of  Metallurgical  Operations. 

Fuel  and  its  Preparation.    [Already  treated  in  Knapp^  Vol.  I.j 

Fluxes,  their  Composition,  &c. 

Building  Materials  for  Furnaces,  &c. 

SPECIAL    METALLURGY. 

Chemical  Properties  of  the  Metal. 

Its  Ores,  and  their  Composition,  &;c. 

Methods  of  Assaying  the  Ores. 

Mechanical  Preparation,  or  ''  Dressing"  of  the  Ores. 

Chemical  Treatment,  or  '^  Smelting*'  of  the  Ores. 

The  following  order  will  be  observed  in  treating  the  special  part 
of  the  subject,  and  the  description  of  the  metallurgical  processes 
concerned  in  the  production  of  each  metal  will  be  followed 
by  an  account  of  the  manufacture  of  those  of  its  compounds 
which  deserve  such  notice  from  the  extent  of  their  production 
or  general  usefulness. 

Iron.  Iridium. 

Tin.  Osmium. 
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Zinc.  Rhodium. 

Cadmium.  Mercury. 

Bismuth.  Antimony. 

Copper.  Arsenic. 

Lead.  Nickel. 

Silver.  Cobalt. 

Grold.  Chromium. 
Platinum. 

It  is  impossible  to  overstate  the  value  of  this  branch  of  know- 
ledge^ embracing  as  it  does  one  of  the  most  important  sources  of 
the  national  wealthy  in  the  development  of  which  so  much  capital^ 
enterprise^  and  skilly  have  been^  and  are  beings  daily  expended^ 
which  profitably  employs  so  many  thousands  of  our  fellow-country- 
men^ and  which  has  so  materially  aided  in  raising  this  country  to 
the  rank  it  enjoys  among  the  nations  of  the  earth.  Ihe  following 
table  of  the  value  of  some  of  the  important  metals  produced  in 
this  country^  and  for  which  we  are  indebted  to  the  Editor  of  the 
''  Mining  Journal^'  will  confirm  the  above  statement : 

Iron £8,400,000 

Copper 1,200,000 

Lead '.     .     .  920,000 

Tin 390,000 

Manganese    ......  60,000 

Silver .  70,000 

Zinc 8,000 

Antimony] 

Bismuth    I 25,000 

Arsenic     J 

Although  numerous  improvements  have  been  introduced  in  the 
processes  for  smelting  ores,  it  is  acknowledged  on  every  hand  that 
the  progress  in  this  branch  of  industry  has  not  kept  pace  with  some 
other  chemical  manufactures,  and  no  doubt  can  exist  that  it  is  to 
be  solely  attributed  to  a  deficiency  of  correct  scientific  knowledge. 
Had  we  possessed  a  Bergacadatnie,  like  that  at  Freiberg,  or  an 
Ecok  des  MineSj  as  eidsts  in  Paris,  such  a  complaint  would  not 
have  been  heard,  nor  should  we  have  been  so  dependent  upon  the 
cheapness  of  our  fuel  and  the  facility  of  our  transport. 

We  trust  in  some  degree,  however  humble,  to  be  the  means  of 
diflfiising  more  extensive  and  coiTect  information  on  this  subject 
than  at  present  exists  in  our   language;  and  we  hope  that  the 
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present  Iom  of  fuel  in  tmeltiiig  iron,  the  waste  of  lead  id  foiH. 
the  apparently  rude  process  of  extracting  copper  and  onr  luefcB 
heaps  of  zinc  ore,  will  give  place  to  snch  imprOTements  u  ibt!l 
place  the  Metallurgy  of  Great  Britain  upon  an  eqaal  fbotiii: 
vith  her  proud  pre-eminence  in  other  manufactnres. 
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